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ON REFLEXIVE AND I-ULRICH MODULES OVER

CURVE SINGULARITIES

HAILONG DAO, SARASIJ MAITRA, AND PRASHANTH SRIDHAR

Abstract. We study reflexive modules over one dimensional Cohen-Macaulay
rings. Our key technique exploits the concept of I-Ulrich modules.

1. Introduction

Notions of reflexivity have been studied throughout various branches of mathe-
matics. Over a commutative ring R, recall that a module M is called reflexive if the
natural map M → M∗∗ is an isomorphism, where M∗ denotes HomR(M,R). When
R is a field, any finite dimensional vector space is reflexive, a fundamental fact in
linear algebra. Over general rings, from what we found in the literature, these
modules were studied in the works of Dieudonné [D+58], Morita [Mor58] and Bass
([Bas60], where the name “reflexive” first appeared) before being treated formally
in [Bou65]. They are now classical and ubiquitous objects in modern commutative
algebra and algebraic geometry. In this paper we seek to understand the following
basic question: how common are they?

Note that since being reflexive is equivalent to being (S2) and reflexive in codi-
mension one (over an (S2) ring, see [BH98, Proposition 1.4.1]), understanding the
one dimensional (local) case is key to understanding reflexivity in general.

Assume now that (R,m) is a one dimensional Noetherian local Cohen-Macaulay
ring. The primary examples are curve singularities or localized coordinate rings of
points in projective space. It turns out that the answers to our basic question can
be quite subtle. If R is Gorenstein, then any maximal Cohen-Macaulay module is
reflexive (so in our dimension one situation, any torsionless module is reflexive).
However, reflexive modules or even ideals are poorly understood when R is not
Gorenstein. Some general facts are known, for instance if R is reduced, any second
syzygy or R-dual module is reflexive. However, we found very few concrete examples
in the literature: only the maximal ideal and the conductor of the integral closure
of R. How many can there be? Can we classify them? When is an ideal of small
colength reflexive? For instance, if R is C[[t3, t4, t5]] then any indecomposable
reflexive module is either isomorphic to R or the maximal ideal, but the reason is
far from clear.
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Our results will give answers to the above questions in many cases. A key
point in our investigation is a systematic application of the concept of I-Ulrich
modules, where I is any ideal of height one in R. A module M is called I-Ulrich
if eI(M) = �(M/IM) where eI(M) denotes the Hilbert Samuel multiplicity of M
with respect to I and �(·) denotes length. This is a straight generalization of the
notion of Ulrich modules, which is just the case I = m ([Ulr84] and [BHU87]).
Note also that I is I-Ulrich simply says that I is stable, a concept heavily used in
Lipman’s work on Arf rings [Lip71].

Of course, the study of m-Ulrich modules and certain variants has been an active
area of research for quite some time now. The papers closest to the spirit of our
work are perhaps [GOT+14],[GOT+16],[HUB91], [KT19b], [NY17] among many
other sources.

We will show that ωR-Ulrich modules are reflexive, and they form a category
critical to the abundance of reflexive modules (here ωR is a canonical ideal of
R). For instance, any maximal Cohen-Macaulay module over an ωR-Ulrich finite
extension of R is reflexive. Furthermore, a reflexive birational extension of R is
Gorenstein if and only if its conductor I is I-Ulrich and ωR-Ulrich.

We also make frequent use of birational extensions of R and trace ideals. This
is heavily inspired by some recent interesting work from Kobayashi [Kob17], Goto-
Isobe-Kumashiro [GIK20], Faber [Fab19] and Herzog-Hibi-Stamate [HHS19].

We now describe the structure and the main results of our paper. Sections 2 and
3 collect basic results on reflexive modules, trace ideals and birational extensions
to be used in later sections. Section 4 develops the concept of I-Ulrich modules for
any ideal I of height one in R, see Definition 4.1. We give various characterizations
of I-Ulrichness (Theorem 4.6). We show the closedness of the subcategory of I-
Ulrich modules under various operations, prompting the existence of a lattice like
structure for I-Ulrich ideals, which can be referred to as an Ulrich lattice. We
establish tests for I-Ulrichness using blow-up algebras and the core of I (recall
that the core of an ideal is the intersection of all minimal reductions). Finally, we
show that an ωR-Ulrich M satisfies HomR(M,R) ∼= HomR(M,ωR), and that such
a module is reflexive.

The later sections deal with applications. In Section 5, under mild conditions, we
are able to completely characterize extensions S of R that are “strongly reflexive”
in the following sense: any maximal Cohen-Macaulay S-module is reflexive over
R. Interestingly, in the birational case, this classification involves the core of the
canonical ideal of R.

Theorem A (Theorem 5.2 and Theorem 5.5). Suppose that R is a one-dimensional
Cohen-Macaulay local ring with a canonical ideal ωR. Let S be a module finite R-
algebra such that S is a maximal Cohen-Macaulay module over R. The following
are equivalent (for the last two, assume that S is a birational extension and the
residue field of R is infinite):

(1) Any maximal Cohen-Macaulay S-module is R-reflexive.
(2) ωS is R-reflexive.
(3) HomR(S,R) ∼= HomR(S, ωR).
(4) ωRS ∼= S.
(5) S is ωR-Ulrich as an R-module.
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(6) S is R-reflexive and the conductor of S to R lies inside (x) : ωR for some
principal reduction x of ωR.

(7) S is R-reflexive and the conductor of S to R lies inside core(ωR) :R ωR.

Theorem A extends a result of Kobayashi [Kob17, Theorem 2.14]. Also, for
S satisfying one of the conditions of Theorem A, any contracted ideal IS ∩ R is
reflexive (Proposition 3.9). Such a statement generalizes a result by Corso-Huneke-
Katz-Vasconcelos that if R is a domain and the integral closure R is finite over R,
then any integrally closed ideal is reflexive [CHKV05, Proposition 2.14].

Section 6 deals with various “finiteness results”, where we study when certain
subcategories or subsets of CM(R) are finite or finite up to isomorphism. One main
result roughly says that if the conductor of R has small colength, then there are only
finitely many reflexive ideals that contain a regular element, up to isomorphism.

Theorem B (Theorem 6.8). Let R be a one-dimensional Cohen-Macaulay local
ring with infinite residue field and conductor ideal c. Assume that either:

(1) �(R/c) ≤ 3, or
(2) �(R/c) = 4 and R has minimal multiplicity.

Then the category of regular reflexive ideals of R is of finite type.

We also characterize rings with up to three trace ideals (Proposition 6.3). We
observe that if S = EndR(m) has finite representation type, then R has only finitely
many indecomposable reflexive modules up to isomorphism (Proposition 6.12). In
particular, seminormal singularities have “finite reflexive type” (Corollary 6.14).

In Section 7 we give some further applications on almost Gorenstein rings. We
show that in such a ring, all powers of trace ideals are reflexive (Proposition 7.3).
We also characterize reflexive birational extensions of R which are Gorenstein:

Theorem C (Theorem 7.10). Suppose that R is a one-dimensional Cohen-Macaulay
local ring with a canonical ideal ωR. Let S be a finite birational extension of R
which is reflexive as an R-module. Let I = cR(S) be the conductor of S in R. The
following are equivalent:

(1) S is Gorenstein.
(2) I is I-Ulrich and ωR-Ulrich. That is I ∼= I2 ∼= IωR.

We end the paper with a number of examples and open questions.

2. Preliminaries I: general Noetherian rings

Throughout this article, assume that all rings are commutative with unity and
are Noetherian, and that all modules are finitely generated.

Let R denote a Noetherian ring with total ring of fractions Q(R). Let R denote
the integral closure of R in Q(R). Let SpecR denote the set of prime ideals of R.
For any R-module M , if the natural map M → M ⊗R Q(R) is injective, then M is
called torsion-free. It is called a torsion module if M ⊗R Q(R) = 0. The dual of
M , denoted M∗, is the module HomR(M,R); the bidual then is M∗∗. The bilinear
map

M ×M∗ → R, (x, f) �→ f(x),

induces a natural homomorphism h : M → M∗∗. We say that M is torsionless if h
is injective, and M is reflexive if h is bijective.
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For R-submodules M,N of Q(R), we denote

M :R N = {a ∈ R | aN ⊆ M}
M : N = {a ∈ Q(R) | aN ⊆ M}.

We will need the notion of trace ideals. We first recall the definition.

Definition 2.1. The trace ideal of an R-module M , denoted trR(M) or simply
tr(M) when the underlying ring is clear, is the image of the map τM : M∗⊗RM → R
defined by τM (φ⊗ x) = φ(x) for all φ ∈ M∗ and x ∈ M .

Say that an ideal I is a trace ideal if I = tr(M) for some module M . Since
tr(tr(M)) = tr(M), I is a trace ideal if and only if I = tr(I). It is clear from the
definition, that if M ∼= N , then tr(M) = tr(N).

There are various expositions on trace ideals scattered through the literature,
see for example [HHS19],[Lin17],[KT19a],[GIK20],[Fab19], etc. For the purposes of
this paper, we shall mainly need the following properties of trace ideals.

Proposition 2.2 ([KT19a, Proposition 2.4]). Let M be an R-submodule of Q(R)
containing a nonzero divisor of R. Then the following statements hold.

(1) tr(M) = (R : M)M .
(2) The equality M = tr(M) holds if and only if M : M = R : M in Q(R).

Recall that a finitely generated R-submodule I of Q(R) is called a fractional
ideal and it is regular if it is isomorphic to an R-ideal of grade one.

Remark 2.3. Let R be any ring with total ring of fractions Q(R). For any two reg-
ular fractional ideals I1, I2, we have I1 : I2 ∼= HomR(I2, I1) where the isomorphism
is as R-modules, see for example [HK71, Lemma 2.1].

By abuse of notation, we will identify these two R-modules and use them inter-
changeably in the remainder of the paper.

Remark 2.4. By Remark 2.3, we can identify I∗ := HomR(I, R) with R : I whenever
I contains a nonzero divisor. This is also denoted as I−1. Moreover for any nonzero
divisor x in I, we have xI∗ = x :R I. Hence I∗ ∼= x :R I as R-modules.

Next, we discuss some general statements about reflexive modules that will be
needed. Recall that an R-module M is called totally reflexive if M is reflexive and
ExtiR(M,R) = ExtiR(M

∗, R) = 0 for all i > 0 (see [KV18] for instance for more
details). In the result below we need to consider modules that are locally totally
reflexive on the minimal primes of R. See Remark 2.6.

Lemma 2.5. Let R be a Noetherian ring satisfying condition (S1). Consider mod-
ules M,N that are locally totally reflexive on the minimal primes of R.

(1) Assume there is a short exact sequence 0 → M → N → C → 0. If N is
reflexive and C is torsionless then M is reflexive.

(2) If HomR(M,N) is locally totally reflexive on the minimal primes of R and
N is reflexive, then HomR(M,N) is reflexive.

Proof. For (1), [Mas98, Theorem 29] implies that C is locally totally reflexive on
the minimal primes. Thus Ext1RP

(CP , RP ) = 0 for all minimal primes P and the
conclusion follows from [Mas98, Proposition 8].
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For (2), we first prove the case N = R. Let f : M∗ → M∗∗∗ be the natural map.
Let g : M∗∗∗ → M∗ be the dual of the natural map M → M∗∗. Then g ◦ f = id, so
f splits, and we get M∗∗∗ = M∗ ⊕M1. But for any minimal prime P , (M1)P = 0,
so M1 has positive grade. As M∗∗∗ embeds in a free module and R is (S1), M1 = 0.

Now, start with a short exact sequence 0 → C → F → N∗ → 0 where F
is free. Dualizing, we get 0 → N → F ∗ → D → 0 where D is torsionless (by
[Mas98, Proposition 8], a submodule of a torsionless module is torsionless). Take
HomR(M,−) to get the exact sequence 0 → HomR(M,N) → HomR(M,F ∗) →
K ′ → 0 where K ′ is a sub-module of HomR(M,D). We can apply part (1) and the
previous paragraph to get that HomR(M,N) is reflexive provided we show that K ′

is torsionless.
Since, D is torsionless, D embeds into D∗∗ and hence into a free module say G.

Thus, HomR(M,D) embeds into HomR(M,G). Finally, note that M∗ is torsionless
as it is a submodule of a free module and thus, by applying [Mas98, Proposition 8]
twice, we get that K ′ is torsionless. �

Remark 2.6. We stated Lemma 2.5 in quite general setting. One reason is in
practice, as well as in this paper, it is often applied in the following two different
situations: when R is generically Gorenstein, or when M,N are locally free on the
minimal primes (for instance when they are birational extensions or regular ideals of
R). In such situations the totally reflexive assumptions are automatically satisfied.

The relationship between reflexive modules and birational extensions is also nat-
urally of interest. We say that an extension f : R → S is birational if S ⊂ Q(R).
Equivalently Q(R) = Q(S).

Proposition 2.7 ([KT19a, Proposition 2.4]). Let M ⊆ Q(R) be a regular fractional
ideal of R. Then M is a reflexive R-module if and only if there is an equality
M = R : (R : M) in Q(R).

Lemma 2.8 was stated in more generality in a recent work of S. Goto, R. Isobe,
and S. Kumashiro.

Lemma 2.8 ([GIK20, Lemma 2.6(1), Proposition 2.9]). Let R satisfy (S1) and
f : R → S be a finite birational extension. Then the conductor of S to R, denoted
cR(S) := R : S, is a reflexive regular trace ideal of R. Thus, we get a bijective
correspondence between reflexive regular trace ideals of R and reflexive birational
extensions of R via the map α : I �→ EndR(I) and its inverse β : S �→ cR(S).

Proof. Let S be a reflexive birational extension. Then cR(S) ∼= S∗ is reflexive by
Lemma 2.5. Next, note that tr(S) = S∗S = cR(S)S = cR(S). So cR(S) is a
reflexive trace ideal. If I is a regular reflexive trace ideal, then Proposition 2.2(2)
and Lemma 2.5(2) tell us that EndR(I) is indeed reflexive.

Finally, we have β(α(I)) = I and α(β(S)) = S by Proposition 2.2, Proposi-
tion 2.7 and the above paragraph. �

So these birational extensions provide important sources for generating reflexive
ideals. We have the following criteria for a reflexive module over R to be a module
over a finite birational extension S. This was stated in [Fab19, Theorem 3.5] for
reduced one dimensional local rings, but the result holds for more general rings,
and we restate it here with a self-contained proof:
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Theorem 2.9. Let R be a Noetherian ring and M be a finite R-module. Let S be
a finite birational extension of R. Consider the following statements.

(1) M is a module over S.
(2) tr(M) ⊆ cR(S) where cR(S) = R : S.

Then (1) implies (2). The converse is true if M is a reflexive R-module.

Proof. Let M be a module over S. Then there exists a S-linear (hence R-linear)
surjection Sn → M , so tr(M) ⊆ tr(S) = cR(S).

Conversely assume tr(M) ⊆ cR(S) and M reflexive. Consider f ∈ M∗ and s ∈ S,
we have s·f ∈ M∗ by assumption. Therefore M∗ is an S-module. From the forward
implication, tr(M∗) ⊆ cR(S). So repeating the argument again, we get that M∗∗

is an S-module. Since M is reflexive, we are done. �

3. Preliminary II: dimension one

Throughout the rest of this paper (unless otherwise specified), (R,m, k) will
denote a Cohen-Macaulay local ring of dimension one with maximal ideal m and
residue field k. Denote by Q(R) the total quotient ring of R. For an m-primary
ideal I and a module M , let eI(M) denote the Hilbert-Samuel multiplicity of M
with respect to I. In the case, when I = m, we write e(M). Let c := R : R denote
the conductor ideal of R to R. For an R-module M , let μ(M) and �(M), denote
the minimal number of generators of M and the length of M respectively, as an
R-module.

Let CM(R) denote the category of maximal Cohen-Macaulay R-modules and let
Ref(R) denote the category of reflexive R-modules. We say a category is of finite
type if it has only finitely many indecomposable objects up to isomorphism.

Remark 3.1. Note that the following statements are true.

(1) {free R- modules} ⊂ Ref(R) ⊂ CM(R).
(2) R is regular if and only if {free R- modules} = CM(R).
(3) R is Gorenstein if and only if Ref(R) = CM(R).

We shall be interested in the behaviour of Ref(R) in the case when R is “close to”
being regular or Gorenstein. We will come back to this in Section 6 and Section 7.

The conductor and maximal ideals are natural examples of reflexive trace ideals.

Corollary 3.2. Let (R,m) be a Noetherian local ring of arbitrary dimension sat-
isfying (S1). If R̄ is finite over R, c is a regular reflexive trace ideal. If dimR = 1
and R is not regular, m is a regular reflexive trace ideal.

Proof. The first statement follows from Lemma 2.8. For the second statement,
since grade(m) = 1, R � m∗ and hence m is reflexive by Proposition 2.7. Since
m ⊆ tr(m) and tr(m) = R if and only if m is principal, m is a trace ideal. �

Support and trace. Let CMfull(R) = {M ∈ CM(R) | Supp(M) = SpecR}
denote the subcategory of CM(R) of modules with full support.

Lemma 3.3. Suppose that M ∈ CM(R). Then tr(M) is a regular ideal if and only
if MP has an RP -free summand for each P ∈ Min(R). Thus if R is reduced then
M ∈ CMfull(R) if and only if tr(M) is a regular ideal.
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Proof. As we are in dimension one, clearly tr(M) is regular if and only if tr(M)P =
RP for any P ∈ Min(R). As trace localizes, we have tr(M)P = trRP

(MP ), and the
result follows. �

Remark 3.4. Here we discuss why when studying CM(R), one can reduce to the case
of CMfull(R) and hence regular trace ideals thanks to Lemma 3.3. Let Min(R) =
{P1, . . . , Pn} denote the set of minimal primes of R and (0) = ∩Qi with√
Qi = Pi. For a subset X ⊂ Min(R), let RX = R/ ∩Pi∈X Qi. Then CM(R) =

∪X⊂Min(R) CMfull(RX). Thus, understanding CM(R) amounts to understanding
CMfull(RX) for all subsets X.

It is well known that c and m are reflexive trace ideals (Corollary 3.2). In
particular, we can investigate other such ideals. We set up some further notation
which we will use throughout.

T(R) := {I | I is a regular trace ideal}
RT(R) := {I | I is a regular reflexive trace ideal}

Note that if R is a complete local domain, then from [Mai22, Theorem 2.5] we get
that for any ideal I ⊂ R, I∗∗ is isomorphic to an ideal which contains the conductor
c. This suggests an immediate link, relevant to our study, with the conductor ideal
c. Theorem 3.5 gives a generalization to this fact.

Theorem 3.5. Let R be a one-dimensional Cohen-Macaulay local ring with con-
ductor ideal c. Any regular ideal I that contains a principal reduction is isomorphic
to another fractional ideal J such that R : J (which is isomorphic to I∗) contains
the conductor c. In particular, if the residue field is infinite, any reflexive regular
ideal of R is isomorphic to an ideal containing c.

Proof. Assume I is a regular ideal of R with a principal reduction x. Let J = I
x =

{ a
x , a ∈ I}. Clearly I ∼= J . Since In+1 = xIn for some n, we have J ⊂ In : In ⊂ R.

But then R : J ⊃ R : R = c. The last statement follows by replacing I with I∗ and
using the fact that I∗∗ ∼= I. �

Corollary 3.6. Let R be as in Theorem 3.5. For any regular ideal I with a principal
reduction, tr(I) ⊃ c.

Proof. Let J be the fractional ideal as in Theorem 3.5. Note that R ⊂ J . Since
R : J ⊃ c, we have tr(I) = tr(J) = J(R : J) ⊃ R : J ⊃ c. �

Lemma 3.7. Let R be as in Theorem 3.5. Suppose that I is a regular ideal and
x ∈ I be a nonzero divisor. Then tr(I) = I((x) :R I) :R x. In particular, tr(I) ⊇
(x) :R I.

Proof. Let J = I
x

∼= I. Then tr(I) = tr(J) = J(R : J) = I
x ((x) :R I). Thus,

tr(I) = I((x) :R I) :R x. In particular, tr(I) ⊃ x((x) :R I) :R x = (x) :R I. �

We can classify trace ideals with reduction number one:

Corollary 3.8. Let R be as in Theorem 3.5 and I a regular ideal such that I2 = xI
for some regular element x ∈ I. Then tr I = (x) :R I. In particular, I is a trace
ideal if and only if (x) :R I = I. In that case I ∼= I∗ and hence I is reflexive.
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Proof. From Lemma 3.7, (x) :R I ⊆ tr I. On the other hand, I tr I = I(II−1) =
I2I−1 = xII−1 = x tr I, so tr I ⊂ (x) :R I. Thus tr I = (x) :R I.

The next assertion is now obvious. For the last assertion, note that (x) :R I ∼=
I∗. �

It is known that under mild assumptions, all integrally closed ideals are reflexive
([CHKV05, Proposition 2.14]). Proposition 3.9 vastly generalizes this fact and also
provides a way of generating reflexive or trace ideals by contracting ideals from
certain birational extensions. For how to find such extensions see Section 5.

Proposition 3.9. Let R be as in Theorem 3.5. Let S be a finite birational extension
such that CM(S) ⊂ Ref(R). Let I be a regular ideal of R. Then IS ∩R ∈ Ref(R).
If I contains cR(S), then IS ∩R ∈ RT(R).

Proof. Let J = IS ∩ R. As IS ∈ CM(S), we have J∗∗ ⊂ (IS)∗∗ = IS, so J∗∗ ⊂
IS ∩ R = J , hence J is reflexive. If I contains cR(S) then cR(S) ⊂ J . Now,
trJ = JJ−1 ⊂ JcR(S)

−1 = JS, so trJ ⊂ JS ∩R = J . �
The next two results are useful for studying colength two ideals.

Proposition 3.10. Let (R,m) be as in Theorem 3.5. Further assume that R has
minimal multiplicity with infinite residue field. Let I be a regular ideal of colength
two. Then I is reflexive if and only if it is either integrally closed or principal.

Proof. If I is integrally closed then it is reflexive by Proposition 3.9. Now assume
I is neither integrally closed nor principal. We can also assume R is not regular,
else the statement holds trivially as any nonzero ideal is principal. Then as I is
not integrally closed of colength two, I = m. We can then pick a regular principal
reduction x for m and I. Since R has minimal multiplicity and not regular, we
note that m = tr(m) = (x) :R m by Corollary 3.8. On the other hand (x) :R I ⊃
(x) :R m = m, so equality occurs. Using Remark 2.4, we get xI∗ = xm∗ and hence
I∗ = m∗ and I∗∗ = m. Thus I is not reflexive. �

We classify colength two ideals that are contracted from EndR(m).

Proposition 3.11. Let (R,m) be as in Theorem 3.5. Let S = EndR(m) and I be
an ideal of colength two. Then IS ∩R = I if and only if �(S/IS) > type(R) + 1.

Proof. It is clear that IS ∩R = I if and only if S/IS is a faithful R/I module. As
R/I ∼= k[t]/t2, S/IS decomposes into a direct sum of k and R/I, so it is faithful
if and only if it is not a direct sum of k’s, in other words the length of S/IS is
strictly larger than it’s number of generators. But μ(S) = �(S/mS) = �(S/R)+1 =
typeR + 1. �

4. I-Ulrich Modules

Throughout this section, we assume that (R,m, k) is a one-dimensional Cohen-
Macaulay local ring. Let I be an ideal of finite colength and x a principal reduction.
This section grew out of the realization that the equality xM = IM for certain
modules M appears in many situations related to our investigation. For instance, it
will turn out that when I is a canonical ideal, such a module is reflexive and the finite
extensions satisfying such conditions are “strongly reflexive”, see Definition 5.3.

We shall call these modules I-Ulrich, and define them slightly more generally
without using principal reductions. Obviously the name and definition are inspired
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by the very well-studied notion of Ulrich modules, which are m-Ulrich in our sense.
Note that our definition is very much a straight generalization of an Ulrich module,
and not as restrictive as those studied in [GOT+14] and [GOT+16].

Definition 4.1. We say that M ∈ CM(R) is I-Ulrich if eI(M) = �(M/IM). Let
UlI(R) denote the category of I-Ulrich modules.

Note that if M ∼= N in CM(R), then the same isomorphism takes IM to IN ,
so �(M/IM) = �(N/IN) for any ideal I and so Ulrich condition is preserved under
isomorphism.

Example 4.2. Let M ∈ CM(R). As �(InM/In+1M) = eI(M) for n � 0, it
follows that InM is I-Ulrich for n � 0.

Definition 4.3. Let B(I) denote the blow-up of I, namely the ring
⋃

n≥0(I
n : In).

Let b(I) = cR(B(I)), the conductor of B(I) to R.

Remark 4.4. If x is a principal reduction of I, then it is well-known that B(I) =
R[ Ix ], [BP95, Theorem 1].

We shall use some standard properties of Hilbert Samuel multiplicity in the
proof of Proposition 4.5. The reader can refer to various resources like, [Ser65],
[Ser97], [BH98, mainly Corollary 4.7.11], [HS06, mainly Proposition 11.1.0, 11.2.1]
for further details on multiplicity.

Proposition 4.5. Let R be a one-dimensional Cohen-Macaulay local ring. Suppose
that x ∈ I is a (principal) reduction and M ∈ CM(R). The following are equivalent:

(1) M is I-Ulrich.
(2) IM = xM .
(3) IM ⊆ xM .
(4) IM ∼= M .
(5) M ∈ CM(B(I)) (see Remark 4.8).
(6) M is In-Ulrich for all n ≥ 1.
(7) M is In-Ulrich for infinitely many n.
(8) M is In-Ulrich for some n ≥ 1.

Proof. As x is a reduction of I, �(M/xM) = eI(M). So (1) is equivalent to
�(M/xM) = �(M/IM), or IM = xM . The equivalence of (2) and (3) is obvi-
ous. Clearly (2) implies (4). Assuming (4), then M ∼= InM for n � 0, so M is
I-Ulrich by Example 4.2. We have established the equivalence of (1) through (4).

Next, (3) is equivalent to I
xM ⊆ M . In other words (3) implies that M ∈

CM(B(I)), since R[ Ix ] = B(I). Since B(I) = B(In) for any n ≥ 1, we have
(5) ⇒ (6). Clearly (6) ⇒ (7) ⇒ (8). Finally, assume (8). We have �(M/InM) =
eIn(M) = neI(M). Note that for each i, IiM is in CM(R) and hence, using
properties of multiplicities, we get �(IiM/Ii+1M) ≤ �(IiM/xIiM) = eI(I

iM) =
eI(M) for each i. Thus, equality must occur for each i; in particular, it occurs for
i = 0, which shows that M is I-Ulrich. �

Without any assumption on the existence of a principal reduction, the following
still holds:

Theorem 4.6. Let R be a one-dimensional Cohen-Macaulay local ring. Let I be a
regular ideal and M ∈ CM(R). The following are equivalent:
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(1) IM ∼= M .
(2) M is I-Ulrich.
(3) M is In-Ulrich for all n ≥ 1.
(4) M is In-Ulrich for infinitely many n.
(5) M is In-Ulrich for some n ≥ 1.
(6) M ∈ CM(B(I)) (see Remark 4.8).

Proof. Assume (1), then M ∼= InM for n � 0, so M is I-Ulrich by Example 4.2.
If (2) holds, then we may pass to a local faithfully flat extension of R possessing
an infinite residue field and apply Proposition 4.5, followed by [Gro67, Proposition
2.5.8] to see that (1) holds. The statements (2) to (5) are unaffected by local faith-
fully flat extensions, so we can enlarge the residue field and apply Proposition 4.5.
As In contains a principal reduction for n � 0 and B(I) = B(In) for all n ≥ 1,
Proposition 4.5 implies that (4) and (6) are equivalent. �
Corollary 4.7. Let R be as in Theorem 4.6. Let I be a regular ideal. Then R is
I-Ulrich if and only if I is principal.

Proof. Theorem 4.6 implies that IR ∼= R, so I is principal. �
Remark 4.8. Note that if M ∈ CM(R) is I-Ulrich, the proofs of Proposition 4.5
and Theorem 4.6 show that the action of B(I) on M extends the action of R on
M . In other words, there is an action of B(I) on M which when restricted to R
yields the original action of R on M . In particular, if M ⊆ Q(R), multiplication in
Q(R) gives an action of B(I) on M .

We say that an extension f : R → S is birational if S ⊂ Q(R). Equivalently
Q(R) = Q(S). Also such an f induces a bijection on the sets of minimal primes
of S and R and fP is an isomorphism at all minimal primes P of R. Let Bir(R)
denote the set of finite birational extensions of R.

Corollary 4.9. Let R be as in Theorem 4.6. Let R ⊆ S be a finite birational
extension of rings. Then S is I-Ulrich if and only if B(I) ⊆ S.

Proof. Follows immediately from Theorem 4.6 and Remark 4.8. �
Corollary 4.10. Let R be as in Theorem 4.6. Let I be a regular ideal. If R̄ is a
finitely generated R-module then R̄ and the conductor c are I-Ulrich.

Proof. As B(I) ⊆ R̄, R̄ ∈ CM(B(I)) and so by Theorem 4.6, R̄ is I-Ulrich. Since
c ∈ CM(R̄) ⊆ CM(B(I)), the conclusion follows. �
Corollary 4.11. Let R be as in Theorem 4.6. If M ∈ CM(R) is I-Ulrich, then
trM ⊆ b(I). If M ∈ Ref(R), then the converse holds.

Proof. This follows from Theorem 4.6 and Theorem 2.9. �
Lemma 4.12. Let R be as in Theorem 4.6. Let 0 → A → B → C → 0 be an exact
sequence in CM(R). If B is I-Ulrich then so are A,C.

Proof. We may enlarge the residue field if necessary and assume that I has a prin-
cipal reduction x. Then x is a regular element and hence induces an exact sequence

0 → A/xA → B/xB → C/xC → 0.

B is I-Ulrich if and only if I kills the middle module, but if that’s the case then I
kills the other two as well. �
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Corollary 4.13. Let R be as in Theorem 4.6. Let M ∈ UlI(R). For any nonzero
f ∈ M∗, Im(f) ∈ UlI(R).

Corollary 4.14. Let R be as in Theorem 4.6. Suppose J, L ∈ UlI(R) are R-
submodules of an R-module M . Then J + L, J ∩ L ∈ UlI(R).

Proof. The assertion follows from the short exact sequence 0 → J ∩ L → J ⊕ L →
J + L → 0. �

Lemma 4.15. Let R be as in Theorem 4.6. If M ∈ UlI(R), then HomR(M,N) ∈
UlI(R) for any module N ∈ CM(R).

Proof. As above, we can assume there is a principal reduction x of I. Note that
there is an embedding

HomR(M,N)⊗R R/xR → HomR(M/xM,N/xN)

and the latter is killed by I since M ∈ UlI(R). This shows that HomR(M,N)⊗R

R/xR is killed by I and this finishes the proof. �

Proposition 4.16. Let R be as in Theorem 4.6. If M ∈ UlI R, then tr(M) ∈
UlI(R).

Proof. Since, tr(M) is the sum of all images of elements in M∗, the proof follows
immediately from Corollary 4.13 and Corollary 4.14. �

Corollary 4.17. Let R be as in Theorem 4.6. The set of I-Ulrich ideals is a lattice
under addition and intersection. The largest element is b(I).

Proof. That this set forms a lattice follows from Corollary 4.14. For the last as-
sertion, first note that b(I) is a module over B(I), and then apply Theorem 4.6,
Proposition 4.16 and Corollary 4.11. �

Remark 4.18. Aberbach and Huneke [AH96] defined the coefficient ideal of I rela-
tive to a principal reduction x as the largest ideal J such that xJ = IJ . It follows
that the coefficient ideal is just b(I).

From now on we assume that I contains a principal reduction. Recall that the
core of I, denoted core(I), is defined as the intersection of all (minimal) reductions
of I.

Proposition 4.19. Let R be as in Theorem 4.6. Assume that I has a principal
reduction x. Consider M ∈ UlI(R). We have,

tr(M) ⊆ (x) :R I ⊆ tr(I).

If the residue field of R is infinite, then:

tr(M) ⊆ core(I) :R I ⊆ (x) :R I ⊆ tr(I).

Proof. Let J = tr(M). Note that by Proposition 4.16, J ∈ UlI(R) and so IJ =
xJ ⊂ (x) for any principal reduction x. So J ⊂ ∩((x) :R I) = core(I) :R I. The
last inclusion comes from Lemma 3.7. If the residue field of R is infinite, then the
core is the intersection of all principal reductions, and the second part follows. �
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Corollary 4.20. Let R be as in Theorem 4.6. Suppose that I is a regular ideal
with a principal reduction x. Then

b(I) = tr(b(I)) ⊆ (x) :R I ⊆ tr(I).

If the residue field of R is infinite, then:

b(I) = tr(b(I)) ⊆ core(I) :R I ⊆ (x) :R I ⊆ tr(I).

Proof. Since b(I)=tr(B(I))∈UlI(R), the conclusion follows from Proposition 4.19.
�

Corollary 4.21. Let R be as in Theorem 4.6. Assume that the residue field of R
is infinite. Let M ∈ Ref(R). The following are equivalent.

(1) M is I-Ulrich.
(2) tr(M) ⊆ b(I).
(3) tr(M) ⊆ (x) :R I for some principal reduction x of I.
(4) tr(M) ⊆ (x) :R I for any principal reduction x of I.
(5) tr(M) ⊆ core(I) :R I.

Proof. Combining Corollary 4.11 and Proposition 4.19, we see that the proof would
be complete if we show (3) implies (1). If (3) holds, then for any f ∈ M∗, we have
that I · f ⊆ HomR(M,xR) = xM∗. Therefore by Proposition 4.5, M∗ is I-Ulrich.
Since M ∈ Ref R, by Lemma 4.15 M is I-Ulrich. �

In light of the above results, it is natural to ask when b(I) = tr(I). Note that if
this is the case, then (x) :R I is independent of the principal reduction.

Proposition 4.22. Let R be as in Theorem 4.6. If I is a regular reflexive trace
ideal such that xI = I2 for some x ∈ I, then b(I) = tr(I).

Proof. As In ∼= I for all n > 0. we get that B(I) = I : I. By Lemma 2.8,
b(I) = I = tr(I). �

We can moreover relate b(I) with core I :R I for a large number of cases.

Theorem 4.23. Let R be a reduced one dimensional ring with infinite residue field
k. Let I be a regular ideal with reduction number r. Assume that char(k) = 0 or
char(k) > r. Then

b(I) = core(I) :R I.

Proof. By [PU05, Theorem 3.4 b] we have that,

core(I) = xn+1 :R In

for suitably large n, where x is a principal reduction of I. Thus,

core(I) :R I = xn+1 :R In+1 ∼= (In+1)∗.

Now for large n, (In+1)∗ is I-Ulrich by Lemma 4.15 and hence b(I) = core(I) :R I
by Corollary 4.17. �

Proposition 4.24 will help in establishing some finiteness results.
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Proposition 4.24. Let R be as in Theorem 4.6. Let I, J be regular ideals. Consider
the following statements.

(1) UlI(R) = UlJ (R).
(2) B(I) = B(J).
(3) b(I) = b(J).

Then (1) ⇐⇒ (2) =⇒ (3). If R is Gorenstein, then all three are equivalent.

Proof. Recall that UlI(R) = CM(B(I)) by Theorem 4.6. So if B(I) = B(J) then
UlI(R) = UlJ(R). Now assume (1). Let S = B(I) and T = B(J). Then S ∈
UlJ (R) = CM(T ). Thus T ⊂ TS ⊂ S. By symmetry S ⊂ T , so S = T . If S = T ,
then cR(S) = cR(T ), so (3) follows from (2). If R is Gorenstein, then B(I), B(J)
are reflexive, so b(I) = b(J) implies B(I) = B(J) by Lemma 2.8. �

Theorem 4.25. Let R be as in Theorem 4.6. Let c be the conductor and I be a
regular ideal. If c ∼= Is for some s then UlI(R) = CM(R). If furthermore R is
complete and reduced, then UlI(R) has finite type.

Proof. As c is a regular ideal, R is R-finite. As c ∼= cn for all n, B(c) = R. On
the other hand B(I) = B(Is) = B(c), proving the first claim. If R is complete and
reduced, then R is a product of DVRs, so UlI(R) = CM(R) has finite type. �

Proposition 4.26. Let R be as in Theorem 4.6. Assume that I is a regular ideal.
Let S = EndR(I) (which is a birational extension of R). If M is I-Ulrich, then
HomR(M, I) ∼= HomR(M,S).

Proof. We have an exact sequence 0 → L → I ⊗M → IM → 0 where L has finite
length. Take HomR(−, I) we get an isomorphism HomR(IM, I) ∼= HomR(I⊗M, I).
The first is isomorphic to HomR(M, I) as IM ∼= M , and the second is isomorphic
to HomR(M,HomR(I, I)) = HomR(M,S) by Hom-tensor adjointness. �

Corollary 4.27. Let R be as in Theorem 4.6 and further assume that R has a
canonical ideal ωR. The following are equivalent:

(1) M ∈ UlωR
(R)

(2) HomR(M,R) ∼= HomR(M,ωR).

Proof. (1) implies (2) by Proposition 4.26. Conversely, note that R ∼= EndR(ωR).
Hence, using Hom-Tensor adjointness, statement (2) is the same as HomR(ωRM,ωR)
∼= HomR(M,ωR). Hence dualizing with respect to ωR and using Theorem 4.6 fin-
ishes the proof. �

Corollary 4.28. Let R be as in Theorem 4.6. Assume that R has a canonical ideal
ωR and M ∈ UlωR

(R). Then M is reflexive.

Proof. Corollary 4.27 implies that M∗ ∼= M∨, where M∗ = HomR(M,R) and
M∨ = HomR(M,ωR). By Lemma 4.15, M∗ is still in UlωR

(R), so we have M∗∗ ∼=
M∗∨ ∼= M∨∨ ∼= M , as desired. �

Corollary 4.29. Let R be as in Theorem 4.6. Suppose that R has a canonical ideal
ωR. Then for large enough n, the ideal I = ωn

R is reflexive and satisfies I∗ ∼= I∨.

We end this section by looking into the question when the maximal ideal m is
I-Ulrich. This will be applied when we discuss almost Gorenstein rings in the last
section.
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Proposition 4.30. Let (R,m, k) be as in Theorem 4.6. Suppose there is an exact
sequence 0 → R → I → k⊕s → 0. Then m is I-Ulrich.

Proof. We can assume that R is not regular, for if R is regular the conclusion follows
easily. The assumption is equivalent to Im ⊂ (a) for some a ∈ I. We need to show
that Im = am. As am ⊂ Im ⊂ (a) and �((a)/am) = 1, it is enough to show that
Im is not equal to (a). Suppose that Im = (a). Then E = Im : Im = (a) : (a) = R.
As m : m ⊂ E, it follows that m : m = R. But m : m ∼= m∗, and as m is reflexive, it
follows that m ∼= R, which is impossible if R is not regular. �

5. Applications: Strongly reflexive ring extensions

Throughout this section, we assume that (R,m, k) is a one-dimensional Cohen-
Macaulay local ring. Suppose that R has a canonical ideal ωR. In this section we
are interested in the following question. Let S be a finite extension of R. When is
any CM S-module R-reflexive? Of course if S = R, this is equivalent to R being
Gorenstein, or ωR

∼= R. It turns out that there is a pleasant generalization to any
finite extension S that is in CM(R): CM(S) ⊂ Ref(R) if and only if ωRS ∼= S, in
other words S is ωR-Ulrich.

We start with a useful lemma that will be used repeatedly in the proof of our
main theorem.

Lemma 5.1. Let (R,m, k) be a one-dimensional Cohen-Macaulay local ring. Let
S be a module finite R-algebra such that S ∈ CM(R). Let M ∈ CM(S).

(1) The map
F : M �→ HomR(M,R)

is an S-linear, contravariant functor from CM(S) to CM(S).
(2) If M ∈ Ref(R), then M ∼= F (F (M)) in CM(S).

Proof. Note that HomR(M,R) is naturally an S-module via the action

(s · f)(m) := f(sm), s ∈ S,m ∈ M, f ∈ HomR(M,R)

and that this extends the action of R. Thus, the conclusion of part (1) follows. For
part (2), notice that the canonical R-linear map M → M∗∗ is S-linear with respect
to the action above. �
Theorem 5.2. Let (R,m, k) be a one-dimensional Cohen-Macaulay local ring. As-
sume that R has a canonical ideal ωR. Let S be a module finite R-algebra such that
S ∈ CM(R). The following are equivalent:

(1) CM(S) ⊂ Ref(R).
(2) ωS ∈ Ref(R).
(3) ωS

∼= S∗.
(4) ωRS ∼= S.
(5) S is ωR-Ulrich.
(6) S is reflexive and tr(S) ⊂ b(ωR).

Proof. Clearly (1) implies (2). For the converse, assume that ωS ∈ Ref(R). Take
M ∈ CM(S). Then M∨ = HomR(M,ωR) ∈ CM(S). Take a free S-cover of M∨

and apply ∨, we obtain an exact sequence 0 → M → (Sn)∨ → N → 0 in CM(R).
Thus M ∈ Ref(R) by Lemma 2.5.

That (3) implies (2) follows by Lemma 2.5. For the converse, assume that
ωS ∈ Ref(R). Take a free S-cover of ω∗

S and apply ∗. From Lemma 5.1 we get
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an exact sequence in CM(S): 0 → ωS → (Sn)∗ → N → 0. (Note that N is in
CM(S) as it is a submodule of a torsionfree R-module and also has an S-module
structure.) This has to split in CM(S) (since Ext1S(N,ωS) = 0), so that ωS is a
direct summand of (Sn)∗ in CM(S). Since S ∈ Ref(R) by (2) implies (1), ω∗

S is
a direct summand of Sn in CM(S) using Lemma 5.1(2). Thus ω∗

S is S-projective.
Since S is semi-local and ω∗

S is locally free of constant rank, it is S-free of rank one
[Sta21, Tag 02M9]. Now applying Lemma 5.1(1) one gets that ω∗∗

S is isomorphic to
S∗ as S-modules, so as R-modules as well and hence (3) follows.

The equivalence of (3), (4) and (5) follows from Theorem 4.6 and Corollary 4.27.
The equivalence of (5) and (6) follows from Corollary 4.21 and Corollary 4.28 �
Definition 5.3. We shall call an extension of R satisfying the equivalent conditions
of Theorem 5.2 a strongly reflexive extension.

Remark 5.4. The notions of reflexive extensions and totally reflexive extensions,
over not necessarily commutative rings, have been defined and studied by X. Chen
in [Che13, Definition 2.3, 3.3]. They are related to but not the same as ours. For
instance, a reflexive extension in Chen’s notion would require S ∈ Ref(R) and
HomR(S,R) ∼= S, and would imply Ref(S) ⊂ Ref(R).

Strongly reflexive birational extensions satisfy even more interesting characteri-
zations.

Theorem 5.5. Let (R,m, k) be a one-dimensional Cohen-Macaulay local ring. Let
S ∈ Bir(R). Assume R has a canonical ideal ωR admitting a principal reduc-
tion. Let a be an arbitrary principal reduction of ωR and set K := a−1ωR (see
Remark 5.6). The following are equivalent:

(1) CM(S) ⊂ Ref(R).
(2) ωS ∈ Ref(R).
(3) ωS

∼= S∗.
(4) S is ωR-Ulrich.
(5) S = KS.
(6) K ⊆ S.
(7) S ∈ Ref(R) and cR(S) = tr(S) ⊆ R : K = (a) : ωR.
(8) S ∈ Ref(R) and cR(S) = tr(S) ⊆ core(ωR) :R ωR (assuming the residue

field is infinite).

Proof. We already know that (1) through (4) are equivalent from Theorem 5.2.
The equivalence of (4) and (5) follows from Proposition 4.5 and that of (4) and (6)
from Remark 4.4 and Corollary 4.9. Since a is an arbitrary principal reduction of
ωR we see that (7) holds if and only if (8) holds, as the core is the intersection of
all principal reductions if the residue field is infinite.

The equivalence of (4), (7), (8) follows from Corollary 4.21 and Corollary 4.28.
�

Remark 5.6. The condition that R has a canonical ideal with principal reduction
is satisfied for instance when R̂ is generically Gorenstein with infinite residue field,
see [GMP13].

Corollary 5.7. Let R be as in Theorem 5.2. Assume that R has a canonical ideal
ωR. Let Q(R) ↪→ A be an extension of the total quotient ring of R. Assume that
the integral closure of R in A, say R̄A, is a finite R-module. Then R̄A ∈ Ref(R).

https://stacks.math.columbia.edu/tag/02M9
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Proof. From Corollary 4.10, R̄ ∈ UlωR
(R). Since R̄A ∈ CM(R̄), by Theorem 5.2

R̄A ∈ Ref(R). �
Corollary 5.8. Let R → S be a finite extension of rings such that R is a generically
Gorenstein (S2) ring of arbitrary dimension and S is (S1). If the extension R → S
is strongly reflexive in codimension one, then any finite (S2) S-module M is R-
reflexive.

Proof. Since R satisfies (S2) and M is a (S2) R-module, M is R-reflexive if and
only if this is true in codimension one. Since R is generically Gorenstein and S is
(S1), we may apply Theorem 5.2 to see M is R-reflexive in codimension one. �
Corollary 5.9. Let R be a generically Gorenstein (S2) ring of arbitrary dimension.
Let Q(R) ↪→ A be an extension of the total quotient ring of R. Assume that the
integral closure of R in A, say R̄A, is a finite R-module. Then R̄A ∈ Ref(R).

Proof. Since R → R̄ is strongly reflexive in codimension one, by Corollary 5.8
R̄A ∈ Ref(R). �

6. Applications: Finiteness results

Throughout this section, we assume that (R,m, k) is a one-dimensional Cohen-
Macaulay local ring. Here we study when certain subsets of interesting ideals and
modules are “finite”. We say that a subset S of mod(R) is of finite type if any
element of S is isomorphic to a direct sum of modules from a finite set in mod(R).
Note that since we sometimes consider sets that are not subcategories which are
closed under isomorphism, this notion is a bit broader than the usual notion of
“finite representation type”. Representation finiteness of subcategories of CM(R)
have been studied heavily, and many beautiful connections to the singularities of
R have been discovered over the years. Our study suggests that the same promise
could hold for reflexive modules.

Consider the following classes of ideals of R:

I (R) := {I |I is an integrally closed regular ideal}
Ic(R) := {I |I is an integrally closed regular ideal and c ⊆ I}

Ref1(R) := {I | I is a reflexive regular ideal}.
T(R) := {I | I is a regular trace ideal}

We shall look at the finiteness of these classes of ideals and the interaction
between them. Note that from Proposition 3.9, we have that I ⊆ Ref1(R) and
that Ic ⊆ RT(R) := Ref1(R) ∩ T(R).

6.1. Finiteness of T(R). We begin by answering the following question raised by
E. Faber in [Fab19, Question 3.7].

Question 6.1. Let R be a one-dimensional complete local or graded ring. Are the
following equivalent?

(1) CM(R) is of finite type.
(2) There are only finitely many possibilities for tr(M), where M ∈ CM(R).

The answer to this question is negative. Consider Example 6.2.

Example 6.2. Let R = k[[te, . . . , t2e−1]] where R = k[[t]], k infinite and e ≥ 4.
Then the set of trace ideals is finite but CM(R) is infinite.
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Proof. Here c = m. By Corollary 3.6, there are exactly two trace ideals, R and m.
Since R is an m-Ulrich R-module, μR(R) = e(R). However, since e(R) = e ≥ 4,
CM(R) is infinite by [LW12, Theorem 4.2]. �

Note here that finitely many trace ideals in a ring can raise some natural classi-
fication questions. Of course, a single trace ideal characterizes a DVR. Proposition
6.3 provides a strong motivation to classify such rings.

Proposition 6.3. Let (R,m, k) be a complete local one-dimensional domain con-
taining an infinite field k, so that R = k[[t]]. Let e(R) = e and let v be the valuation
defining R.

(1) #T(R) = 2 if and only if R = k[[te, . . . , t2e−1]].
(2) The following are equivalent

(a) #T(R) = 3

(b) R = k[[αte, tc, tc+1, . . . , t̂2e, . . . , tc+e−1]] where α is a unit of k[[t]] and
e+ 2 ≤ c ≤ 2e.

(c) �(R/c) = 2

Proof. Note that every integrally closed ideal in R is of the form If := {r ∈
R | v(r) ≥ f} where f ∈ N. Then m = Ie and let c = Ic where c is chosen
maximally, that is c �= Ic+1.

For (1), first assume #T(R) = 2. Here m and R are the only trace ideals and
so c = m. Hence, e = c and choose te +

∑
i βit

i ∈ m, βi ∈ k, so that it is part of
a minimal generating set for m. Since c = m, we have that te+j + tj

∑
i βit

i ∈ m

for all j ≥ 1. Since R is complete, we have that te+j ∈ m for all j ≥ 0 and thus
R = k[[te, . . . , t2e−1]]. The other direction is clear using Corollary 3.6.

For (2), first assume #T(R) = 3. By Proposition 3.9, we get that there are
no integrally closed ideals strictly between c and m. In other words there does
not exist r ∈ R such that v(r) = f for all e < f < c. Since R is complete,
c = (tc, tc+1, . . . , tc+e−1). Thus we can choose a principal reduction x = te +∑c−e−1

i=1 kit
e+i ∈ R of m where ki ∈ k. Consider the ideal I := (x) + c. We claim

that I = m. Take any element r ∈ m. If v(r) > e, then r ∈ c ⊆ I. If v(r) = e,
to show r ∈ I, after multiplication by a suitable element of k we may assume that

r = te+
∑c−e−1

i=1 bit
e+i where bi ∈ k. If r−x �= 0, then necessarily e < v(r−x) < c,

which is impossible. Therefore r = x and I = m. Finally we have 2e ≥ c since
there does not exist any element in R with valuation strictly between e and c. Since
c �= m, we have that c ≥ e+ 2.

To show (b) implies (c), assume R has the specified form. Then since c =
(tc, tc+1, . . . , tc+e−1), we have that m/c is a cyclic R-module. Moreover since c ≤ 2e,
m2 ⊆ c and m/c is a k-vector space. Thus �(m/c) = 1, that is �(R/c) = 2.

(c) implies (a) is clear from Corollary 3.6. �
6.2. Finiteness of I and Ic.

Proposition 6.4. Let R be a one-dimensional Cohen-Macaulay local ring. Suppose
R is a finite R-module. Then Ic is a finite set. Moreover if R is a complete local
domain, I is of finite type.

Proof. Let MaxSpec(R) = {n1, . . . , ns}. Since c is a regular ideal of R, choose an

irredundant primary decomposition in R, c = ∩s
i=1n

(ri)
i where I(n) denotes the nth

symbolic power of an ideal I. Since any J ∈ Ic is the contraction to R of an ideal
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of R containing c, J = ∩s
i=1(n

(si)
i ∩ R) where 1 ≤ si ≤ ri for each i. Thus Ic is a

finite set.
Now assume R is a complete local domain, so that R is a DVR; thus the elements

of I are totally ordered by inclusion. From the first part of this proposition, it
suffices to consider I ∈ I , I ⊆ c. Now I = IR ∩R, but IR ⊆ cR = c. Therefore I
is also an ideal of R and there exists 0 �= a ∈ R such that aR = I. Therefore I ∼= R
as R-modules and I has finite type. �

6.3. Finiteness of Ref1(R). We first note that Ref(R) (in fact Ref1(R)) is of
infinite type if R is not finitely generated over R.

Lemma 6.5. Let R be a one-dimensional Cohen-Macaulay local ring. Let I be a
regular ideal. Then B(I) is a finite R-module.

Proof. From Example 4.2, In is I-Ulrich for sufficiently large n. Thus In+1 � In

for such n by Theorem 4.6. Therefore EndR(I
n) stabilizes and B(I) is a finite

R-module. �

Lemma 6.6. Let R be a one-dimensional Cohen-Macaulay local ring. Assume
Ref1(R) has finite type and that R admits a canonical ideal ωR. Then R is a finite
R-module. In particular, R is reduced.

Proof. It suffices to show that R is a finite R-module. Suppose on the contrary
that it is not. By Lemma 6.5, R is not a finite B(ωR)-module. Thus, we can find
an infinite chain of rings Si inside R, B(ωR) � S1 � · · · � Si � . . . such that each
Si is a finite R-module. From Corollary 4.9, the Si are ωR-Ulrich and hence by
Theorem 5.2, they are R-reflexive. Consider Si � Sj , and let if possible Si � Sj

as R-modules. Then they are isomorphic as Si-modules as well. By Theorem 2.9,
Si = trSi

(Sj) ⊆ cSi
(Sj). So Si = Sj , a contradiction. Therefore the Si’s are

indecomposable and mutually non-isomorphic and hence, Ref1(R) is not of finite
type. �

We prove next that Ref1(R) is of finite type when the conductor has small
colength.

Before stating Theorem 6.8, we summarize the cases that we will always reduce
to in the proof.

Lemma 6.7 (Reduction lemma). Let (R,m, k) be a one-dimensional Cohen-Macau-
lay local ring. Assume R is finite over R and let c be the conductor ideal. Further
assume that k is infinite. For any ideal I, consider the following conditions:

(1) c ⊂ I,
(2) c � x :R I � x :R I � m where x is a principal reduction of I.

Let Ref ′1(R) := {I ∈ Ref1(R) | I satisfies (1) and (2) above}. Then Ref1(R) is of
finite type if and only if Ref ′1(R) is of finite type.

Proof. If Ref1(R) is of finite type then certainly Ref ′1(R) is of finite type. Conversely
assume that Ref ′1(R) is of finite type. Let I ∈ Ref1(R) and I not principal. From
Theorem 3.5 we may assume that c ⊆ I. By Corollary 4.10, we have

c ⊆ x :R I ⊆ x :R I ⊆ m.

If c = x :R I, then by Remark 2.4, (I)∗ ∼= c and hence c ∼= Ī. But both are trace
ideals, and hence c = I = I. Similarly if x :R I = m, by Remark 2.4 we have I ∼= m∗.
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Finally, if x :R I = x :R I, we get I∗ = (I)∗ by Remark 2.4. Thus I = I and hence
I ∈ Ic. Combining the above observations and finally using Proposition 6.4, we
have that Ref1(R) is of finite type. �
Theorem 6.8. Let (R,m, k) be a one-dimensional Cohen-Macaulay local ring. Let
R be finite over R and let c be the conductor ideal. Further assume that k is infinite.
Consider the following.

(1) �(R/c) ≤ 3
(2) �(R/c) = 4 and R has minimal multiplicity.

Then in all the above cases, Ref1(R) is of finite type.

Proof. (1) follows immediately from Lemma 6.7.
Suppose (2) holds. Note that by Lemma 6.7, we can assume that I ∈ Ref ′1(R)

and �(R/x :R I) = 2 where x is a principal reduction of I.
Since J = x :R I is reflexive and R has minimal multiplicity, by Proposition 3.10

we get that J is integrally closed. Thus, I ∼= J∗ where J ∈ Ic and the proof is now
complete by Proposition 6.4. �
Corollary 6.9. Let R be a complete one-dimensional local domain containing an
infinite field such that #T(R) = 3. Then Ref1(R) is of finite type.

Proof. This follows from Proposition 6.3 and Theorem 6.8. �

Remark 6.10. Theorem 6.8 is true if we only assume that |Min(R̂)| ≤ |k|. To see
this, first note that since R is one dimensional and CM, R̄ is a finite R-module if
and only if R is analytically unramified ( see for example [LW12, Theorem 4.6]).

In this case,
¯̂
R = R̄ ⊗R R̂, so cR̂ ⊆ cR̂. Therefore l(R̂/cR̂) ≤ l(R̂/cR̂) = l(R/c).

Since R̂ is reduced, the number of maximal ideals in its integral closure is equal to
its number of minimal primes. By [FO18, Corollary 3.3], every ideal of R̂ admits a

principal reduction. Then from the argument in Theorem 6.8, Ref1(R̂) has finite
type. By [Gro67, Proposition 2.5.8], Ref1(R) has finite type.

Remark 6.11. Since c ∈ Ic, by Theorem 3.5 and [GHK03, Proposition 2.9] if R/c is
Gorenstein, then Ref1(R) is of finite type. Moreover in this case, by [CHV98, The-
orem 3.7], we have that μ(c) = μ(m), so that R necessarily has minimal multiplicity
here. In particular finiteness of Ref1(R) in the cases �(R/c) ≤ 2 follows from this
as well and in these cases, R necessarily has minimal multiplicity.

6.4. Finiteness of Ref(R). In this subsection, we give a criterion for finiteness
of Ref(R) and derive that over seminormal singularities, the category of reflexive
modules is of finite type.

Proposition 6.12. Let (R,m) be a one-dimensional Cohen-Macaulay local ring.
Let S = EndR(m). If CM(S) is of finite type, then Ref(R) is of finite type.

Proof. Let M be an indecomposable, non-free reflexive module over R. Then
tr(M) ⊂ m = cR(S), so M ∈ CM(S) by Theorem 2.9. Finally, note that if two
S-modules are isomorphic, then they are also isomorphic as R-modules. �
Corollary 6.13. Assume that (R,m) is complete, reduced, one-dimensional and
the conductor c of R is equal to m. Then Ref(R) is of finite type.

Proof. By assumption S = EndR(m) = R̄, which is a product of DVRs and therefore
CM(S) is of finite type. Thus, Proposition 6.12 applies. �
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As a consequence of the above, we can study finiteness of Ref(R) for ‘seminor-
mal’ rings. R. Swan [Swa80] defined a seminormal ring as a reduced ring R such
that whenever b, c ∈ R satisfy b3 = c2, there is an a ∈ R with a2 = b, a3 = c. For a
detailed exposition on various results related to seminormality (including general-
izations to the above definition), we refer the reader to [Vit11]. Seminormality has
also been studied in the context of studying F -singularities in characteristic p > 0.
For instance, F -injective rings constitute a class of examples for seminormal rings
[DM19, Corollary 3.6].

Corollary 6.14. Suppose that (R,m) is a seminormal complete reduced local ring
of dimension one. Then Ref(R) is of finite type.

Proof. By [Vit11, Proposition 2.10(1)] (with A = R,B = R), we get that c = m, so
Corollary 6.13 applies. �

7. Further applications, examples and questions

We begin this section by discussing notions of being ‘close to Gorenstein’
as promised in Remark 3.1. Throughout this section, (R,m, k) denotes a one-
dimensional Cohen-Macaulay local ring.

Definition 7.1. R is called almost Gorenstein if a :R ωR ⊇ m for some principal
reduction a of ωR. R is called nearly Gorenstein if tr(ωR) ⊇ m.

These classes of rings have attracted a lot of attention lately, the reader can refer
to [HHS19], [BF97], [GMP13], [GTT15], [DKT20] amongst other sources.

In our language:

Proposition 7.2. Assume that (R,m) is a one-dimensional Cohen-Macaulay local
ring which has a canonical ideal ωR with some principal reduction a. R is almost
Gorenstein if and only if m is ωR-Ulrich.

Proof. This follows from Proposition 4.30. �
It is clear from Lemma 3.7 that in this situation we get tr(ωR) ⊇ m. This provides

a proof for a well-known fact that almost Gorenstein rings are nearly Gorenstein.
One would expect that for rings close to Gorenstein, it would be easier to find

reflexive modules. We now give supporting evidence for that statement.

Proposition 7.3. Let (R,m) be almost Gorenstein and let I be a regular ideal with
S = EndR(I).

(1) If S is reflexive and strictly larger than R, then CM(S) ⊆ Ref(R). Thus
IM ∈ Ref(R) for any M ∈ CM(R). In particular all powers of I are reflexive.

(2) If I is a proper trace ideal, then IM is reflexive for any M ∈ CM(R). In
particular I and all of its powers are reflexive.

Proof. As S is reflexive and cR(S) ⊂ m ⊆ R : ωR

a by hypothesis, we are done by
Theorem 5.5. Since IM ∈ CM(S), the proof of (1) is complete. For part (2), just
note that S = I∗ is reflexive and not equal to R. �

In particular, if R is almost Gorenstein, mn is reflexive for all n.

Remark 7.4. Suppose R is almost Gorenstein but not Gorenstein, and take I = ωR.
I is not reflexive. Note that here EndR(I) is reflexive but does not contain R
properly. Thus the conditions on I in Proposition 7.3 are needed.
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Example 7.5 shows that in general, m2 can fail to be reflexive.

Example 7.5. Let R = k[[t5, t6, t14]]. Then m2 = (t10, t11, t12, t15, t16, . . . ). Thus
(m2)∗ = (1, t4, t5, t6, . . . ) and t14 ∈ (m2)∗∗. But t14 /∈ m2.

With a bit more work one can even find an example where none of mn, n ≥ 2 is
reflexive.

Example 7.6. Let R = k[[t6, t8, t11, t13, t15]]. Then m2 = (t12, t14, t16, . . . ). Thus,
(m2)∗ = t−12(t11, t12, t13, t14, t15, t16) = t−12c. Thus, t13 ∈ (m2)∗∗ but t13 �∈ m2,
so m2 is not reflexive. However, note that t6 is a minimal reduction of m and
t6m2 = m3. Thus, none of the higher powers of m can be reflexive.

Next, we classify when Ref(R) is of finite type for almost Gorenstein rings.

Proposition 7.7. Suppose that (R,m) is almost Gorenstein. Let S = EndR(m).
Then Ref(R) is of finite type if and only if CM(S) is of finite type.

Proof. The ‘if’ direction is Proposition 6.12. The other direction follows from
Proposition 7.3(1). �
Remark 7.8. Let S = EndR(m). Using the notations in [Kob17], we thus get
CM(S) ⊂ Ref(R) = ΩCM(R), so CM(S) = ΩCM′(R) by Theorem 2.9. It follows
that ΩCM′(R) has finite type if and only if CM(S) has finite type. This recovers
results by T. Kobayashi [Kob17, Corollary 1.3].

Proposition 7.9. Let (R,m, k) be a one-dimensional, reduced, complete local ring
containing Q and further assume that k is algebraically closed. Consider the fol-
lowing statements.

(a) CM(R) is of finite type.
(b) Ref(R) is of finite type.
(c) Ref1(R) is of finite type.
(d) RT(R) is finite.

If R is Gorenstein, then all the four statements are equivalent. If R is an almost
Gorenstein domain, then (b), (c) and (d) are equivalent.

Proof. Assume first that R is Gorenstein. Clearly, (a) =⇒ (b) =⇒ (c) =⇒ (d).
Now suppose CM(R) is not of finite type. Then by [LW12, Theorem 4.13(ii)(a)]
and Lemma 2.8, we get RT(R) is not of finite type. This completes the first part
of the proof.

Next assume that R is an almost Gorenstein domain. We only need to show
(d) =⇒ (b). Assume that Ref(R) is of infinite type, and hence CM(S) is of infinite
type by Proposition 7.7, where S = EndR(m). Thus, there are infinitely many non-
isomorphic finite reflexive birational extensions of R by [LW12, Theorem 4.13(ii)(a)]
and by Proposition 7.3(1). The proof is now complete using Lemma 2.8. �

Next, we classify birational reflexive extensions of R that are Gorenstein. Our
result was inspired by and extends [GMP13, Theorem 5.1].

Theorem 7.10. Suppose that R is a one-dimensional Cohen-Macaulay local ring
with a canonical ideal ωR. Let S ∈ Ref(R) be a birational extension of R. Let
I = cR(S). The following are equivalent:

(1) S is Gorenstein.
(2) I is I-Ulrich and ωR-Ulrich. That is I ∼= I2 ∼= IωR.
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Proof. Note that I is a trace ideal by Lemma 2.8. Suppose (1) holds. Then S =
EndR(I) = EndS(I) so I ∼= S by [Kob17, Lemma 2.9]. Thus I = aS for some a ∈ I,
necessarily a regular element, and since S = S2, we have aI = I2. By Corollary 3.8,
we have I ∼= I∗. However, since S is Gorenstein, we have S ∼= S∨, so S∗ ∼= S∨. By
Corollary 4.27, S, and hence I is ωR-Ulrich.

Assume (2). We can assume that R has infinite residue field and thus I has a
reduction a. Thus I2 = aI, and the same argument in the preceding paragraph
shows that I ∼= I∗ ∼= S. So S is ωR-Ulrich, which (by Corollary 4.27) implies
S∨ ∼= S∗ ∼= S, thus S is Gorenstein. �
Corollary 7.11 ([GMP13, Theorem 5.1]). Suppose that (R,m) is a one-dimension-
al Cohen-Macaulay local ring with a canonical ideal ωR. Let S = EndR(m). The
following are equivalent:

(1) S is Gorenstein.
(2) R has minimal multiplicity and is almost Gorenstein.

Proof. Note that minimal multiplicity and almost Gorenstein are just m being m-
Ulrich and ωR-Ulrich, respectively. �
Example 7.12 (trace ideals are not always reflexive). Let R = k[[t5, t6, t7]]. Here
c = m2. Let I = (t5, t7). Then I ∈ T(R) but I∗∗ ∼= (t5, t6, t7) and hence I �∈ RT(R).

Proof. c = m2 is clear. A straight forward computation gives J := (t5 : (t5, t7)) =
(t5, t13, t14), so that tr(I) = II∗ = I(t5)−1J = (t5, t7). Therefore I ∈ T(R).

However, ((t5) :R J) = m. So I is not reflexive. �
Example 7.13. Let R = k[[t4, t5, t6]], which is a complete intersection domain of
multiplicity 4. The conductor c is m2, with colength 4. The set RT(R) is infinite
and classified by [GIK20, Example 3.4(i)]. We note a few features that illustrate
our results:

(1) It shows that the category of reflexive (regular) ideals is not of finite type,
so our Theorem 6.8 is sharp, as the conductor has colength 4 but R does
not have minimal multiplicity.

(2) From Proposition 6.4, we know that the class of integrally closed ideals
of R is of finite type. Note that every integrally closed ideal in R is of
the form If := {r ∈ R | v(r) ≥ f} where v is the valuation defining
k[[t]] and f ∈ N [DD97, Corollary 1.3]. It is then clear from the proof
of Proposition 6.4 that a set of representatives for this class is given by
{(tn)n≥4 = m, (tn)n≥5, (t

n)n≥6, (t
n)n≥8 = c}.

(3) The rest is the infinite family {Ia = (t4 − at5, t6), a ∈ k}. We have t10 =
(t4 − at5)t6 + at5t6 which shows that t5 ∈ Ia and so Ia = m. So none of
the Ia are integrally closed. However let S = EndR(m) = k[[t4, t5, t6, t7]].
Then �(S/Ia) = 3 and �(R/Ia) = 2, so IaS ∩ R = Ia by Proposition 3.11.
In other words all trace ideals in R are contracted from S.

Example 7.14. Let R = k[[t4, t6, t7, t9]]. Then clearly c = (t6, t7, t8, t9) and there-
fore T(R) = {c,m, R}. Thus we are in the situation of Corollary 6.9.

Next note that EndR(m) = k[[t2, t3]]. By [LW12, Theorem 4.18], CM(End(m))
is of finite type. Hence Ref(R) is of finite type by Proposition 6.12.

Example 7.15 (Reflexivity is not preserved under going modulo a nonzero
divisor in general). Let M ∈ Ul(R) ∩ Ref(R). Let l be a principal reduction of
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m. Then M/lM is a finite dimensional k-vector space. Since, R/l is Artinian, k is
reflexive if and only if R is Gorenstein (recall that HomR(k,R) is the nonzero socle
if R is Artinian). So, if R is not Gorenstein, then M/lM �∈ Ref(R/l).

We end the paper with a number of open questions. The following finiteness
questions are very natural:

Question 7.16. Let R be a complete Cohen-Macaulay local ring of dimension one.

(1) Can we classify when R has finitely many trace ideals?
(2) Can we classify when Ref1(R) is of finite type?
(3) Can we classify when Ref(R) is of finite type?

Since the trace of a reflexive ideal is a natural place to look for reflexive trace
ideals, we have Question 7.17.

Question 7.17. Let R be a Cohen-Macaulay local ring of dimension one. If an
ideal I ⊆ R is reflexive, is tr(I) reflexive?

As evidenced by Theorem 6.8 and Example 7.13, the first obstruction seems to
be in colength two.

Question 7.18. Let R be a Cohen-Macaulay local ring of dimension one. When
is an ideal of colength two a trace ideal? When is it reflexive?

We conclude with Question 7.19 about rings of positive characteristic.

Question 7.19. Let R be a Cohen-Macaulay local ring of dimension one. Suppose
R has characteristic p > 0. When does R1/q belong to Ref(R) for q = pi large
enough?

The answer is always positive for one-dimensional complete local domains with
algebraically closed residue field where for large q, R1/q becomes a module over R
and thus R-reflexive.
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[D+58] Jean Dieudonné, Remarks on quasi-Frobenius rings, Illinois J. Math. 2 (1958), 346–
354. MR97427

[DKT20] Hailong Dao, Toshinori Kobayashi, and Ryo Takahashi, Trace ideals of canonical
modules, annihilators of Ext modules, and classes of rings close to being Goren-
stein, J. Pure Appl. Algebra 225 (2021), no. 9, Paper No. 106655, 18, DOI
10.1016/j.jpaa.2020.106655. MR4195890

[DM19] Rankeya Datta and Takumi Murayama, Permanence properties of f-injectivity,
Preprint, arXiv:1906.11399, 2019.

[Fab19] Eleonore Faber, Trace ideals, normalization chains, and endomorphism rings, Pure
Appl. Math. Q. 16 (2020), no. 4, 1001–1025, DOI 10.4310/PAMQ.2020.v16.n4.a4.
MR4180237

[FO18] Louiza Fouli and Bruce Olberding, Generators of reductions of ideals in a local Noe-

therian ring with finite residue field, Proc. Amer. Math. Soc. 146 (2018), no. 12,
5051–5063, DOI 10.1090/proc/14138. MR3866845

[GHK03] Shiro Goto, Futoshi Hayasaka, and Satoe Kasuga, Towards a theory of Gorenstein
m-primary integrally closed ideals, Commutative algebra, singularities and computer
algebra (Sinaia, 2002), NATO Sci. Ser. II Math. Phys. Chem., vol. 115, Kluwer Acad.
Publ., Dordrecht, 2003, pp. 159–177. MR2030269

[GIK20] Shiro Goto, Ryotaro Isobe, and Shinya Kumashiro, Correspondence between trace
ideals and birational extensions with application to the analysis of the Goren-
stein property of rings, J. Pure Appl. Algebra 224 (2020), no. 2, 747–767, DOI
10.1016/j.jpaa.2019.06.008. MR3987974

[GMP13] Shiro Goto, Naoyuki Matsuoka, and Tran Thi Phuong, Almost Gorenstein rings, J.
Algebra 379 (2013), 355–381, DOI 10.1016/j.jalgebra.2013.01.025. MR3019262

[GOT+14] Shiro Goto, Kazuho Ozeki, Ryo Takahashi, Kei-Ichi Watanabe, and Ken-Ichi Yoshida,
Ulrich ideals and modules, Math. Proc. Cambridge Philos. Soc. 156 (2014), no. 1,
137–166, DOI 10.1017/S0305004113000571. MR3144215

[GOT+16] Shiro Goto, Kazuho Ozeki, Ryo Takahashi, Kei-Ichi Watanabe, and Ken-Ichi Yoshida,
Ulrich ideals and modules over two-dimensional rational singularities, Nagoya Math.
J. 221 (2016), no. 1, 69–110, DOI 10.1017/nmj.2015.1. MR3508744
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