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CATEGORICITY FOR TRANSFINITE EXTENSIONS OF
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Abstract. For each deconstructible class of modules D, we prove that the
categoricity of D in a big cardinal is equivalent to its categoricity in a tail of
cardinals. We also prove Shelah’s Categoricity Conjecture for (D,�), where
(D,�) is any abstract elementary class of roots of Ext.

The two basic concepts studied in this paper are the deconstructibility and the
categoricity of classes of modules.

Many classes of modules appearing in homological algebra are known to be de-
constructible. This means that they can be obtained by transfinite extensions from
a set of their elements. Each deconstructible class provides precovers (right approx-
imations) of modules, and hence it makes it possible to develop relative homological
algebra in the spirit of [5, Chap. 8].

In contrast, categoricity of such classes is a very strong property that is quite rare.
So it is reasonable to expect that once categoricity does occur in a sufficiently big
cardinal, it occurs in all sufficiently big cardinals, that is, in a tail of cardinals. Our
main goal here is to verify this expectation for all deconstructible classes of modules.
In the particular case of the Abstract Elementary Classes (AECs) of roots of Ext,
(D,�) in the sense of [3] and [6, §10.3], we show that “sufficiently big” stands for
“of cardinality ≥ ρ+”, where ρ is the Löwenheim–Skolem number of (D,�), which
is the least infinite cardinal κ ≥ cardR such that D is κ+-deconstructible. Thus,
Shelah’s Categoricity Conjecture holds for all AECs of roots of Ext.

0.1. Transfinite extensions and deconstructible classes. In what follows, R
denotes an (associative, unital) ring and Mod–R the category of all (unitary right
R-)modules.

Given a class C ⊆ Mod–R, Filt(C) denotes the class of all transfinite extensions
of modules from C (also called C-filtered modules). These are the modules M that
possess a C-filtration, i.e., an increasing chain of submodules, M = (Mα | α ≤ σ),
such that M0 = 0, Mσ = M , Mα =

⋃
β<α Mβ for each limit ordinal α ≤ σ, and

Mα+1/Mα is isomorphic to an element of C for each α < σ. The ordinal σ is called
the length of M.
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Let D be a class of modules. If κ is an infinite cardinal such that D contains
a subset C consisting of < κ-presented modules and D = Filt(C), then D is called
κ-deconstructible. D is deconstructible provided it is κ-deconstructible for some
infinite cardinal κ. For example, if C = {R}, then Filt(C) is the ℵ0-deconstructible
class of all free modules. Similarly, if κ = cardR+ℵ0 and C denotes the class of all
flat modules of cardinality ≤ κ, then Filt(C) = F0 is the κ+-deconstructible class
of all flat modules (cf. [6, 6.17]).

Let C be any class of modules. Then the class Filt(C) is closed under arbitrary
direct sums and (transfinite) extensions, but it need not be closed under direct
summands. We will denote by dFilt(C) the class of all direct summands of modules
in Filt(C). So for example, dFilt(C) = P0 is the class of all projective modules in
the case when C = {R}.

The class dFilt(C) is always closed under arbitrary direct sums and direct sum-
mands, but also under (transfinite) extensions. The latter fact is immediate from
the following description of dFilt(C) obtained in [15] (see also [6, 7.12]):

Lemma 0.1. Let R be a ring, κ be a regular uncountable cardinal, and C be a set
of < κ-presented modules. Denote by A the class of all < κ-presented modules from
dFilt(C). Then dFilt(C) = Filt(A). In particular, dFilt(C) is κ-deconstructible.

In the particular case when C = {R}, Lemma 0.1 says that the class dFilt(C) =
P0 of all projective modules is ℵ1-deconstructible. This is just the classic Kaplansky
Theorem on projective modules [1, 26.2]: Each projective module is a direct sum of
countably presented projective modules.

In view of Lemma 0.1, our study of deconstructible classes of modules below will
include also the classes of the form dFilt(C) for any set of modules C.

Deconstructible classes of modules are almost omnipresent in homological alge-
bra. For example, for each n < ω, the classes Pn, Fn, and

⊥In are deconstructible,
cf. [6, §8.1]. Here, Pn, Fn, and In denote the classes of all modules of projective,
flat, and injective, dimension ≤ n, respectively (so in particular, P0, F0, and I0
are the classes of all projective, flat, and injective modules, respectively). Also
⊥In := {M ∈ Mod–R | Ext1R(M,N) = 0 for each N ∈ In}, where Ext1 denotes
the first derived functor of Hom; in particular, Ext1R(M,N) = 0 is equivalent to the
splitting of all short exact sequences in Mod–R of the form 0 → N → P → M → 0.

For a module M , we will denote by L(M) the (complete, modular) lattice of all
submodules of M , and by genM the minimal number of R-generators of M . A nice
feature of the modules M possessing a C-filtration is that any such filtration can be
expanded to a complete distributive sublattice, H, of the complete modular lattice
L(M) with several remarkable properties. This fact is known as the Hill Lemma,
cf. [6, §7.1]:

Lemma 0.2. Let R be a ring, κ an infinite regular cardinal, and C a set of < κ-
presented modules. Let M be a module possessing a C-filtration M = (Mα | α ≤ σ).
Then there is a family H consisting of submodules of M such that

(H1) M ⊆ H.
(H2) H is closed under arbitrary sums and intersections. H is a complete dis-

tributive sublattice of L(M).
(H3) Let N,P ∈ H be such that N ⊆ P . Then the module P/N is C-filtered.
(H4) Let N ∈ H and X be a subset of M of cardinality < κ. Then there is a

P ∈ H, such that N ∪X ⊆ P and P/N is < κ-presented.
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Hill Lemma has a number of strong consequences for the structure theory of
modules (see [6, §7] for some of them, including a proof of Lemma 0.1). Here, we
will need a simple corollary that makes it possible to replace the original C-filtration
of a module M by a different one that better fits a particular presentation of M :

Corollary 0.3. Let R be a ring, κ an infinite regular cardinal, and C a set of < κ-
presented modules. Let C′ denote the class of all modules possessing a C-filtration
of length < κ (whence Filt(C′) = Filt(C)).

Let M be a C-filtered module and {mβ | β < μ} be a set of R-generators of M .
Then there exists a C′-filtration M′ = (M ′

β | β ≤ μ) of M such that mβ ∈ M ′
β+1

for each β < μ. Moreover, if μ = gen(M) ≥ κ then gen(M ′
β) < μ for each β < μ.

Proof. Let M = (Mα | α ≤ σ) be a C-filtration of M . Consider the corresponding
family H from Lemma 0.2.

The C′-filtration M′ will be selected from H by induction as follows: M ′
0 = 0; if

M ′
β ∈ H is defined and mβ ∈ M ′

β , then we put M ′
β+1 = M ′

β . If mβ /∈ M ′
β , we use

property (H4) from Lemma 0.2 to find a module M ′
β+1 ∈ H such that M ′

β ⊆ M ′
β+1,

mβ ∈ M ′
β+1, and M ′

β+1/M
′
β is < κ-presented. By property (H3), M ′

β+1/M
′
β has a

C-filtration of length < κ, so M ′
β+1/M

′
β ∈ C′.

If β ≤ μ is a limit ordinal, we let M ′
β =

⋃
γ<β M

′
γ , which is a module from H by

property (H2). Since mβ ∈ M ′
β+1 for each β < μ, M ′

μ = M .

Finally, for each β < μ, (M ′
γ | γ ≤ β) is a C′-filtration of M ′

β of length β. So if

μ = gen(M) ≥ κ, then gen(M ′
β) < μ because κ is regular. �

0.2. Categoricity. We will consider the following notions of categoricity for a
class of modules D (cf. [8]): If λ is an infinite cardinal then D is λ-categorical
(or categorical in λ) provided that D contains a module of cardinality λ, and all
modules of cardinality λ contained in D are isomorphic. The class D is categorical
in a tail of cardinals, provided there exists an infinite cardinal κ such that D is
λ-categorical for each cardinal λ ≥ κ.

Let D be a deconstructible class of modules, and let κ be the least cardinal
κ ≥ cardR + ℵ0 such that D is κ+-deconstructible. The categoricity spectrum of
D is defined as the class of all cardinals λ ≥ κ such that D is λ-categorical. This
spectrum is denoted by Spec(D). We will say that Spec(D) is bounded in case there
exists a cardinal μ ≥ κ such that Spec(D) ⊆ 〈κ, μ〉. For an infinite cardinal ν, we
will denote by 〈ν,∞) the class of all cardinals ≥ ν.

Obviously, categoricity in a tail implies categoricity in a big cardinal, but there
are various instances where also the reverse implication holds, see [7], [8] for some
recent results related to this phenomenon. In classic model theory of first-order
theories, T , the phenomenon is expressed by the Morley–Shelah Categoricity The-
orem: if T is categorical in a cardinal κ >| T |, then T is categorical in all cardinals
λ >| T |, [11]. Here | T | denotes the cardinality of nonlogical symbols that occur in
the axioms of T . Notice, however, that classes of modules of interest in the present
paper, i.e., those of the form Filt(C) and dFilt(C) for a set of modules C, are not
first-order axiomatizable in general. For example, the class F0 of all flat modules
is first-order axiomatizable, iff the ring R is left coherent, while the class P0 of
all projective modules is first-order axiomatizable, iff R is left coherent and right
perfect, cf. [10].

The Morley–Shelah Categoricity Theorem is one of the major achievements of
classic model theory. So it is natural to ask for its extension to the setting of
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infinitary model theory. Here, we will focus on the main setting of contemporary
infinitary model theory, the abstract elementary classes in the sense of [12] and [13]
(see also [2]). First, we recall the relevant definitions:

Definition 0.4. A pair (A,�) is an abstract elementary class (or an AEC ) if A is
a class of structures (in a fixed vocabulary τ ) and � is a partial order on A, both
A and � are closed under isomorphisms, and both satisfy the following axioms
(A1)–(A4):

(A1) If A � B, then A is a substructure of B.
(A2) If (Ai | i < δ) is a continuous �-increasing chain of elements of A, then

(i)
⋃

i<δ Ai ∈ A;
(ii) Aj �

⋃
i<δ Ai for each j < δ;

(iii) If M ∈ A and Ai � M for each i < δ, then
⋃

i<δ Ai � M .
(A3) If A,B,C ∈ A, A � C, B � C and A is a substructure of B, then A � B.
(A4) There is a cardinal κ such that, if A is a subset of B ∈ A, then there is

A′ ∈ A which contains A, such that A′ � B and the cardinality of A′ is at
most cardA + κ. The least such infinite cardinal κ ≥ card τ is called the
Löwenheim–Skolem number of (A,�) and denoted by LS(A).

Here, � is said to be closed under isomorphisms provided that N ′ � M ′, whenever
N � M and there is an isomorphism f : M → M ′, such that f(N) = N ′.

Also, (Ai | i < δ) is a continuous �-increasing chain provided that

(i) Ai ∈ A,
(ii) Ai � Ai+1 for all i < δ, and
(iii) Ai =

⋃
j<iAj for all limit ordinals i < δ.

Basic examples of AECs are (AT ,�T ), where AT is the class of all models of a
first-order theory T , and �T is the relation of being a submodel, or the relation of
being an elementary submodel. In the particular setting of the first-order theory of
modules over a ring R, the term submodel just means (right R-)submodule. In this
setting, also the pair (Mod–R,�∗) is an AEC, where �∗ is the relation of being a
pure submodule.

Deconstructible classes of modules are sources of particular kinds of AECs of
modules, called the AECs of roots of Ext. The following definition and theorem go
back to [3] (see also [6, §10.3]):

Definition 0.5. Let R be a ring, C a class of modules, and let

A = ⊥∞C := {M ∈ Mod–R | ExtiR(M,C) = 0 for all i ≥ 1 and C ∈ C}.

Consider the pair (A,�), where A � B, iff A is a submodule of B such that
A,B,B/A ∈ A.

Theorem 0.6. Let R be a ring, C a class of modules, A = ⊥∞C, and (A,�) be
as in Definition 0.5. Let κ be an infinite cardinal ≥ cardR. Then the following
conditions are equivalent:

(a) (A,�) is an AEC with LS(A) ≤ κ.
(b) A is a κ+-deconstructible class closed under direct limits.
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In particular, (A,�) is an AEC, if and only if A is a deconstructible class closed
under direct limits.1

The AECs from Theorem 0.6, i.e., those of the form (A,�), where A = ⊥∞C
for a class C ⊆ Mod–R, are called the AECs of roots of Ext. As the underlying
structures for A are (right R-)modules, we always have LS(A) ≥ cardR + ℵ0 by
Definition 0.4.(A4).

A long-standing open problem of abstract model theory concerns categoricity for
the general abstract elementary classes defined in 0.4, see e.g. [13, N.4.3]. Assume
that (A,�) is an AEC with Löwenheim–Skolem number κ.

Shelah’s Categoricity Conjecture (SCC) says that if A is categorical in a
cardinal λ ≥ �(2κ)+ , then A is categorical in all cardinals ≥ �(2κ)+ .

Here, the function � (beth) is defined by induction on the set of all ordinals as
follows: �0 = ℵ0, �α+1 = 2�α , and �α = supβ<α �β when α is a limit ordinal. So
for each ordinal α, ℵα ≤ �α, and the two functions coincide, iff GCH holds.

The two main results of the present paper are as follows: in Theorem 1.2 of
Section 1, we prove SCC for all AECs of roots of Ext. In Section 2, we turn to
general deconstructible classes of modules. In Theorem 2.10, we show that the
categoricity of D in a big cardinal implies its categoricity in a tail of cardinals, for
an arbitrary deconstructible class of modules D.

1. Categoricity for projective modules and the AECs of roots of

Ext

Recall that for any ring R, the rank of a free module F is a cardinal κ such that
F ∼= R(κ). Clearly, if F is not finitely generated, then the rank of F is uniquely
determined by F . It follows that the class of all free modules is λ-categorical for
each cardinal λ > cardR+ ℵ0.

For projective modules, we have the following characterization, answering par-
tially Question 4.2 from [8]:

Proposition 1.1. Let R be a ring and S be a representative set of all countably
generated projective modules. Let κ = cardR + ℵ0 and ν = κ + cardS. Then
ν ≤ 2κ, and the following conditions are equivalent:

(1) The class P0 is λ-categorical for all cardinals λ > ν.
(2) P0 is λ-categorical for some cardinal λ ≥ κ.
(3) The module P (ω) is free, for each countably generated projective module P .

Proof. Since cardR(ω) = κ, we have cardS ≤ 2κ, and hence also ν ≤ 2κ. Clearly
(1) implies (2).

Assume (2) and let P be a nonzero countably generated projective module. Since
λ ≥ κ, both R(λ) and P (λ) have cardinality λ, whence (2) yields an isomorphism
P (λ) ∼= R(λ). Consequently, the countably generated module P (ω) is isomorphic
to a direct summand in R(ω), i.e., P (ω) ⊕ X ∼= R(ω) for a module X. Similarly,
R(ω) ⊕ Y ∼= P (ω) for a module Y. Then

P (ω) ∼= (R(ω) ⊕R(ω))⊕ Y ∼= R(ω) ⊕ P (ω)

and similarly R(ω) ⊕ P (ω) ∼= R(ω). This proves (3).

1Added in proof : Recently, Jan Šaroch and the author proved that if (A,�) is an arbitrary
AEC such that A is a deconstructible class of modules and the relation � refines the direct
summand relation, then A is closed under direct limits, see [14].
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Assume (3). Let P be a projective module of cardinality λ > ν. By the classic
Kaplansky Theorem [1, 26.2], P is isomorphic to a direct sum of copies of modules
from the set S, i.e., P ∼=

⊕
Q∈S Q(κQ) for some cardinals κQ ≥ 0 (Q ∈ S). Let

P ′ =
⊕

Q∈S′ Q(κQ), where S′ is the subset of S consisting of all the modules Q with

κQ < ℵ0. By (3), for each Q ∈ S \ S′, we have Q(κQ) ∼= R(κQ). Since cardP = λ >

cardS ≥ cardS′, we infer that cardP ′ < λ, and P ∼= P ′ ⊕
⊕

Q∈S\S′ R(κQ). Thus

the free module
⊕

Q∈S\S′ R(κQ) has cardinality λ, so P ∼= P ′⊕R(λ). By Eilenberg’s

Trick (see e.g. [9, Proposition 18.1]), P is isomorphic to R(λ). Thus, the class P0 is
categorical in λ, and (1) holds true. �

Remark 1. If R is a ring such that all projective modules are free, then Condition
(3) obviously holds true. By a classic result of Bass [9, Theorem 18.7], countably
generated projective modules over any commutative noetherian domain R are free,
so Condition (3) also holds in this case. However, (3) fails for any ring R containing
a nontrivial central idempotent.

Next, we show that SCC holds for all AECs of roots of Ext:

Theorem 1.2. Let R be a ring and (D,�) be an AEC of roots of Ext. Then SCC
holds for (D,�).

Proof. Let ρ = LS(D). By Theorem 0.6, D is ρ+-deconstructible. Moreover, D
contains all projective modules, and D is closed under direct limits.

First, assume that D contains a nonprojective module. Since D is ρ+-decon-
structible, D contains a ≤ ρ-presented nonprojective module N . Then for each
cardinal λ ≥ ρ, N (λ) and R(λ) are nonisomorphic modules, both of cardinality λ.
This proves that D is not λ-categorical for any λ ≥ ρ. Since ρ ≤ �ρ < �(2ρ)+ , SCC
trivially holds for (D,�).

In the remaining case of D = P0, the class of all projective modules is closed
under direct limits, so R is a right perfect ring. Hence R contains a finite basic set of
primitive idempotents {e1, . . . , en}, and up to isomorphism, each projective module
is of the form

⊕
0<i≤n(eiR)(κi) for a unique n-tuple of cardinals (κ1, . . . , κn), [1,

27.11]. In particular, the set S from Proposition 1.1 is countable, so (in the notation
of Proposition 1.1) ν = κ and κ = ρ, so κ+ = ρ+ < �(2ρ)+ , and SCC follows by
Proposition 1.1. �

Remark 2. The proof of Theorem 1.2 actually shows that in the case of the AECs of
roots of Ext, SCC holds in a stronger form, with �(2ρ)+ replaced by ρ+ = LS(D)+.
Indeed, in the first case of the proof, Spec(D) = ∅, while in the second case either
Spec(D) ⊇ 〈ρ+,∞) when n = 1 (i.e., when R is isomorphic to a full matrix ring
over a local right perfect ring), or else Spec(D) = ∅ (when n > 1).

2. Categoricity for deconstructible classes of modules

In order to proceed to arbitrary deconstructible classes of modules, we recall the
notion of a strong splitter that generalizes the notion of a projective module:

Definition 2.1. A module M is a splitter (or an exceptional module) provided that
Ext1R(M,M) = 0. Moreover, M is a strong splitter, if Ext1R(M,M (I)) = 0 for any
set I.
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Notice that if M is a strong splitter, then so is any direct summand of M , as
well as M (κ) for any cardinal κ.

Strong splitters are quite common in module theory. For example, each (infinitely
generated) tilting module is a strong splitter, as the defining condition of a strong
splitter from Definition 2.1 is just the condition (T2) from the definition of a tilting
module (see e.g. [6, 13.1]). Also notice that it suffices to test this condition only at
a (suitable) single set I:

Lemma 2.2. Let R be a ring, κ ≥ ℵ0 be a cardinal, and M be a ≤ κ-presented
module. Then M is a strong splitter, iff Ext1R(M,M (κ)) = 0.

Moreover, every finitely presented splitter is strong.

Proof. By assumption, there is a presentation 0 → K → F → M → 0 of M such
that F and K are ≤ κ generated modules, and F is free.

Let I be a set of cardinality > κ and ϕ ∈ HomR(K,M (I)). Then there is a
subset J ⊆ I of cardinality ≤ κ such that Imϕ ⊆ M (J). If Ext1R(M,M (κ)) =
0, then ϕ extends to some ψ ∈ HomR(F,M

(J)) ⊆ HomR(F,M
(I)). Thus also

Ext1R(M,M (I)) = 0.
For the moreover part, we proceed similarly, taking a presentation of M with K

and F finitely generated, using the facts that Imϕ ⊆ M (J) for a finite subset J of
I and Ext1R(M,M (J)) = 0. �

Surprisingly, each deconstructible class of modules contains a proper class of
splitters:

Lemma 2.3. Let R be a ring, D be a deconstructible class of modules, and 0 �=
D ∈ D. Let κ = cardD + cardR + ℵ0, and let λ > κ be such that λκ = λ (e.g.,
λ = 2ρ for some ρ ≥ κ). Then there exists a {D}-filtered splitter Nλ of cardinality
λ, such that D ⊆ Nλ, Ext

1
R(D,Nλ) = 0, and Nλ ∈ D.

Proof. By [4, Theorem 2], there exists a module Nλ of cardinality λ such that
D ⊆ Nλ, Ext1R(D,Nλ) = 0, and Nλ/D is {D}-filtered. Then also Nλ is {D}-
filtered, whence Nλ ∈ D. Since Ext1R(D,Nλ) = 0, also Ext1R(Nλ, Nλ) = 0 by the
Eklof Lemma [6, 6.2]. �

By Lemma 2.2, all finitely presented splitters in a deconstructible class D are
strong splitters. However, despite Lemma 2.3, D need not contain any nonzero
strong splitters in general:

Example 2.4. Let R be a simple right hereditary ring containing an infinite set
of nonzero pairwise orthogonal idempotents {ei | i < ω}. For a concrete example,
consider R = lim−→n<ω

M2n(K), the direct limit of the ω-directed system of full

2n × 2n-matrix rings M2n(K) over a fixed field K, and morphisms induced by the
block diagonal ring embeddings M2n(K) → M2n+1(K).

Let N = R/(
⊕

i<ω eiR). Then Ext1R(N,P (ω)) �= 0 for any nonzero module P ,
because ReiR = R, whence Pei �= 0, for each i < ω, so there exist homomorphisms
f ∈ HomR(

⊕
i<ω eiR,P (ω)) that cannot be extended to R.

Let M be any module containing N , and D = Filt({M}). Since R is right
hereditary, each nonzero module Q ∈ D satisfies Ext1R(Q,P (ω)) �= 0 for any nonzero
module P , because Q contains a copy of N . In particular, Q is not a strong splitter.
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By Proposition 1.1, categoricity of the class D = P0 in a tail is equivalent to
its categoricity in a big cardinal. The same holds for any deconstructible class D
which contains a nonzero strong splitter:

Lemma 2.5. Let R be a ring, and D be a deconstructible class of modules contain-
ing a nonzero strong splitter M . Let κ be an infinite cardinal ≥ cardR + cardM
such that D is κ+-deconstructible. Then for each λ > κ, the following conditions
are equivalent:

(1) The class D is μ-categorical for each cardinal μ ≥ λ.
(2) D is λ-categorical.
(3) For each cardinal μ ≥ λ, all the elements of D of cardinality μ are isomor-

phic to M (μ).

Proof. We only have to prove that (2) implies (3). Assume (2) and let μ be a
cardinal ≥ λ. Let N ∈ D be of cardinality μ. If μ = λ, then N ∼= M (μ) by (2).

Assume μ > λ and let N = (Nβ | β ≤ σ) be a C-filtration of N . Since genN = μ,
and all the modules in C have cardinality ≤ κ < μ, necessarily σ ≥ μ. By Corollary
0.3, possibly replacing C with the class C′ of all modules possessing a C-filtration of
length ≤ κ, we can w.l.o.g. assume that σ = μ.

Let α be the minimal element of the set of all ordinals β ≤ μ such that Nβ has
cardinality ≥ λ. Since C consists of ≤ κ-generated modules, and κ < λ, α is a limit
ordinal. By the continuity of N , cardNα = supγ<α cardNγ . By the minimality of

α, the latter supremum is ≤ λ, so cardNα = λ. By (2), Nα
∼= M (λ).

Since α < μ, we can proceed by transfinite induction, replacing N by N/Nα and
N by N̄ = (Nβ/Nα | α ≤ β ≤ σ) etc., and select from N a E-filtration (Eγ | γ ≤ μ)

of N where E = {M (λ)}. Since M is a strong splitter, by induction on γ < μ, we
infer that Eγ

∼= M (λ.γ) and Eγ+1
∼= Eγ ⊕M (λ) for each γ < μ. Thus N ∼= M (μ),

and (3) holds. �

Corollary 2.6. Let R be a ring, and D be a deconstructible class of modules con-
taining a nonzero strong splitter M . Let μ be the least infinite cardinal ≥ cardR
such that D is μ+-deconstructible. Let κ be the least cardinal such that μ+cardM ≤
κ.

Then either Spec(D) ⊆ 〈μ, κ〉, or there is a cardinal λ > κ such that Spec(D) ∩
(κ,∞) = 〈λ,∞).

Proof. This follows by Lemma 2.5: if Spec(D) � 〈μ, κ〉, we take the least λ > κ
such that D is λ-categorical. �

We pause to consider an example where categoricity in a tail is easily related to
the structure of the ring R:

Example 2.7. Let R be a ring and κ = cardR + ℵ0. Let I be any class of pure-
injective modules and D = ⊥∞I = {M ∈ Mod–R | ExtiR(M, I) = 0 for all I ∈
I and i ≥ 1}. Denote by I ′ the class of all cosyzygies of modules from I (cf.
[6, Corollary 2.25]). Then D = ⊥I ′, and I ′ consists of pure-injective modules
by [6, Lemma 6.20]. By [6, Lemma 6.17], the class D is κ+-deconstructible for
κ = cardR + ℵ0, and D is closed under direct limits by [6, Corollary 2.9]. Hence
(D,�) is an AEC of roots of Ext by Theorem 0.6. Since R ∈ D, Lemma 2.5 applies
for M = R. Notice that D contains the class F0 of all flat modules.
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For λ > κ, Condition (3) of Lemma 2.5 says that all modules in D of cardinality
≥ λ are free. Hence all flat modules are projective, and R is a right perfect ring.
Moreover, by [1, 27.11], R = (eR)n for a primitive idempotent e ∈ R, that is,
R ∼= Mn(eRe) is a full matrix ring over the local right perfect ring eRe.

If D = F0, then it is easy to see that also the converse holds true, as the λ-
categoricity of F0 holds for each λ > κ when R is a full matrix ring over a local
right perfect ring. Thus we recover the characterization given in [8, Theorem 3.26].

If D � F0, then D contains a ≤ κ-generated nonflat module, whence—for any
ring R—the λ-categoricity of D fails for all λ ≥ κ.

Remark 3. Condition (3) from Lemma 2.5 implies that all big modules in the class
D are isomorphic to direct sums of copies of the module M . In fact, if AddM
denotes the class of all direct summands of arbitrary direct sums of copies of the
module M , then necessarily D ⊆ AddM .

Indeed, if N ∈ D, then Condition (3) implies that a sufficiently big direct sum
of copies of the module N is isomorphic to a direct sum of copies of the module M ,
whence N ∈ AddM .

The picture changes completely when D contains a module which is not a strong
splitter:

Lemma 2.8. Let R be a ring, and D be a deconstructible class of modules con-
taining a module M which is not a strong splitter. Let κ be an infinite cardinal
≥ cardR+ cardM .

Assume that D is λ-categorical for some λ ≥ κ. Then D is not μ-categorical for
any κ ≤ μ such that μ �= λ.

Hence card Specκ(D) ≤ 1, where Specκ(D) = Spec(D) ∩ 〈κ,∞).

Proof. Clearly, it suffices to prove the claim under the additional assumption that
λ is the least cardinal ≥ κ such that D is λ-categorical. Then D is not μ-categorical
for each κ ≤ μ < λ, and all modules of cardinality λ in the class D are isomorphic
to M (λ).

By Lemma 2.2, Ext1R(M,M (λ)) �= 0, so there is a nonsplit short exact sequence
of the form

(∗) 0 → M (λ) → M (λ) → M → 0.

By induction, define a strictly increasing chain of modules (Mα | α < λ+) such
that Mα

∼= M (λ) for all α < λ+ as follows: M0 = M (λ). If Mα is defined, then
we use the short exact sequence (*) to extend Mα to a module Mα+1 ∈ D such
that Mα+1/Mα

∼= M , and the embedding Mα ⊆ Mα+1 does not split. Then
cardMα+1 = cardMα = cardM (λ) = λ, so Mα+1

∼= M (λ) because D is λ-
categorical. If α < λ+ is a limit ordinal, we let Mα =

⋃
β<α Mβ . Then Mα ∈ D

and cardMα = λ, whence again Mα
∼= M (λ).

Let N =
⋃

α<λ+ Mα. Then N ∈ D. First, we will prove that N � M (λ+); this
will imply that the class D is not λ+-categorical.

Assume N ∼= M (λ+), so there exist submodules Pα (α < λ+) of N such that
N =

⊕
α<λ+ Pα and Pα

∼= M for each α < λ+. Let α0 = 0 and I0 be the least
subset of λ+ such that Mα0

⊆
⊕

β∈I0
Pβ. Then I0 has cardinality ≤ λ and there

exists α0 ≤ α1 < λ+ such that
⊕

β∈I0
Pβ ⊆ Mα1

. Proceeding in this way, we obtain
a chain of ordinals 0 = α0 ≤ α1 ≤ · · · ≤ αn ≤ αn+1 ≤ . . . , and a chain of subsets
I0 ⊆ I1 ⊆ · · · ⊆ In ⊆ In+1 ⊆ . . . of λ+ of cardinality ≤ λ, such that for each n < ω,
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Mαn
⊆

⊕
β∈In

Pβ ⊆ Mαn+1
. Let α = supn<ω αn(< λ+) and I =

⋃
n<ω In. Then

Mα =
⋃

n<ω Mαn
=

⊕
α∈I Pα is a direct summand in N , and hence also in Mα+1.

This contradicts our definition of the module Mα+1.
The remaining case of μ > λ+ is proved similarly, but the proof is a little more

technical: Assume that N (μ) ∼= M (μ), so there exist submodules Pβ (β < μ) of N (μ)

such that N (μ) =
⊕

β<μ Pβ and Pβ
∼= M for each β < μ, and also submodules Nγ

(γ < μ) of N (μ) such that N (μ) =
⊕

γ<μ Nγ and Nγ = N for each γ < μ. For each

γ < μ, let νγ : N → N (μ) be the γth-canonical embedding.
Let α0 = 0, J0 = {α0}, and I0 be the least subset of μ such that ν0(Mα0

) ⊆⊕
β∈I0

Pβ . Then I0 has cardinality ≤ λ, so there exist α0 ≤ α1 < λ+ and a subset

J1 of μ of cardinality ≤ λ, such that J0 ⊆ J1 and
⊕

β∈I0
Pβ ⊆

⊕
γ∈J1

νγ(Mα1
).

Proceeding in this way, we obtain a chain of ordinals 0 = α0 ≤ α1 ≤ · · · ≤ αn ≤
αn+1 ≤ · · · < λ+, a chain of subsets J0 ⊆ J1 ⊆ · · · ⊆ Jn ⊆ Jn+1 ⊆ . . . of μ of
cardinality ≤ λ, and a chain of subsets I0 ⊆ I1 ⊆ · · · ⊆ In ⊆ In+1 ⊆ . . . of μ of
cardinality ≤ λ, such that for each n < ω,

⊕

γ∈Jn

νγ(Mαn
) ⊆

⊕

β∈In

Pβ ⊆
⊕

γ∈Jn+1

νγ(Mαn+1
).

Let α = supn<ω αn(< λ+), J =
⋃

n<ω Jn, and I =
⋃

n<ω In. Then

M ′
α :=

⊕

γ∈J

νγ(Mα) =
⋃

n<ω

⊕

γ∈Jn

νγ(Mαn
) =

⊕

β∈I

Pβ

is a direct summand in N (μ), and hence also in M ′
α+1 :=

⊕
γ∈J νγ(Mα+1). This

contradicts the fact that for each γ ∈ J , νγ(Mα) is not a direct summand in

νγ(Mα+1) (as Mα is not a direct summand in Mα+1). This proves that N (μ) �
M (μ).

The final claim is just a restatement of the above in terms of properties of
Spec(D). �

Let D be an arbitrary deconstructible class of modules. Consider a subset C ⊆
D such that D = Filt(C). Let MC :=

⊕
C∈C C(∈ D). Notice that if D is μ+-

deconstructible for an infinite cardinal μ ≥ cardR, then we can assume that C
consists of ≤ μ-presented modules, and there are at most 2μ nonisomorphic modules
in C. Hence we can w.l.o.g. assume that cardMC ≤ 2μ.

Then there are the following alternatives:

Alternative 1 (MC is a strong splitter). In this case, all modules in the class
D = Filt(C) are strong splitters, and they are isomorphic to direct sums of modules
from C. Indeed, letM ∈ D, soM has a C-filtration (Mα | α ≤ σ) and for each α < σ,
Mα+1/Mα

∼= Cα for some Cα ∈ C. Since for each cardinal κ, all direct summands

of M
(κ)
C are strong splitters, by induction on α < σ, we get that Mα

∼=
⊕

β<α Cβ

is a strong splitter and Ext1R(Cα,Mα) = 0, so the inclusion Mα ⊆ Mα+1 splits.
Hence M = Mσ

∼=
⊕

α<σ Cα is a strong splitter, too.

Let κ = cardR+ ℵ0 and ν = κ+ cardMC .

Proposition 2.9. The following conditions are equivalent:

(1) The class D is λ-categorical for all cardinals λ > ν.
(2) D is λ-categorical for some cardinal λ ≥ ν.
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(3) M (ν) ∼= N (ν) for all 0 �= M,N ∈ C.
Proof. The proof is similar to the one for Proposition 1.1, so we will only sketch
it: Let 0 �= M,N ∈ C. Then cardM, cardN ≤ ν. Assume (2) holds. Then M (ν)

is isomorphic to a direct summand in N (ν), and vice versa. Moreover, M (ν) ∼=
N (ν) ⊕ M (ν), and similarly for N (ν). Hence M (ν) ∼= N (ν) ⊕ M (ν) ∼= N (ν) and (3)
holds.

Assume (3). Let D ∈ D be of cardinality λ > ν. By the above, D is isomorphic
to a direct sum of modules from C, D ∼=

⊕
C∈C C

(κC) for some cardinals κC ≥ 0

(C ∈ C). Let D′ =
⊕

C∈C′ C(κC), where C′ is the set of all C ′ ∈ C with κC < ν.

By (3), there is a module 0 �= M ∈ C, such that for each C ∈ C \ C′, C(κC) ∼=
M (κC). Since cardD = λ > card C ≥ card C′, we infer that cardD′ < λ, and
D ∼= D′ ⊕

⊕
C∈C\C′ M (κC). As

⊕
C∈C\C′ M (κC) has cardinality λ, D ∼= D′ ⊕M (λ).

By (3), D′ is isomorphic to a direct summand in M (λ), so by Eilenberg’s Trick,
D ∼= M (λ), and (1) holds. �

In particular, if μ ≥ κ is the least cardinal such that D is μ+-deconstructible
then by the above either

(i) Spec(D) ⊆ 〈μ, 2μ), and Spec(D) is bounded, or else
(ii) Spec(D) ⊇ 〈(2μ)+,∞), and for each nonzero module N ∈ C and each cardi-

nal λ ≥ (2μ)+, all the elements of D of cardinality λ are isomorphic to N (λ).

Thus, in Alternative 1, one can let “sufficiently big” mean “of cardinality ≥
(2μ)+”.

Remark 4. Case (i) occurs, for example, when C = {C1, C2} where C1 � C2 are
countably generated indecomposable modules with local endomorphism rings and

MC = C1 ⊕ C2 is a strong splitter. By Azumaya’s theorem [1, 12.6], C
(λ)
1 � C

(λ)
2

for any λ ≥ κ, whence Spec(D) = ∅.
Case (ii) occurs, for example, when D = Filt(C) where C = {C} and C is a

strong splitter. In this case D is the class of all modules isomorphic to C(ρ) for
some cardinal ρ ≥ 0, and κ ≤ μ ≤ ν = κ+ cardC. Then Spec(D) = 〈ν,∞) in case
C ∼= C(ν), and Spec(D) = 〈ν+,∞) when C � C(ν).

Alternative 2 (MC is not a strong splitter). In this case, Spec(D) is bounded by
Lemma 2.8.

Now we arrive at the main result of this section:

Theorem 2.10. Let D be a deconstructible class of modules. Then the categoricity
of D in a big cardinal is equivalent to its categoricity in a tail of cardinals.

Proof. Just observe that the equivalence holds in each of Alternatives 1 and 2:
either Spec(D) is bounded (in case (i) of Alternative 1, and in Alternative 2) or
else Spec(D) contains a tail of cardinals (in case (ii) of Alternative 1). �

As pointed out by the referee, since for each cardinal μ, there is only a set of μ+-
deconstructible classes of modules over a fixed ring R, we can formulate Theorem
2.10 in the following uniform way:

Theorem 2.11. Let R be a ring and μ be a cardinal such that μ ≥ cardR +
ℵ0. Then there exists a cardinal λμ such that for each μ+-deconstructible class of
modules D, if D is λ-categorical for some λ ≥ λμ, then D is λ-categorical for every
cardinal λ ≥ λμ.
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In Alternative 1, we have seen that Theorem 2.11 holds for λμ = (2μ)+.
However, we do not have any a priori bound for λμ in Alternative 2. Consider

again the setting and notation of Lemma 2.8—so in particular, M ∈ D is not a
strong splitter. Assume that Spec(D) contains a cardinal λ ≥ κ. Then λ is unique.

Using Lemma 2.3 for D = M , we see that if λκ = λ, then both M (λ) and Nλ are
modules from D of cardinality λ, but Ext1R(M,Nλ) = 0, while Ext1R(M,M (λ)) �= 0,
whence M (λ) � Nλ, a contradiction. In particular, the unique λ cannot be of the
form 2ρ for any ρ ≥ κ. Under GCH, we infer that λ cannot be any successor
cardinal > κ (and in fact, any cardinal of cofinality > κ).

So Lemma 2.3 gives a number of restrictions for λ. Moreover, in most particular
cases, Spec(D) will not contain any cardinal λ ≥ κ (e.g., when D contains a module
N of cardinality ≤ κ such that N /∈ AddM).

We will finish by showing that a simple modification of the proof of Lemma 2.8
yields yet another restriction for λ in ZFC: if λ > κ, then λ must be a singular
cardinal:

Theorem 2.12. Let R be a ring, and D be a deconstructible class of modules
containing a module M which is not a strong splitter. Let κ = cardM+cardR+ℵ0.
Then D is not λ-categorical for any regular cardinal λ > κ.

Proof. By Lemma 2.2, Ext1R(M,M (ν)) �= 0 for each cardinal ν ≥ κ. Let λ > κ be
a regular cardinal. By induction, we define a strictly increasing chain of modules
(Mα | α < λ) of cardinality < λ as follows: M0 = M (κ); if Mα is defined and
Mα

∼= M (ν) for some κ ≤ ν < λ, then we define Mα+1 using a nonsplit extension
0 → Mα → Mα+1 → M → 0 which exists because Ext1R(M,M (ν)) �= 0. If Mα is
defined and Mα � M (ν) for any κ ≤ ν < λ, we let Mα+1 = Mα ⊕ M . If α < λ
is a limit ordinal, we put Mα =

⋃
β<α Mβ . Let N =

⋃
α<λ Mα. Then N ∈ D and

cardN = λ.
Assume D is λ-categorical. Then N ∼= M (λ), so there exists an R-independent

family (Pα | α < λ) of submodules of N such that N =
⊕

α<λ Pα and Pα
∼= M for

each α < λ.
By induction, we define an increasing chain of ordinals (βn | n < ω) and an

increasing chain of subsets (In | n < ω) of λ of cardinality < λ as follows: β0 = 0
and I0 is the least subset of λ such that Mβ0

⊆
⊕

α∈I0
Pα. Since Mβ0

= M (κ),
card(I0) ≤ κ. For the inductive step, if card(In) < λ, then the regularity of λ
implies existence of an ordinal βn < βn+1 < λ such that

⊕
α∈In

Pα ⊆ Mβn+1
. Since

cardMβn+1
< λ, there is a subset In ⊆ In+1 ⊂ λ such that card(In+1) < λ and

Mβn+1
⊆

⊕
α∈In+1

Pα.

Let β = supn<ω βn < λ, and I =
⋃

n<ω In. Then

Mβ =
⋃

n<ω

Mβn
=

⋃

n<ω

(
⊕

α∈In

Pα) =
⊕

α∈I

Pα.

So Mβ is a direct summand in N , and hence in Mβ+1. However, Mβ
∼=

⊕
α∈I Pα

and λ > card I ≥ card I0 ≥ κ, so Mβ
∼= M (ν) for some κ ≤ ν < λ. Hence Mβ is not

a direct summand in Mβ+1 by the inductive step of our construction of the module
N , a contradiction. �

The following questions remain open:
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1. Is there an instance of Lemma 2.8 where card Specκ(D) = 1? If so, then
Specκ(D) = {λ} for a cardinal λ ≥ κ, and λ is singular in case λ > κ by Theorem
2.12.

2. If so, how does then the value of λ depend on μ (= the least infinite cardinal
≥ cardR such that D is μ+-deconstructible)? The answer would help to determine
the value of λμ in Theorem 2.11.
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