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ON THE BOOLEAN ALGEBRA TENSOR PRODUCT VIA
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(Communicated by Stephen Dilworth)

ABSTRACT. We show that the Carathéodory space of place functions on the
free product of two Boolean algebras is Riesz isomorphic with Fremlin’s
Archimedean Riesz space tensor product of their respective Carathéodory
spaces of place functions. We provide a solution to Fremlin’s problem 315Y (f)
[Measure Theory, Torres Fremlin, Colchester, 2004] concerning completeness in
the free product of Boolean algebras by applying our results on the Archimedean
Riesz space tensor product to Carathéodory spaces of place functions.

1. INTRODUCTION AND PRELIMINARY MATERIAL

Fremlin asserts in problem 315Y(f) of [6] that the Boolean algebra tensor product
of two nontrivial Boolean algebras is complete if and only if one is finite and the
other is complete. In Theorem 4.6 of [4], we prove that the Fremlin tensor product
of two Dedekind complete Riesz spaces rarely is Dedekind complete. In fact, if the
tensor product is Dedekind complete, then one of the two spaces is Riesz isomorphic
to the set of all finite-valued functions on a subset of that space. To connect 315Y (f)
of [6] with Theorem 4.6 of [4], we employ Carathéodory’s Riesz space of place
functions on a Boolean algebra. The main result is Theorem 2] with applications
given in Section [3l

The necessary terms for Boolean algebras, the free product, Riesz spaces, and
Carathéodory spaces of place functions are provided in this section. We reserve A,
B for Boolean algebras and E, F', G for Archimedean Riesz spaces.

Boolean algebras and their free product. For Boolean algebras, see chapter
31 of [6]. Two elements x and y of a Boolean algebra are called disjoint if z Ay = 0,
in which case we write z L y. Two subsets A and B of a Boolean algebra are called
disjoint if z L y for every x € A and y € B, in which case we write A 1 B. We
define the disjoint sum of two elements x and y in a Boolean algebra by

r®y=(xAy)V (' Ny).
A Boolean algebra is complete if every nonempty subset has a supremum.

Definition 1.1 (312F of [6]). Let A and B be Boolean algebras. A function
x: A — B is said to be a Boolean homomorphism if for all z, y € A,
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(i) x(zAy) =x(@) Ax(y);
(ii) x(z @ y) = x(x) & x(y);
(i) x(1a) = 1s.
A bijective Boolean homomorphism is called a Boolean isomorphism. If there exists
an isomorphism y: A — B, then the Boolean algebras A and B are said to be
Boolean isomorphic.

Proposition 312H of [6] proves additionally that every Boolean homomorphism
preserves finite suprema, that is x(z V y) = x(x) V x(y) for every z, y € A.

The Stone space of a Boolean algebra A is the set Z of nonzero ring homomor-
phisms from A to Zs. Set

a={z:z€2Z z(a)=1}.
By Stone’s Theorem (see, for instance, 311E of [6]), the canonical map
a—a: A—P(2Z)

is an injective ring homomorphism which we call the Stone representation. For
more on Stone spaces, see [6] where Fremlin defines and utilizes Stone spaces to
define the Boolean algebra tensor product, called the free product.

Definition 1.2 (Fremlin, 3151 of [6]).

(i) Let {A;}icr be a family of Boolean algebras. For each ¢ € I, let Z; be the
Stone space of A;. Set Z = [],.; Zi, with the product topology. Then the
free product of {A;};cr is the algebra of open-and-closed sets in Z, denoted
Qe Ai-

(ii) For ¢ € I and a € A;, the set & C Z; representing a is an open-and-closed
subset of Z;; because z — z(i): Z — Z; is continuous,

€(a) ={z:2(i) € a}

is open-and-closed, so belongs to A. In this context, ¢;: A; — A is called
the canonical map.

In the following theorem, we list the necessary material from 315J and 315K of
[6] in the language of Fremlin.

Theorem 1.3. Let {A;}icr be a family of Boolean algebras, with free product A.

(i) The canonical map €;: A; — A is a Boolean homomorphism for everyi € I.

(ii) For any Boolean algebra B and any family {y;}icr such that ¢; is a Boolean
homomorphism from A; to B for every i, there is a unique Boolean homo-
morphism ¢: A — B such that ¢; = @ o €; for each i.

(iii) Write C for the set of those members of A expressible in the form
inf;cse;(a;), where J C I is finite and a; € A; for every j. Then ev-
ery member of A is expressible as the supremum of a disjoint finite subset
of C.

(iv) A= {04} if and only if there is some i € I such that A; = {04, }.

(v) If A; # {04} for every i € I, then ¢; is injective for every i € I.

(vi) Let A; # {04} for every i € I. If J C I is finite and a; is a nonzero
member of A; for each j € J, then infjcje;(a;) # 0.
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Archimedean Riesz spaces and their tensor product. See [II] for
Archimedean Riesz spaces and [5] for Riesz bimorphisms.

Theorem 1.4 (4.2 of [5]). Let E and F be Archimedean Riesz spaces. There
exist an Archimedean Riesz space G and a Riesz bimorphism p: E X F' — G such
that whenever H is an Archimedean Riesz space and v: E X F' — H is a Riesz
bimorphism, there is a unique Riesz homomorphism T: G — H such that Top = 1.

G of Theorem [[4] is the Archimedean Riesz space tensor product of E and F,
denoted by EQF. The “universal property of EQF” refers to the implication that
any Archimedean Riesz space paired with a Riesz bimorphism satisfying Theorem
[[4l is Riesz isomorphic to G. The Riesz bimorphism ®: E x F — E®F embeds
the algebraic tensor product £ ® F into EQF via ®(e, f) = e® f for all e € E and
feF.

We define a few terms needed for the statement of Theorem

Definition 1.5. Let E be an Archimedean Riesz space and let I be a nonempty
set. coo(1, F) is the set of all maps f: I — E for which

S(f)={zel: f(x)#0}
is finite. If £ = R, then cqo(1, F) is written cgo(I).

Let f and g be elements of a Riesz space E. The ideals generated by f and g are
denoted by E; and E, respectively. We denote the principal bands generated by f
and g with [f] and [g] respectively (see, for instance, pg. 30 of [11] for definitions).

A Riesz space is Dedekind complete if every bounded subset of E has a supremum.
Every Dedekind complete Riesz space is Archimedean. In [4], we characterized when
the tensor product of two Dedekind complete Riesz spaces is Dedekind complete.

Theorem 1.6 (4.6 of [4]). Suppose E and F are Dedekind complete Riesz spaces.
The following are equivalent.
(1) E,®F, is Dedekind complete for every x € ET and y € F.
(2) [E; is finite dimensional for every x € E™| or [F, is finite dimensional for
every y € F1].
(3) E=coo(I) for a set I CE or F = coo(J) for a set JC F.
(4) EQF = coo(I,F) for a set I CE or EQF = coo(J, E) for a set J C F.
(5) EQF is Dedekind complete.

As an intermediary between Archimedean Riesz spaces and Boolean algebras,
we consider Boolean algebras of bands. The following three statements are used in
Section [l and are given for the reader’s convenience.

Theorem 1.7 (22.6, 22.8 of [10]). Let E be a Riesz space and define
B(E)={B C E: B is a band}.
B(E) is an order complete distributive lattice. B(E), partially ordered by inclusion,

is a Boolean algebra if and only if E is Archimedean.

Lemma 1.8. Let E be a Riesz space and f, g € E. Then |f| A |g] = 0 implies
/] L [gl.
Proof. Let |f| Alg| = 0. Certainly, E; L E;. Suppose hy € [f] and hy € [g]. Using

the fact that Ey L Eg, it is straightforward to show that |hi| A |he| = 0 via 6.1 and
7.8 of [T1]. Thus, [g1] L [g2]- O
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Lemma 1.9. If E is an infinite dimensional Archimedean Riesz space, then B(E)
is mot finite.

Proof. By the contrapositive of Theorem 26.10 in [10], there is an infinite subset
of mutually disjoint nonzero elements in E. Thus, there are an infinite number of
mutually disjoint bands in F by Lemma [[.8 O

Carathéodory spaces of place functions.

Definition 1.10 (pg. 40 of [I]). Let F be a Riesz space and e € ET. Then z € E*
is said to be a component of e whenever x A (e — ) = 0.

The collection of all components of e, denoted C(e), is a Boolean algebra under
the partial ordering induced by E (pg. 40 of [1]). With e as a strong order unit (pg.
51 of [I1]), a connection between Archimedean Riesz spaces and Boolean algebras
is described explicitly in the following theorem.

Theorem 1.11 (4.1 of [3]). Let A be a Boolean algebra. There exists an
Archimedean Riesz space E with a strong unit e with the following properties.

(i) There exists a Boolean isomorphism x: A — C(e).
(ii) E is the linear span of C(e).

(E, x) is unique up to isomorphism. It is denoted by C(A) and is called the space
of place functions on A in the sense of Carathéodory.

Let A;, 7; € R be nonzero; n, m € N; z; € A be pairwise disjoint; and y; € A
be pairwise disjoint. Two elements

F=Y " dix(zi) and  g=> yx(y)
i=1 j=1

are equivalent if \/!'_, z; = \/;”’:1 y; and if \; = v; whenever z; Ay; # 0. C(A) is
the set of all such equivalence classes. Henceforth, we take f = Y " | Xix(z;) to
represent all elements of C(.A) that are equivalent to f.

We define addition in C'(A) in the style of Goffman in [7] and Jakubik in [9]. For
a different approach, see [3]. For x, y € A, let x —1 y be the complement of z Ay
relative to z, that is, z A (z A y)’. Then addition in C(.A) is defined by

n m n m m n
FHg=> Y i+v)x(@iny) + > Xix(@ =1 \ )+ Y vix(y; =1\ @)

i=1j=1 i=1 j=1 j=1 i=1
where in the summation only those terms are taken into account in which A;+; # 0
and the elements z; A y;, ; —1 V y;, and y; —1 \/ z; are nonzero. It is routine to
verify that addition is well-defined in C(A).

Jakubik proves in [J] that the completeness of a Boolean algebra is equivalent to
the Dedekind completeness of its Carathéodory space of place functions. However,
his propositions assume complete distributivity. Since this work has no need for a
Boolean algebra to be completely distributive, Theorem [[.13] is proven with credit
to Propositions 5.2(a) and 5.6 of [9] for its similarity.

Definition 1.12 (pg. 231 of [9]). Let Y be a sublattice of a lattice X. Y is said
to be a regular sublattice of X if:

(i) whenever o € Y and 0 # X C Y such that zy = supy X, then zy =
supy X; and
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(ii) whenever 27 € Y and ) # X C Y such that z; = infy X, then z; = inf x X.

Theorem 1.13. Let A be a Boolean algebra. A is complete if and only if C(A) is
Dedekind complete.

Proof. Assume that A is complete. Let D be a bounded subset of C(A). Then
there exists g € C(A) such that g > f for every f € C(A). Find A\; € R, n € N, and
z; € Asuch that g = >"1" | \ix(w;). Set

r=x1V---VI, and A =max{A1, -, \n}

Then D C [0, Ax(z)]. By assumption, the interval [0, z] is complete in A. It follows
from Corollary 4.4 of [9] that A is a regular subset of C(A). Then the interval
[0, x(z)] is complete as a subset of C(A). In particular, [0, Ax(z)] is complete, so
sup(D) exists in C(A).

To prove sufficiency, assume that C(A) is complete. Let x: A — C(e) be the
Boolean isomorphism from Theorem [[LTIl Note that e = x(14). Let D be a
subset of A. Since C(A) is Dedekind complete, sup x(D) exists in C(A)". For every
x € D, x(x) is a component of x(14). Thus, sup x(D) = 2sup x(D) A x(14) so
that 0 = sup x(D) A (x(14) —sup x(D)). By definition, sup x(D) is a component
of e.

Let y = x~(sup x(D)). Since  is a Boolean isomorphism, y is an upper bound
for D. Suppose there exists y’ such that z < 3’ < y for every x € D. Then
X(y') = sup,ep x(z) = x(y). Thus, x(y') = x(y). Since x is one-to-one, y’ = y.
Therefore, y = sup(D) exists in A. O

2. THE FREMLIN TENSOR PRODUCT OF CARATHEODORY SPACES OF PLACE
FUNCTIONS

In this section, we relate Boolean algebras A, B, and A®B to their Carathéodory
spaces of place functions C(A), C(B), and C(A® B). The notation of Theorem [[LTT]
is used with the addition of subscripts to indicate which Boolean algebra is at work.
The symbols in (1), (2), and (3) will be used freely.

(1) xa: A= C(A), xg: B— C(B), and x: AQB — C(A®B) are the Boolean
isomorphisms from Theorem [T.T1]

(2) C(A), C(B), and C(A®B) have units xa(1l4), x(15), and X(lags) re-
spectively.

(3) ea: A= A®Band ep: B— A® B are the canonical Boolean homomor-
phisms in Definition

Theorem 2.1. C(A)@C(B) and C(A® B) are Riesz isomorphic.

Proof. Assume that A and B are nontrivial Boolean algebras. For f € C(A),
there exist n € N, pairwise disjoint z; € A, and nonzero \; € R such that
f=>", Xixa(z;). For g € C(B), there exist m € N, pairwise disjoint u; € B,
and nonzero 7; € Rso g = 3", ;x5 (u;). Define ¢: C(A) x C(B) — C(A® B) by

n

Z/\zXA 371 Z’Y]XB ’LL]

=1
Z 17j 6A xl) A EB(U‘J))

n
=1 j=1

i
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It follows from Theorem [[3] (iv) and (vi) that the definition of 4 is independent of
the representations chosen for f and g.

Let fi = f and fo = > ¢ _, dkxa(yx) for nonzero §, € R, p € N and pairwise
disjoint yi € A. Recall that fi + fo is defined to be

SO i+ de)xalmi Auk) + D Aixal@ior \ uk) + D dkxalye—r \/ 20)-
ik i k k i

Claim 1. 4 is bilinear.

¢(f1 +f27g)

= (Z Aixa(@:) + 3 Suxalye), ijB(uj)>

=Y (i 40X (eal@s Ay) Aer(ug)) + > (Aivs)x <6A(ftz‘1 \ we) A EB(uj)>
k

i,k,j %)

+ Z(éwj)x <€A(yk1 \/:r:z') A 63(%‘))
k.j

= Z [Z V)X (€a(@i Ayr) Aes(uy)) + (X)X (GA(iUil \ ve) A GB(uj)>]
k
+ Z Z (675X (ea(mi Ayw) Aes(uy)) + (0k75)X <€A(yk1 \/xi) A 63(%‘))]
=> () [X (\/ ea(Ti Ayr) A 6B(uj)> + X (6A(Ii1 \ ve) A 6B(uj)>]
1,7 K

k

+ Z@k%‘) [X <\/ ea(wi Ayk) A 6B(%‘)) +X <6A(yk1 \/mi) A EB(uj)ﬂ (%)

i

—Z )X (ea(i) Aes(ug)) + (k)% (ealyr) Aen(uy))
k,j

= w<f1, 9) +¢(f2,9)-

(%) is justified because yj L yy for all k # k' and x; L x; for all ¢ # i’. Symmetri-

cally, ¥(f, 91 + g2) = ¥(f, 91) + ¥(f, g2) for f € C(A) and g1, g» € C(B). 1t follows
from the definition of ¢ that ¥(\f, g) = ¥ (f, \g) = M(f, g) for every X € R.

Claim 2. v is a Riesz bimorphism.

Assume f1 A fo = 0 and g € C(B)*. Using the same representations for fq, fa,
and g as above, it follows that z; L yi for all ¢ and k. Then since the maps y and
€4 are Boolean homomorphisms and {z;}1",, {yx};_, are each pairwise disjoint,

b(f1,9) N f2, 9) (ZMA @ ZWB uj ) A (ZakxA Uk) ZWB u)
= (Z(/\Wj)X(EA(Ii)AEB(Uj))) (Z(5WJ) (GA(yk)AGB(uj)))

4,5 k.j
= 0.
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Likewise if f € C(A)T and g1 A g2 = 0 in C(B), then ¥(f,g1) A¥(f,g2) = 0. By
Theorem 19.1 of [I1], ¢ is a Riesz bimorphism.

It follows from the universal property of the Fremlin tensor product that there is
a unique Riesz homomorphism T: C(A)&C(B) — C(A® B) such that ¢ =T o ®.

C(A) x C(B) —2= C(A)&C(B)

2

C(A®B)
Claim 3. T is a Riesz isomorphism.

Step 1 (T is onto). . Let h € C(A® B). Then h = > | A\;X(e;) for some pairwise
disjoint e; € A® B, n € N, and nonzero A\; € R. Fix ¢ € {1,--- ,n}. By Theorem
[C3(iii), there exists a finite disjoint subset {e4(ax) A€p (bk)}z”;l (meN)of A® B
such that

\/ ak N€p bk)

Then it follows from the definition of ¢ that

('U
=

Il
<>

(\7 €A ak N€p bk)>

k=1

I
<3
<>

(ea(ar) Aep(br))

=
I
—

[
<z

Y(xalar), x5(bk))

Q??‘
S
=

T o®(xalar), xB(br))-

>
Il
-

Since T preserves finite suprema, x(e;) is in the image of T for every ¢. It follows
from the linearity of 7" that & is in the image of T.

Step 2 (T is one-to-one). Suppose f € C(A) ® C(B), the algebraic tensor product
of C(A) and C(B), such that f is nonzero. Then for some n € N, nonzero A, € R,
and nontrivial zy € A, ug € B such that

F= " Mexaler) @ xp(ug).

k=1
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Since €4, €p, and x are injective Boolean isomorphisms,

T(f)=T (Z Aexa(zr) @ XB(%))

k=1

- Z At (xa(zr), xB(uk))

k=1

M:

X(ea(zr) N ep(uy))

#o:

Let g be a nonzero element of the Riesz space tensor product of C'(A) and C(B), i.e
g € C(A)RC(B). By Theorem 2.2 of [2], for all § > 0 there exists f € C(A)T@C(B)*
such that 0 < |g| — f < 0x(1agn). Since C(A)RC(B) is Archimedean, choose § > 0
such that |g| A 0X(1aes) # |g|- Then f is nonzero. We have shown that T'(f) # 0
when 0 # f € C(A) ® C(B). Since T is a Riesz homomorphism, 0 < T'(f) < |T'(g)|
Therefore, T(g) # 0, and T is a Riesz isomorphism. Consequently, C'(A)®C(B) is
Riesz isomorphic to C(A® B).

3. APPLICATIONS

In this section, we use Theorem [2.1] to provide a solution for Fremlin’s problem
315Y(f) in [6]. The statement leads to an observation on Dedekind completeness
in the Fremlin tensor product of place functions and a statement on bands in the
Fremlin tensor product of infinite dimensional Archimedean Riesz spaces.

Problem 3.1 (Fremlin, 315Y(f) of [6]). Let A and B be Boolean algebras. A® B is
complete if and only if either A = {0} or B = {0} or A is finite and B is complete
or B is finite and A is complete.

Proof. It A= {0} or B = {0}, the result is trivial. Assume A and B are nontrivial
Boolean algebras.

Suppose A®B is complete. It follows from Theorems2.land [[I3that C(A®B) =
C(A)RC(B) is Dedekind complete. By Proposition 3.6 of [§], C(A) and C(B) are
Dedekind complete. From Theorem [I.13] A and B are complete. It remains to show
that one of the Boolean algebras is finite. However, the Dedekind completeness of
C(A)RC(B) implies that C(A) = ¢oo(I) for a set I C C(A) or C(B) = coo(J) for a
set J C C(B) (see Theorem [[6]). Since each Carathéodory space of place functions
contains a unit, C(A) or C(B) is finite dimensional. Thus, A is finite or B is finite.

The sufficiency is proven analogously via Theorem |

Corollary 3.2. Let A and B be nontrivial Boolean algebras. C(A)RC(B) is
Dedekind complete if and only if one of A or B is finite and the other is com-
plete.

Recall that for an Archimedean Riesz space E, its collection of bands, denoted
B(E), forms a complete Boolean algebra. Our last application shows that for
Archimedean Riesz spaces E and F, the set of bands in EQF is rarely Boolean
isomorphic to B(E) ® B(F). That is, if F and F are infinite dimensional, not every
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band B of EQF can be “decomposed” into the Fremlin tensor product of a band
in E and a band in F'.

Corollary 3.3. Let E and F be infinite dimensional Archimedean Riesz spaces.
Then B(E) ® B(F) is not Boolean isomorphic to B(EQF).

Proof. By Lemma [[L9] neither B(E) nor B(F) is finite. Then B(E) ® B(F') is not
complete by Problem 3.l However, Theorem [[.7] states that the Boolean algebra
of bands is complete for any Archimedean Riesz space, so B(E®F) is complete. [
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