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ABSTRACT. Riesz space (non-pointwise) generalizations for iterative processes
are given for the concepts of recurrence, first recurrence and conditional er-
godicity. Riesz space conditional versions of the Poincaré Recurrence Theorem
and the Kac formula are developed. Under mild assumptions, it is shown that
every conditional expectation preserving process is conditionally ergodic with
respect to the conditional expectation generated by the Cesaro mean associated
with the iterates of the process. Applied to processes in L'(f, A, 11), where p
is a probability measure, new conditional versions of the above theorems are
obtained.

1. INTRODUCTION

Riesz space generalizations of stochastic processes have been well studied, see
for example [IOLI7LI8] for some of the earliest and recently [7]. In this setting ana-
logues of the Hopf-Garsia, Birkhoff and Wiener-Kakutani-Yoshida ergodic theorems
were given. More recently mixing processes were considered, see [14] and []], which
revisited the concept of ergodicity in Riesz space, see [9]. The current work builds
on this foundation to consider, in the Riesz space setting, a Poincaré Recurrence
Theorem and Kac formula for the (conditional) mean of the recurrence time of a
conditionally ergodic process. We refer the reader to [0, pages 67-103] and [16, pages
33-48], for the measure theoretic (non-conditional) versions of these results. Fun-
damental to our considerations is the Riesz space analogue of the LP spaces (in
particular L), introduced in [I1] and further studied in [2] and [14]. The measure
theoretic version of this spatial extension with respect to a conditional expectation
operator was considered in [3H5]. It is also shown, under mild assumptions, that
every conditional expectation preserving process is conditionally ergodic with re-
spect to the conditional expectation generated by the Cesaro mean associated with
the iterates of the process. When applied to processes in L(€, A, 11), where 1 is a
probability measure, new conditional versions of the above theorems are obtained.
In particular, the Riesz space version of the Kac formula yields a conditional Kac
formula for measure preserving system.
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The starting point of working with stochastic processes in a Riesz space is the
definition of conditional expectation operators on Riesz spaces. We use the defini-
tion of [I0], which when restricted to a probability space with the preferred weak
order unit the a.e. constant 1 function yields the classical definition of a conditional
expectation.

Definition 1.1. Let E be a Riesz space with weak order unit. A positive order
continuous projection T: E — FE, with range, R(T), a Dedekind complete Riesz
subspace of F, is called a conditional expectation if Te is a weak order unit of F
for each weak order unit e of F.

We recall, see [16], that (2, 4, u,7) is called a measure preserving system if
(Q, A, p) is a probability space and 7 : Q@ — Q is a mapping with p (T’l (A)) =
w(A) for each A € A. A Riesz space generalization of the concept of a measure
preserving system was introduced in [8] as a conditional expectation preserving
system, see below.

Definition 1.2. The 4-tuple, (F,T,S,e), is called a conditional expectation pre-
serving system if F is a Dedekind complete Riesz space, e is a weak order unit for
E, T is a conditional expectation operator in E with Te = e and S is an order
continuous Riesz homomorphism on F with Se =e and TS =T.

By Freudenthal’s theorem the condition T'Sf = T'f for all f € E in Definition
is equivalent to T'SPe = T Pe for all band projections P on F.

Let (E,T,S,e) be a conditional expectation preserving system. For f € E and
n € N we denote

n—1
1 k
(1.1) S, f = EZS f.
k=0
We set
(1.2) Lsf = lim Snf,
n— o0

where the above limit is the order limit and f € £s where g is the set of f € F
for which the above order limit exists. Thus Lg : £ — E. The set of S-invariant
f € E will be denoted Zg := {f € E | Sf = f}. By [9, Lemma 2.3], Zs C £s and
Lsf = f for all f € Zg. Further, it is easily seen that if f € £¢ and Lgf = f then
f € Zs, see [0, Theorem 2.4]. These ideas are further expanded in Section

In a measure preserving system (2, A, i, 7), a set B € A is said to be T-invariant
if u(r7'(B)AB) =0, i.e. xB = X;-1(p) a.e. If we take Sf := for then x,-1(5) =
Sxp and, in the L'(Q, A, i) sense, 7 invariance of B is equivalent to S invariance
of xp. The measure preserving system (£, A, u, 7) said to be ergodic, see [16, page
42], if every 7-invariant set has measure 0 or 1. This is equivalent to xp being
the zero or 1 constant function in the L!(€, A, u) sense. This can be equivalently
stated as xp being a constant function in the L'(£, A, 1) sense, since the 0 and
the 1 functions are the only available possibilities in the a.e. sense. Taking T as
the expectation operator on L'(Q, A, i), with range the a.e. constant functions,
we have that (2, A, u, 7) is ergodic if and only if xp € R(T) for each S invariant
xB- This equates in the Riesz space sense to each S invariant component of the
weak order unit e being in R(T'). However, as S is a Riesz homomorphism, the S
invariant elements form a Riesz subspace generated by the S invariant components
of e. Applying Freudenthal’s Theorem and using that e is a weak order unit, we
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have that Zg C R(T) if and only of each S invariant component of e is in R(T).
Thus we have Definition [[.3] of conditional ergodicity in a Riesz space, which is
equivalent to that given in [9], since Lgf = f if and only if f € Zg.

Definition 1.3 (Ergodicity). The conditional expectation preserving system
(E,T,S,e) is said to be T-conditionally ergodic if Zg C R (T).

The notion of recurrence appears in ergodic theory, but only a measure preserving
system is required to define recurrence. In particular, see [16] Definition 3.1, page
34], for (Q, A, u, T) a measure preserving system and B € A, a point x € B is said
to be recurrent with respect to B if there is a k € N for which 7%z € B. In this
setting, see [16, Theorem 3.2, page 34|, the Poincaré Recurrence Theorem gives
that for each B € A almost every point of B is recurrent with respect to B.

The concept of recurrence in a Riesz space will be given in terms of components
of a chosen weak order unit. A component p of ¢ which is a component of e will
be said to be recurrent with respect to ¢ if p can be decomposed into a countable
sequence of components, each one of which maps to a component of ¢ under some
iterate of the map S. This is formally defined below.

Definition 1.4 (Recurrence). Let (E,T,S,e) be a conditional expectation pre-
serving system and p, ¢ be components of e with p < g. We say that p is recurrent
with respect to g if there are components p,,n € N, of p so that \/ pn = p and

neN
S™p,, < q for each n € N,

To understand the connection with the classical measure theoretic definitions we
consider the simplest case, that of (2,4, 1) a probability space with a set B € A
having p(B) > 0. We take as the Riesz space E = L*(£, A, i), e as the function on
Q which takes the value 1 a.e. on 2. If 7 is a measure preserving transformation on
Q we take Sf(z) = f(r(x)) for each x € Q and f € E. For A,B € Awith BC A
let p = xp and ¢ = x4 then we have that B is recurrent with respect to A if and
only if B can be decomposed into a countable union of measurable sets B,, so that
T"(By) C A, which is equivalent to

Bc fj T (A).
n=1

Here the Poincaré Recurrence Theorem gives that if z € A € A then 7%z € A for
some k € N, and k is a time taken to recur. These ideas are taken to the Riesz
space setting in Section [3] where a Riesz space version of the Poincaré Recurrence
Theorem is presented in Theorem

If = is recurrent with respect to A there will be multiple recurrence times, but
what is of interest to us is the first recurrence time. The time of first entry of x
into A is given by

na(zr) :=inf{n € N|7"z € A},

for . € A and for x ¢ A we set ng(x) = 0. The function n4 is called the first
recurrence time with respect to A.

If we take

Na(n) = ﬁ(A\T‘j(A)):U{BEA|BCA, ANTi(B)=0Yj=1,...,n},

j=1



KAC FORMULA AND POINCARE RECURRANCE THEOREM 185

then N4(n) is the set of points of A not recurrent in the first n iterates. Thus for
x € €, the first recurrence time of « with respect to A is

na(x) = Z k,

@EN 4 (k—1)\N 4 (k)
keN

where we have set N4(0) = A. The Kac Formula [I6, Theorem 4.6, page 46] gives
that the spatial average over €2 of the first recurrence time with respect to A, with
p(A)>0,is 1, ie. [onadu=1.

We now extend these concepts to the Riesz space setting. For S a bijective Riesz
homomorphism and p a component of e in E, we set

(1.3)  Np(n) = \/{q | ¢ a component of pin E,pASig=0forall j=1,...n}
and
(1.4 Ny(0) = p.

Here Np(n) is the maximal component of p to have no component recurrent with
respect to p in under (less than) n + 1 iterates of S. Further N,(n — 1) — N,(n) is
the maximal component of p to be recurrent with respect to p in exactly n iterates
of S. We thus define first recurrence time as

Np = Zk(Np(k — 1) — Np(k)).
k=1

Here n,, exists in E;", the positive cone of the universal completion of E, as N,(k —
1) — Np(k),k € N, are disjoint components of e in E, see [15, page 363]. Having
given a form for n, which exists in E; we can conveniently rewrite n, as

(1.5) np = Ny(k).
k=0

These concepts form the focus of Section @ which culminates in Theorem (4] a
conditional Riesz space version of Kac’s Lemma which does not require the concept
of ergodicity. For conditionally ergodic processes Theorem [£.4] yields Corollary 5]
which is a conditional Riesz space analogue of the classical Kac Lemma.

We complete the work with an application of these results to probabilistic sys-
tems in Section Bl Of particular interest here is the extension of Kac’s Lemma to
conditionally ergodic processes.

2. PRELIMINARIES

Background material on Riesz spaces can be found in [I]. We say that a positive
operator U on the Riesz space, E, is strictly positive if Uf = 0 for f € E implies
f = 0. We denote by C,(E) the set of components of p in E. We note that if
e is a weak order unit for F, then E., the ideal in E generated by e, has an f-
algebra structure in which e is the algebraic unit and for p, ¢ € C.(F) we have that
PAq=pq.

Lemma 2.1. Let (E,T,S,¢e) be a conditional expectation preserving system with T
strictly positive, then S is injective.

Proof. As S is a Riesz homomorphism S(|f|) = [Sf]. Thus if f € E with Sf =0,
then S(|f|) = |Sf| = 0. Hence T|f| = TS|f| = 0, but T is strictly positive so
|f] = 0 giving f = 0. O
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For (E,T, S, e) a conditional expectation preserving system, if S is bijective then
the map S~! is a bijective lattice homomorphism which has S~'e = e and TS™' =
T making (E,T, St e) a conditional expectation preserving system. Further, if
Sa ASb =0 then a Ab = 0 and Su is a component of Sz if and only if u is a
component of z. In particular, S and S~! map components of e to components of
e.

Lemma 2.2. Let S be a bijective Riesz homomorphism, p be a component of e
and let a be a component of p. Then a has a unique decomposition a = b+ ¢ in
two disjoint components of a (and hence also of p and of e) with p A Sb = Sb and
pASc=0.

Proof. Let b = a A S 'pand ¢ = aA S~ '(e—p). As S7le = ¢, and p,e — p
are components of e, we have that S~'p and S~!(e — p) are components of e.
Thus b and ¢ are components of a with bAc =a A S (p A (e —p)) = 0. Here
b+c=anS  (p+(e—p)) =aAS le =a with Sc = SaA (e—p) making Sc < e—p
sopASc=0and STL(pASb) = ST IpAaASTIp=aAS Ip=bgiving pASb= Sb.

As for uniqueness, if a = b’ + ¢/ with ¥’ A ¢’ = 0, where b’ and ¢’ are components
of a, with SbA Sc = 0, SV ASc =0, pASY = Sb and p A S¢’ = 0 then
Sb+ Sc= St + 5S¢ and as

Sb=pA (Sb+ Sc)=pA (Sb + Sc') = SV,
making b = b’ and thus ¢ = ¢. a

Note 2.3. If Sa < a or a < Sa for some component a, then a = Sa. To see this,
observe that T(a — Sa) = Ta —TSa =0 but as a — Sa > 0 or Sa —a > 0 from the
strict positivity of T this gives Sa —a = 0.

The following result from [I2] Corollary 2.3] is needed in the current work.

Lemma 2.4. If T is a strictly positive conditional expectation operator on a
Dedekind complete Riesz space with weak order unit e = Te, then for each g € E
we have that Pry > Py where Pry and P, denote the band projections onto the
bands generated by Tg and g, respectively.

The Dedekind complete Riesz space E is said to be universally complete with
respect to T (T-universally complete) if, for each increasing net (f,) in E; with
(T fo) order bounded, we have that (f,) is order convergent in E. In this case E is
an R(T) module and R(T) is an f-algebra with the multiplication discussed earlier,
see [14].

We recall Birkhoff’s ergodic theorem for a T-universally complete Riesz space
from [I3, Theorem 3.9].

Theorem 2.5 (Birkhoff’s (complete) ergodic theorem). Let (E,T,S,e) be a con-
ditional expectation preserving system with T strictly positive and E T-universally
complete then E = Eg and hence Lg = SLg. In addition, TLs = T and Lg is a
conditional expectation operator on E.

Applying Theorem to the concept of conditional ergodicity as defined in
Definition [[3] we have that (E, T, S, e) is conditionally ergodic if and only if Lgf =
Tf for all f € Zg. This leads to the following characterization of conditional
ergodicity.
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Corollary 2.6. Let (E,T,S,e) be a conditional expectation preserving system with
T strictly positive and E T-universally complete. The conditional expectation pre-
serving system (E,T, S, e) is conditionally ergodic if and only if T = Lg.

Combining Theorem and Corollary we obtain Corollary 277 which is
fundamental to the proof of a conditional Riesz space version of the Kac formula,
Theorem [4.4]

Corollary 2.7. If (E,T,S,e) is a conditional expectation preserving system with
T strictly positive, E T-universally complete and S surjective then (E,T,S™1, e)
is a conditional expectation preserving system, E = Eg = Eg-1, R(T) C R(Lg) =
Ig = IS—I = R(LS—I) and LS—I = Ls.

Proof. As E is T-universally complete, by Theorem 2.5, F = &g.

As T is strictly positive, S is injective, so by the surjectivity assumption, S is
bijective. Thus S~! exists and is a Riesz homomorphism. Further Se = e gives
e = S~ 'e while from T'S = T we have T = TSS~! = TS~! making (E,T,S™},e)
a conditional expectation preserving system and again F = Eq-1.

Finally f € Zg if and only if Sf = f which is equivalent to (after applying
S™1) f = S871f. Thus Zg = Zg-1. For f € Zg and Lsf = f which gives f =
Lsf € R(Lg) so Zs C R(Lg). However, from Theorem [25] SLs = Lg giving that
R(LS) C IS SO R(LS) = Is. Hence R(LS) = IS = Is—l = R(LS—I).

For each component p of e with p € R(T') we have that 0 < Lgp < Lge = e
giving that Lgp € E.. Thus (p — Lsp)? € E. and by the averaging property of Lg,
along with p? = p, we have

(p = Lsp)® = p* = 2p- Lsp + (Lsp)* =p —2p- Lsp + Ls(p - Lsp)
which after applying T" and using that TLg = T, T'p = p and the averaging property
of T gives
T(p— Lsp)® =Tp—2T(p- Lsp) + TLs(p- Lsp)

=p—T(p- Lsp)

=p—p-TLsp

=p-—p-Tp=p—p*=0.
From strict positivity of T, (p — Lsp)? = 0 giving p = Lgp. Hence each component
of e which is in R(T) is also in R(Lg). But every element of R(T') can be expressed
as an order limit of a net of linear combinations of components of e which are

in R(T) and R(Lg) is a Dedekind complete Riesz subspace of E. Hence R(T') C
R(Lg) = Is. Now from [19], Ls = Lg-1. 0

3. POINCARE’S RECURRENCE THEOREM IN RIESZ SPACES

We begin by characterizing recurrence, in Definition [[L4] for the case of S bijec-
tive.

Lemma 3.1. Let (E, T, S, e) be a conditional expectation preserving system with S
bijective, then a component p of q is recurrent with respect to q a component of e if
and only if

r<\/ S"e

neN
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Proof. For n € N| let
my = \/{g € Co(E)|S"g < q}.

Here m,, is the maximal component of p with S"m,, < ¢ and hence the maximal

component of p to recur at n iterates of S. So in terms of m,,, p is recurrent with

respect to ¢ if and only if \/ my, > p. As S is bijective, m,, = p A S7"¢, making
neN

p recurrent with respect to ¢ if and only if p < \/ p A S™"q from which the result

neN
follows. O

Theorem 3.2 (Poincaré). Let (E,T,S,e) be a conditional expectation preserving
system with T strictly positive and S surjective then each component p of q where
q is a component of e is recurrent with respect to q.

Proof. By Lemma [2.] and the surjectivity of S, S is bijective. From Lemma [3.1] it
suffices to prove that

p<\/ 5

neN

This however follows from ¢ < \/ S~ "q, which we prove below.

n=1

Here \/ S7"q exists in E as E is Dedekind complete and S™"q < S™"e = e for

n=1

all n € N. Further \/ S7"q is a component of e, giving that

n=1

o] j=-—1
ri=qA (e— \/S”q) =qA /\ (e—S7q) >0

n=1
is a component of g. Thus S™r is a component of e (as S maps components of e to
components of e). Since Se = e we have

j=n—1
0<gAS " =qgAS"qgA /\ (e—qu) <gAh(e—q)=0

— 00

which, after application of S™", gives rAS™"q =0 for alln > 1. However 0 < r < g
sor AS™"r =0 for all n > 1. Applying S"** to the above gives S"t*r A S*r =0
foralln € N, k > 0, making (S™r),>0 a sequence of disjoint components of e. Thus

N N
ZS”TZ \/ S"'r<e
n=1 n=1

for all N € N. Now, applying T to the above equation gives

N N
NTT:ZTr:ZTS”TSTe:e
n=1 n=1

for all N € N. Since F is Archimedean, this gives Tr = 0. As T is strictly positive
and r > 0 it follows that » = 0. O



KAC FORMULA AND POINCARE RECURRANCE THEOREM 189

4. KAC’S FORMULA IN RIESZ SPACES

Lemma 4.1. Let (E,T, S, e) be a conditional expectation preserving system with T
strictly positive and S surjective then

(4.1) Ny(n) =p /\ (e—S77p)

and

(4.2) n, = i kES™*p AN, (k—1).
k=1

Proof. From (3] we have
Ny(n) = \/{q €CH(E)|SIpAg=0Vj=1,...n}
=\{aeCp(B)[(e—S7p) > q¥j =1,...n}

= A\pA(e—Sp)

j=1

and hence ([@1]). Further

k—1
Np(k=1) = Ny(k) = p A e — (e = S™*p)) A A\ (e = S~7p)
j=1
=S Fp AN, (k—1)
from which (£2) follows. O

Lemma 4.2. Let (E,T,S,e) be a conditional expectation preserving system where
T is strictly positive and S is surjective. Let Lg be as defined in Theorem 20 If E
is T-universally complete then for each component p of e we have that n, € E and

Lsnp = Lg (\/ Skp> .

k=0

0
Proof. Let r € C.(E). For convenience we set /\ S~I(e—r)=-e. We begin by
j=1
proving by induction on n € N that

n k n
(4.3) Lsr:ZLS (e—1)A /\S’_jr +Lg (/\ S_kr> .
k=1 j=1 k=0
Since LgS = SLg = Lg we have Lg = LgSS™! = LgS™! and thus

Lsr = LsS™'r = Lg((e —7) NS r) 4+ Ls(r A S™'r),
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from which it follows that (@3] holds for n = 1. Further,

Ls (/\ S—’%«> = LsS (/\ s-’w)
k=0 k=0
n+1
=Lg (/\ Sk’l”>
k=1
n+1 n+1
= (e—r /\S >—|—Ls<r/\/\5_kr>
k=1
n+1 n+1
= (e—r /\S >+L5</\Sk7”>
k=0
which if (@3] holds for n gives that (IZ:SI) holds for n 4+ 1. Hence giving that (43])

holds by induction for all n € N.
For p € C.(E) we set r = e — p in ([£3) to give

n k n
p)=Y Ls|pr N\ S (e—p) +Ls</\ S"“(e—p)>
k=1 j=1 k=0

Z )+ Ls (/\ 5* p)) :
k=0
So by (L4,
(4.4) e=Ls(e—p)+Lsp= ZLS(Np(k)) + Lg (/\ S7*e —p)> :

k=0 k=0

n
Here we note that (Z N,,(k:)) is an increasing sequence in £, and by ([£.4)),
k=0 n&eNp

T (Z Np(k)> < e, so from the T-universal completeness of E, <Z Np(k)>
k=0 k=0

converges in order in F, i.e. n, = Z N,(k) € E. Now taking the order limit as

n&eNp

n — oo in ({4 gives

(4.5) e=Lgn,+ Lg <7§ S’_k(e—p)> .

k=0
However Se = e so e = S~Fe giving S7*(e — p) = e — S~Fp and thus

(4.6) /\ S~Fe—p) = /\(e—Sikp):e— \/kap.
k=0 k=0 k=0

Combining (5] and ([0), and using that Lge = e we have

e=Lgny,+e—Lg (\/ Skp)

k=0
from which the lemma follows. O
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AsTLs =T, applying T to

Lsnp = LS (\/ Skp>

k=0
in Lemma gives Corollary 4.3

Corollary 4.3. Let (E, T, S, e) be a conditional expectation preserving system where
T 1is strictly positive and S is surjective. If E is T-universally complete then for
each component p of e we have that n, € ¥ and

Tn,=T <§7 Skp> .

k=0
2, z=1
1 . 1, =2,
Example. Take F = ¢'(4) withe(z) = 1 forallz € {1,2,3,4}, 7(z) = A 5
) T = )
3, z=4

with components of e, p;(x) = d;(x) where § is the Kronecker symbol. The surjective
Riesz homomorphism S on E is given by Sf(z) = f(7(z)). Set Tp; = §(p1 +p2) if
i € {1,2} and Tp; = 5(ps + p4) if i € {3,4}. Take q1 = p1 + p2 and g2 = p1 + ps.
(a) A direct computation gives ng, = ¢1 with Tq; = Tng, here \/;o, S™*q1 =
¢1 so indeed verifying Kac.
(b) Now consider ng, = 2¢ and Tz = 3e 50 Tng, = 2Tq2 but here \/7 S~ *go
= e so Kac gives Tng, = T'e = 2T'q; indeed verifying Kac.
This example shows that the conditional version of the Kac formula is not as
simple as that for expectations (where only case (b) appears).

Theorem 4.4 (Kac). Let (E,T,S,e) be a conditional expectation preserving sys-
tem, where T is strictly positive, E is T-universally complete and S is surjective.
Let Lg be as defined in Theorem 2.5l For each p a component of e we have

Lsnp = PLspe.

Proof. Let

From Lemma [£2] we have Lgn, = Lsw, so it remains to show that Lsw = Ppe.
We recall that R(Lg) = Zg = Zg-1 = R(Lg-1). Here w < e is a component of e
and

o0 o0
S~y = \/ S—Fp < \/ S~Fp = w.

k=1 k=0

Thus w < Sw, so, by Note 23] Sw = w giving w € Zg = R(Ls) and so Lgw = w.
From the definition of w we have w > p so w = Lsw > Lgp and thus w = P,e >
Prpe. But Prgp,e > Pye = p, Lemma [Z4 Here Ppgpe € R(Lg) = Zs = Ig-1, 80
Pp pe is S7! invariant. Hence
PLspe = SikPLspe > Sikp

for each kK =0,1,2,.... Taking suprema over k =0,1,2,... gives

Prope > w.



192 YOUSSEF AZOUZI ET AL.
Hence Prgpe = w. g

Applying T to the above result gives
Tn, =TPrgpe

while in the case of (E,T, S, e) being conditionally ergodic Lg = T so Theorem [£.4]
gives Corollary

Corollary 4.5 (Kac). Let (E, T, S,e) be a conditionally ergodic conditional expec-
tation preserving system, where T is strictly positive, E is T-universally complete
and S is surjective. For each p a component of e we have

Tn, = Prpe.

5. APPLICATION TO PROBABILISTIC PROCESSES

Consider a probability space (€2, .4, 1) where p is a complete measure (i.e. all
subsets of sets of measure zero are measurable). Take ¥ a sub-c-algebra of A. Let
E denote the space of a.e. equivalence classes of measurable functions f : @ — R
for which the sequence (E[min(|f(z)|,n)|3])ren is bounded above by an a.e. finite
valued measurable function. Here n is the (equivalence class of the) function with
value n a.e. Then F is the natural domain of the conditional expectation operator
T = E[|Z]. Here L' (2, A, 1) C E and the extension of E[-|¥] to E is given by the
a.e. pointwise limits

Tf= ILm E[min(f*,n)|%] — liﬂm Elmin(f~,n)|X], fe€E.

The space E is a T-universally complete Riesz space with weak order unit 1 and
T is a strictly positive Riesz space conditional expectation operator on E having
T1=1.IfYX={ACQ|u(A) =0or u(A) =1} then T is the expectation operator
and E = LY(Q, A, ).

Let 7 : © — Q be a map with 77!(A) € A (ie. 7 is g-measurable) and
Elxr-1(4)|%] = E[xa|X], for all A € A. Further we require that for each A € A
there is By € A so that u(AA77Y(B4)) = 0. Now Sf := fo 7 is a surjective
Riesz homomorphism on F with S1 =1 and T'S = T. The system (E, T, S,e) is
a conditional expectation preserving system, with S surjective. Theorem gives
that

1 n—1 . 1 n—1 .
Lsf =l ) S = Jim 2 ) for
converges a.e. pointwise to a conditional expectation operator on FE (which when
restricted to L'(, A, i) is a classical conditional expectation operator). The system
(E,T,S,e) is conditionally ergodic if and only if Lg = T which is equivalent to
7 1(A) = A with A € A, if and only if A € X. Here ng = n,, in the a.e. sense on
A, and applying Corollary we obtain that

E[nal%] = X{zeqlp|A|s)(z) >0}
where P[A|X] = E[x4|X] is the conditional probability of A given 3.
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