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NEWTON-OKOUNKOV POLYTOPES OF FLAG VARIETIES
AND MARKED CHAIN-ORDER POLYTOPES

NAOKI FUJITA

ABSTRACT. Marked chain-order polytopes are convex polytopes constructed
from a marked poset. They give a discrete family relating a marked order poly-
tope with a marked chain polytope. In this paper, we consider the Gelfand—
Tsetlin poset of type A, and realize the associated marked chain-order poly-
topes as Newton—Okounkov bodies of the flag variety. Our realization con-
nects previous realizations of Gelfand—Tsetlin polytopes and Feigin—Fourier—
Littelmann—Vinberg polytopes as Newton—Okounkov bodies in a uniform way.
As an application, we prove that the flag variety degenerates into the irre-
ducible normal projective toric variety corresponding to a marked chain-order
polytope. We also construct a specific basis of an irreducible highest weight
representation. The basis is naturally parametrized by the set of lattice points
in a marked chain-order polytope.
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1. INTRODUCTION

A Newton—Okounkov body A(X, £,v) is a convex body defined from a projec-
tive variety X with a globally generated line bundle £ on X and with a higher
rank valuation v on the function field C(X). It was originally introduced by Ok-
ounkov [33H35] to study multiplicity functions for representations of a reductive
group, and afterward developed independently by Lazarsfeld-Mustatd [31] and by
Kaveh-Khovanskii [25,26] as a generalization of the notion of Newton polytopes
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for toric varieties to arbitrary projective varieties. A remarkable application is that
the theory of Newton—Okounkov bodies gives a systematic construction of toric
degenerations [I] and completely integrable systems [20]. In the present paper, we
restrict ourselves to the case of flag varieties. In this case, the following specific
polytopes can be realized as Newton—Okounkov bodies:

(i) Gelfand—Tsetlin polytopes [33134],

(ii) Berenstein-Littelmann—Zelevinsky’s string polytopes [24],
(iii) Nakashima-Zelevinsky polytopes [16],
(iv) Lusztig polytopes [6],

(v) Feigin—Fourier-Littelmann—Vinberg (FFLV) polytopes [11L27,28],

(vi) polytopes constructed from extended g-vectors in cluster theory [18].

Our aim of the present paper is to add a new family of convex polytopes to this list,
that is, we realize the marked chain-order polytopes associated with the Gelfand—
Tsetlin poset of type A as Newton—Okounkov bodies of the flag variety.

A marked chain-order polytope A¢ o (II,II*, A) is a convex polytope constructed
from a marked poset (II, IT*, \) with a partition IT\ IT* = C U O under the assump-
tion that II is finite and that II* contains all maximal and minimal elements in
IT. It was introduced by Fang—Fourier [5] in some specific setting and by Fang—
Fourier—Litza—Pegel [7] in general setting as a family relating the marked order
polytope O(II,II*, ) with the marked chain polytope C(IL, II*,\). We consider
this framework when (IL, IT*, X) is the Gelfand-Tsetlin poset (IL4,II%, A) of type A.

To state our main result explicitly, let G = SL,+1(C), B C G the subgroup
of upper triangular matrices, W the Weyl group, and P, the set of dominant
integral weights. We denote by X (w) C G/B the Schubert variety corresponding
tow € W, by e € W the identity element, and by wg € W the longest element.
Note that the full flag variety G/B coincides with the Schubert variety X (wyg)
corresponding to wg. Let 44 = (i1,42,...,in) be a reduced word for wy given
in (B.3), and set w>r = 8,84, -~ siy for 1 < k < N. For A € Py, denote
by Ly the corresponding globally generated line bundle on X (w), by V(\) the
irreducible highest weight G-module with highest weight A, and by (IL4,II%, )
the associated Gelfand—Tsetlin poset (see Figure ). Then the marked order
polytope O(IL4,II%, A) coincides with the Gelfand-Tsetlin polytope GT'(\), which
was introduced by Gelfand-Tsetlin [19] to parametrize a specific basis of V (),
called the Gelfand—Tsetlin basis. The Gelfand-Tsetlin polytope GT'(A) can be
realized as a Newton—-Okounkov body A(G/B, Ly, vgr) up to translations (see
[T7,33]), where vgr is a valuation given by counting the orders of zeros/poles along
the following sequence of Schubert varieties:

(G/B =) X(ws1) 2 X(ws2) 2 - 2 X(wsn) 2 X(e) (= B/B).

In addition, the marked chain polytope C(IL4,II%, ) coincides with the FFLV
polytope FFLV()), which was introduced by Feigin—Fourier—Littelmann [9] and
Vinberg [37] to study the PBW (Poincaré-Birkhoff-Witt) filtration on V/(X). Kir-
itchenko [27] proved that the FFLV polytope FF'LV ()) coincides with the Newton—
Okounkov body A(G/B, Ly, vrrry) associated with a valuation vpppy given by
counting the orders of zeros/poles along a sequence of translated Schubert varieties
(see (B6) for the precise definition). Feigin—Fourier—Littelmann [I1] also realized
FFLV(X) as a Newton—Okounkov body A(G/B, Ly,v) using a different kind of
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valuation. In the present paper, we consider a sequence X$© of partially trans-
lated Schubert varieties defined from a partition II4 \ IT* = C U O; see (B.3)) for the
precise definition. The following is the main result of this paper.

Theorem 1 (Theorem [G1)). For each partition I14 \II', =CU O and X € P, the
marked chain-order polytope Ac o (ILa,II%, \) coincides with a Newton-Okounkov

body A(G/B, Ly, Véov(%) up to translations by integer vectors, where ué"% s a valu-

ation given by counting the orders of zeros/poles along the sequence x$°.

Theorem [I] connects the previous realizations of Gelfand—Tsetlin polytopes [17]
33] and FFLV polytopes [27] as Newton—Okounkov bodies in a uniform way. As
an application of Theorem [l we construct a specific C-basis of V(\) which is
naturally parametrized by the set of lattice points in A¢ o (I14,II%, ) (see Theo-
rem[G.8)). This basis is an analog of an essential basis introduced by Feigin—Fourier—
Littelmann [9}[11] and by Fang—Fourier—Littelmann [6]. Let P, denote the set of
regular dominant integral weights. We also use Theorem [l to prove that Ander-
son’s construction [I] of toric degenerations can be applied to A¢ o(IT4,IT%, A) as
follows.

Theorem 2 (Theorem 6.3). For each partition II4 \II%y = CU O and A\ € P,
there exists a flat degeneration of G/B to the irreducible normal projective toric
variety corresponding to the marked chain-order polytope Ac o(ILa,IT%, A).

Our proof of Theorem [ shows that we can apply Harada—Kaveh’s theory [20]
to the marked chain-order polytope A¢ o(IL4,II%, A) for each partition II4 \ IT¥ =
CUQO and A € Py, which implies that there exists a completely integrable system
on G/B whose image coincides with A¢ o(II4,1I%, A). We also study the highest

term valuation l/gigoh defined from a partition II4 \ II*, = C U O; see Section

for the precise definition. Then the Newton—Okounkov body A(G/B, Ly, Vg%h) is
unimodularly equivalent to the Gelfand-Tsetlin polytope GT'()\) for every partition
T4 \II*} = CUO (see Theorem [6.12). The situation is quite different from the case
of Véov(% since the combinatorics of a marked chain-order polytope heavily depends
on the choice of a partition IT4 \ II% =CU O.

The present paper is organized as follows. In Section[2, we recall the definition of
marked chain-order polytopes, and review their Minkowski decomposition property
proved in [§]. In Section[Bl we recall some basic definitions and facts on flag varieties.
Section Ml is devoted to reviewing some basic facts on Kashiwara crystal bases for
fundamental representations, which are used in the proof of our main result. In
Section Bl we recall the definition of Newton—Okounkov bodies, and define our main
valuations. In Section [B, we prove Theorems [I, B and construct a specific basis
of V(A) from the set of lattice points in a marked chain-order polytope. We also
discuss Véli(ggh in this section. Section [Mis devoted to studying the case of Spa, (C).
Through a concrete example, we show that Theorem [[]cannot be naturally extended
to this case.

2. MARKED CHAIN-ORDER POLYTOPES

In this section, we review some basic definitions and properties of marked chain-
order polytopes, following [7,[8]. Let II be a finite poset (i.e. a finite partially
ordered set) equipped with a partial order <, and II* C IT a subset of II containing
all minimal and maximal elements in II. Take an element A = (Ag)qen+ € RH*,
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called a marking, such that A\, < Ay if @ < b in II. The triple (I, 1I*, ) is called a
marked poset.

Definition 2.1 (|7, Section 1.3]). Fix a partition IT\II* = CUO. Then the marked
chain-order polytope Ac o(IL II*, A) is defined as follows:

Ac,o(ILI*, ) = {(zp)pemm- € RN | 2, >0 forall p e C,
¢
>y, Syp—yafora<p <o <p<b
i=1
with p; € C and a,b € IT* U O},
where for ¢ € IT* U O, we set

) A ifeell”,
Ye = r. ifeceO,

and for p,q € II, ¢ < p means that p covers ¢, that is, ¢ < p and there is no
¢ €I\ {p,q} with ¢ < ¢ < p.

If A\ € Z"", then we see by [7, Proposition 2.4] that Ac o(II,IT*,)\) is an in-
tegral convex polytope for each partition II \ II* = C U O. By definition, the
marked chain-order polytope Ag = (I1, IT*, A) (vesp., A+ g (I, IT*, X)) coincides
with the marked order polytope O(II,II*, A) (resp., the marked chain polytope
C(IL,I1*, \)) introduced in [2 Definition 1.2]. Generalizing Stanley’s transfer map
[36] for ordinary poset polytopes to marked poset polytopes, Ardila—Bliem—Salazar
[2, Theorem 3.4] gave a transfer map ¢: O(IL,II*, \) — C(IL,1I*, A), which is an
explicit bijective piecewise-affine map. Fang—Fourier-Litza—Pegel [7] constructed
analogous transfer maps for marked chain-order polytopes. More precisely, they
defined a piecewise-affine map ¢¢ o : RNV — RV () s (z},)p, by

oo min({z, —z,p |p'<p, p' eII\II*}U{x, -\, |p'<p, p'€Il*}) ifpeC,
P ) otherwise
for p € IT\ IT*. Note that ¢g - is the identity map and that ¢ - g is precisely
Ardila-Bliem—Salazar’s transfer map ¢.

Theorem 2.2 (see [7, Theorem 2.1 and Corollary 2.5]). For each partition II\II* =
C U O, the piecewise-affine map ¢c.0 gives a bijective map from O(ILII* A) to
Ac.o(ILII*,X), which induces a bijection between the sets of lattice points. As
a consequence, the Ehrhart polynomial of Ac o(ILII*,\) coincides with that of
O(IL, II*, \).

Remark 2.3. Under some condition on (II,II*, \), the author and Higashitani [I5]
Theorem 5.3] proved that the transfer map ¢: O(II, II*, \) — C(IL,II*, \) can be
described as a dual operation of a combinatorial mutation up to unimodular equiv-
alence. This result is naturally extended to the map ¢¢ o: R RV ynder
the same condition on (I, IT*, A).

Let G := SL,,11(C) be the special linear group (of type A,), and g := sl,;1(C)
the Lie algebra of G. We identify the set I of vertices of the Dynkin diagram with
{1,2,...,n} as follows:

A, O—O0——0—20 .
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Let us take a Borel subgroup B C G to be the subgroup of upper triangular
matrices. We denote by H C B the subgroup of diagonal matrices, and by h C g
the Lie algebra of H. Let h* := Homc(h, C) be the dual space of by, (-,-): h* xh — C
the canonical pairing, P C h* the weight lattice for g, Py C P the set of dominant
integral weights, and {w; | i € I} C P, the set of fundamental weights. For
A=Mwi+--+Awy, € Pyand 1 <k < n, write A> = >, ,-, Ae. Then we
obtain a bijective map o
PJr — {(d17d2>"‘7dn) EZn | dl ZdQ 2 Zdn 20}7
A= (/\217 )\22, ey )‘Zn)

In this paper, we restrict ourselves to the Gelfand-Tsetlin poset (ILa,II%, A) of type
A,, whose marked Hasse diagram is given in Figure 2.1 where the circles (resp.,
the rectangles) denote the elements of II4 \ II% (resp., II%), and we write

(2.1)

A\ ={¢" |[1<i<n, 1<j<n+1-i}.

Note that the marking (A\s)aerr, is given as (0, A>p, ..., A>2, A>1) (cf. (1)), which
is also denoted by A. By definition, the marked order polytope O(Il4,II%, \) coin-

FIGURE 2.1. The marked Hasse diagram of the Gelfand-Tsetlin
poset (I14,1T%, A) of type A,

cides with the Gelfand-Tsetlin polytope GT'(A) (see [32] Section 5] for the defini-
tion), and the marked chain polytope C(II4,II%, ) coincides with the FFLV poly-
tope FFLV () (see [9, equation (0.1)] for the definition). Let AZ ,(IT4,1T%, )
denote the set of lattice points in A¢ o(IL4, 1%, A). Then we see by Theorem
that

|AZ o (ILa, Iy, A)| = |GT(X) N 214V

(2:2) = dim¢(V (N)).
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For subsets X,Y C RH\H*, define X +Y C RIMI™ t6 be the Minkowski sum:
X+Y ={z+ylreX, yeY}
The marked chain-order polytope Ac¢ o (II4,1I%, ) decomposes as the Minkowski
sum of those for fundamental weights as follows.
Theorem 2.4 (see [8, Theorem 18]). For each partition I14 \ II} = CU O and
A=Mwy + -+ Ay, € Py, the following equalities hold:
Ac,o(La, 114, A) = MAc,o(Ha, 1T, @1) + - + AAc,0(Ia, 1Ty, @n),
A%,O(Hz‘h H*Av )‘) = AIA%,O(HAv H*A7 wl) ot )‘nA%,O(HAa Hj:b wn)

FEzample 2.5. Let n = 2, and agl),a?),ag) denote the coordinate functions for
Ac.o(Ta, I, \) € RUANMEL ~ R3 corresponding to q§1),q§2),qél), respectively.
Then the marked order polytope O(II4,II%, \) is given by the following inequalities:

0<al” <al® <af? < sy, @l <Asy <alV

and the marked chain polytope C(IL4,II%, \) is the set of (agl),agm,agl)) € R3,
satisfying the following inequalities:

agl) < Aso, agl) < As1 — Ao, a(ll) + a(12) + aél) <A1
In addition, the transfer map ¢: O(I4,II%, X) — C(IL4,IT%, A) is given by

1 2
(e, a®

L af) = (0t 0l — ol min{al) — o, al? — Ass}).

Let us define a partition II4 \II') = CUO by C = {qu)} and O = {qgl), qél)}. Then
the marked chain-order polytope A¢ o (IL4, 1%, A) is the set of (agl), a§2)7 agl)) eR?
satisfying the following inequalities:
0 S agl) S )\22, )\22 S aél) S )\21, 0 S a§2) S aél) — agl).
In addition, the transfer map ¢¢c.o: O(I14,II%, X) = Ac,o(IL4,II%, A) is given by
(D2 2) > (o2, o)l )
3. BASIC DEFINITIONS ON FLAG VARIETIES

In this section, we review some basic definitions and facts on flag varieties. Recall
that G = SL,+1(C) and that B C G is the subgroup of upper triangular matrices.
Then the quotient space G/B is called the full flag variety, which is a nonsingular
projective variety. For A € P, there exists a unique character N H — C*of H
such that d\ = A, where C* := C\ {0}. By composing this with the canonical
projection B — H, we obtain a character A: B — C* of B, which is also denoted
by A. For A € P, define a line bundle £, on G/B as follows:

(3.1) Ly = (GxC)/B,

where the right B-action on G x C is given by (g,¢) - b = (gb,S\(b)c) for g € G,
c€ C,and b € B. If A € Py, then the line bundle £, on G/B is generated by
global sections (see [3, Proposition 1.4.1]). For A € P,, we denote by V()) the

irreducible highest weight G-module over C with highest weight A\ and with highest
weight vector vy. Define a morphism py: G/B — P(V()\)) by

px(g mod B) = Cgu,.
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Then we have p3(O(1)) = L. Hence the morphism p, induces a C-linear map
px: HY(P(V (X)), 0(1)) = H(G/B, Ly).

Note that the space H(P(V (X)), O(1)) of global sections is naturally identified with
the dual G-module V(A\)* := Hom¢(V (M), C). By the Borel-Weil theorem (see, for
instance, [29, Section 8.1.21 and Corollary 8.1.26]), we know that the C-linear map
p% gives an isomorphism of G-modules from V(\)* to HY(G/B,L,). Hence, for
o,7 € H°(G/B, L) \ {0}, the rational function o/7 € C(G/B) \ {0} is given by
(32) (o/m)(g mod B) = o{gun) /(g)

for g € G such that 7(gvy) # 0. Denoting the normalizer of H in G by Ng(H),
the Weyl group W is defined to be the quotient group Ng(H)/H. This group is
generated by the set {s; | i € I'} of simple reflections. A sequence ¢ = (i1,...,%n,) €
I™ is called a reduced word for w € W if w = s;, --- s, and if m is the minimum

among such expressions of w. In this case, m is called the length of w, which is
denoted by ¢(w).

Definition 3.1 (see, for instance, [21], Section 1.13.3] and [29, Definition 7.1.13]).
For w € W, we define a closed subvariety X (w) of G/B to be the Zariski closure of
BwB/B in G/B, where w € Ng(H) is a lift for w € W = Ng(H)/H. This variety
X (w) is called a Schubert variety.

For w € W, the Schubert variety X(w) is a normal projective variety, and
we have dimc¢(X(w)) = £(w) (see, for instance, [21I, Sections II.13.3, 1.14.15]).
Denoting the longest element in W by wy, we see that the Schubert variety X (wg)
coincides with G/B. For 1 < 4,j < n+1, let E; ; denote the (n + 1) x (n + 1)-
matrix whose (i, j)-entry is 1 and other entries are all 0. Then we can take Chevalley
generators e;, fi7 h; € g,t€l,ase; = Ei,i-‘rlv fz = Ei+1,’ia and h; == i, _Ei+1,i+1-
For i € I, set

5; = exp(fi) exp(—e;) exp(fi)
=Eit1— Eii1 + Z Ej; € No(H),
1< <nt L it

which is a lift for s; € W. For w € W = Ng(H)/H, we define its lift w € Ng(H)
by

(33) w = gilgi'z o 'Eim,v
where (i1,49,...,%,) is a reduced word for w. The element w does not depend
on the choice of a reduced word (41,42, ...,%y,) for w. If w is the identity element

e, then the lift € € Ng(H) is defined to be the identity matrix. Denote by 7y €
H°(G/B, L)) ~ V(\)* the unique lowest weight vector satisfying the condition
that (1x,vx) = 1. For k € I, the representations V() and H°(G/B, L, ) are
minuscule (see [30, Section 13.4]), that is, we have

weW wew

4. CRYSTAL BASES FOR FUNDAMENTAL REPRESENTATIONS

In this section, we recall some basic facts on the Kashiwara crystal basis for a
fundamental representation, which are used in Section See Kashiwara’s survey
[22] for more details. For k € I, the crystal basis B(wy,) is a specific combinatorial
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skeleton of V(zy},), which is equipped with specific operators {&; | i € I} U {f; |
i € I}, called Kashiwara operators. An explicit description of B(wy) using Young
tableaux is given in [23] Section 3.3]. More precisely, the crystal basis B(wy) is
identified with

{01, das ) [ 1< g1 <jo <o <jp <n+1}
as a set, where (ji, j2,. .., k) corresponds to the Young tableau with only one col-
umn of k boxes whose entries are j1, jo, . . ., jix. In addition, the actions of Kashiwara
operators are given by
if jp =1+ 1 for some ¢
and jo_1 # 1,
0 otherwise,

J . . (jla-"7j€—17j€_17j€+la---ajk:)
ei(]h]?a e 7.71(}) -

G . 1 ) if jp = ¢ for some ¢
f;(jhj?"'wjk) = Jis ey Je—1,0¢ s Jl+1s -5 Jk and j[+1 #Z—’—l’
0 otherwise

for 1 <i <nand (j1,Jo,..-,Jk) € B(wyg), where 0 is an additional element which
is not contained in B(wy), and we set jo := 0, jrt+1 = n + 2. If we set

gi(b) = max{a € Z>q | €%b #0} and ¢;(b) == max{a € Z>o | f2b# 0}
for 1 <i <nand b€ B(wy), then it follows that

Q@_{1H@¢Q

0 otherwise,
1 if fib#0,
(D) =
#ilb) {O otherwise.
Ezample 4.1. The crystal basis B(w1) is realized as follows:
L @) 2y 22 () L (s ),
Ezample 4.2. Let G = SL4(C). Then the crystal basis B(tw3) is realized as follows:

LN
A

Let {G9¥(b) | b € B(wi)} C V(wk) denote (the specialization at ¢ = 1 of)
the lower global basis (see [22, Section 12.3]), and {G (b) | b € B(wy)} C
HY(G/B, Ly,) =~ V(w)* its dual basis. Then we have

low (5. if e
eiGy (b) = {CIG“’“ (&) 1 &b 0,

0 otherwise,

(3,4

GV (fib) if fib #0,

0 otherwise

fiG};f(b) = {
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for some ¢y, co € C* (see [22], Section 12.4]). If we write

wi(b) == Y (pi(b) — (b))

1<i<n

for b € B(wy), then wt(b) coincides with the weight of GIo¥(b) (see [22, equation
(4.3)]). Let by, € B(wy) denote the element corresponding to (1,2,...,k). Then
we have wt(bs, ) = @i, which implies that G1¥ (b, ) € C*vg, . For 1 < i < n,
define s;: B(wy) — B(wy) by

{ FIOLRdy S (wt(b), ) > 0,
$ib = 9 "L (wi(v),ha) .

é; b otherwise.

Then we have s?b = b and wt(s;b) = s; wt(b) for all b € B(wy) (see [22, equa-
tion (11.2)]). Note that the Weyl group W is isomorphic to the symmetric group
S,,+1 by identifying the simple reflection s; with the transposition (¢ ¢ + 1). Then
si(41, 42, - - -, Jr) is given by rearranging s;(j1), 8;(j2), - - ., $;(jx) in ascending order
for all (j1,J2,...,7k) € B(wyg). Since the representation V(wy) is minuscule, it
holds for b € B(wy,) that

5,GoY (b) € CXG2V(sb).

5. NEWTON—-OKOUNKOV BODIES

In Section 5.0} we recall the definitions of higher rank valuations and Newton—
Okounkov bodies, following [24,26]. In Section [5.2] we define our main valuations
and review some previous realizations of Gelfand-Tsetlin polytopes [17,[33] and
FFLV polytopes [27] as Newton—-Okounkov bodies.

5.1. Basic definitions on Newton—Okounkov bodies. Let R be a C-algebra
without nonzero zero-divisors. We fix N € Z+( and a total order < on Z"~ respect-
ing the addition.

Definition 5.1. A map v: R\ {0} — Z" is called a valuation on R with values in
ZN if for each 0,7 € R\ {0} and ¢ € C*, it holds that

(i) v(o-7) = v(o) + v(7),
(i) v(c- o) = v(o),

(iii) v(o 4+ 7) > min{v(o),v(r)} unless o +7 = 0.

For a € Z" and a valuation v on R with values in Z", define a C-subspace
Ro C R by
Ry :={0c € R\ {0} | v(o) > a} U{0}.
Then we set ]%a = Ra/Ug<p R, which is called the leaf above a € ZN. A

~

valuation v is said to have 1-dimensional leaves if dimg(Rg) = 0 or 1 for all
acZV.

Ezample 5.2. Let C(z1,...,zn) be the field of rational functions in N variables,
and take a total order < on Z" to be the lexicographic order, that is, (ay,...,ay) <
(ah,...,a)y) if and only if there exists 1 < k < NN such that

! ! /
a1 = GQy,...,0—1 = Qf_1, QO < Q.
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The lexicographic order < on Z* gives a total order (denoted by the same symbol

<) on the set of Laurent monomials in z1,...,2zy5 by
22N <zt 23 if and only if (aq,...,an) < (al,...,d)y).
high
We define two maps V2% o, v 08 o, i C(z1,...,2n5) \ {0} = ZV by
high
. 1/2‘;’,”>ZN(f) = (a1,...,an) and %" o, (f) == —(dal,...,aly) for

f=cz! -2} + (higher terms)

= c’z‘lll1 - ~2%N + (lower terms) € Clz1,...,2n] \ {0},

where ¢, ¢’ € C*, and we mean by “(higher terms)” (resp., “(lower terms)”)
a linear combination of monomials bigger than zi* --- 23/ (resp., smaller

than z’fl e z;LVN) with respect to the total order <,

high
o VO (F0) = () — P (g) and S (7/g) =
Vfllih..>zN () —ufji?%v (g) for all nonzero polynomials f, g€ Clzy,...,zn]\

{0}.
Then the map v2%. .. (resp., v2'%" .. ) is a valuation with respect to the lex-
icographic order < whose leaves are all 1-dimensional, which is called the lowest
term valuation (resp., the highest term valuation) with respect to the lexicographic
order zy > --- > zN.

The following is a fundamental property of valuations with 1-dimensional leaves.

Proposition 5.3 (see, for instance, [24, Proposition 1.9]). Let v: R\ {0} — Z~
be a valuation with 1-dimensional leaves, and V C R a finite-dimensional C-linear
subspace.
(1) There exists a C-basis B of V' such that the values v(b), b € B, are all
distinct.
(2) The equality v(V\{0}) = {v(b) | b € B} holds; in particular, the cardinality
of v(V'\ {0}) coincides with dimc (V).

Let X be an irreducible normal projective variety over C, £ a line bundle on X
generated by global sections, and N := dim¢(X).

Definition 5.4 (see |26, Definition 1.10]). Take a valuation v: C(X) \ {0} — ZV
with 1-dimensional leaves, and fix a nonzero section 7 € H%(X,£). We define a
semigroup S(X, L,v,7) C Z~o x ZN by

S(X,Lv,r)= | {(kv(o/m)) | o € H(X,L2%)\ {0}},

k€Zxo

and let C(X,L,v,7) C R>g x RV denote the smallest real closed cone containing
S(X,L,v,7). Define a convex set A(X, L,v,7) C RN by

AX, L,v,7) ={a € RY | (1,a) e C(X,L,v,T)},

which is called the Newton-Okounkov body of (X, L) associated with v and 7. In
the notation of |26 Definition 1.10], the Newton—Okounkov body A(X, L,v,7) is
A(S, M) for S == S(X,L,v,7) and M = L(S)N(R>o x RY), where L(S) C R xRV
denotes the smallest R-linear subspace containing S (see also [26] Section 3.2] and
[24, Section 1.2]).
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Remark 5.5. For another nonzero section 7 € H°(X, L), we have
S(X, L,v, )N ({k} x ZN) = (S(X, L,v,7) N ({k} x Z)) + (0, kv(r /7))
for all k € Z~(, which implies that
AX, L,v, ") =AX, Lv, )+ v(T)T).

Hence A(X, L,v,7) does not depend on the choice of 7 up to translations. This is
the reason why we denote it simply by A(X, £, v) in Introduction.

Since S(X,L,v,T) is a semigroup, the definition of Newton—Okounkov bodies
implies that

(5.1) A(X, L% v, %) = EA(X, L, v, T)

for all k € Z~o. In addition, it follows by [26] Theorem 2.30] that the Newton—
Okounkov body A(X,L,v,T) is a convex body, i.e., a compact convex set. Since
L is generated by global sections, we obtain a morphism X — P(H%(X, £)*); the
closure of its image is denoted by Y.

Theorem 5.6 (|26, Corollary 3.2]). The real dimension d := dimg(A(X, L, v, 7))
equals the complex dimension of Y. In addition, the degree deg(Yy) of the closed
embedding Y, — P(H°(X,L)*) coincides with 5 - Volg(A(X,L,v,T)), where
Volg(A(X, L,v, 7)) denotes the d-dimensional volume of A(X, L, v, T) with respect

to the lattice generated by

U {v(o/TF) —v(d' /%) | 0,0" € HO(X, LZF)\ {0}} C ZV.
k€Zxo

By the additivity of v, we see that
(52) A(X, Ll, v, 7'1) + A()(7 [,2, v, 7'2) g A(X, ,Cl X EQ, v, T1 7'2)

for all globally generated line bundles £4,£5 on X and nonzero sections m €
HO(X, El), Ty € HO(X,,CQ). Let

X.X:X();_XlQQ_XN

be a sequence of irreducible normal closed subvarieties of X such that dim¢(Xy) =
N — k for 0 < k < N. Denote by 1 the generic point of X for 1 < k < N.
Since X} is normal for all 0 < k < N — 1, the stalk O,, ., x, of the structure
sheaf Ox, at nmp41 is a discrete valuation ring with quotient field C(X}). Let
ordx,,: C(Xy)\{0} — Z denote the corresponding valuation, and take a generator
up41 € C(Xy) of the unique maximal ideal of O,, ., x,. We define a map

vx,: (C(X)\{O}—>ZN7 f—(a1,...,an),

as follows (see [33, Section 2.1]). The first coordinate a; is given by ay := ordx, (f),
which implies that (u;* f)|x, € C(X1) \ {0}. Then the second coordinate ag is
given by as = ordx, ((u; “* f)|x,). Continuing in this way, we define all aj. This
is the definition of vx,. Then the map vx, is a valuation with respect to the
lexicographic order, which has 1-dimensional leaves.

Remark 5.7. The valuation vx, depends on the choice of uy, ..., uy, but the corre-
sponding Newton—Okounkov body A(X, £, vx,, ) is independent up to unimodular
equivalence.
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5.2. Newton—Okounkov bodies of flag varieties. In this subsection, we re-
strict ourselves to Newton—Okounkov bodies of flag varieties, and define our main

valuations. Set N = w, and define a reduced word i4 = (iy,...,ix) € IV for
the longest element wy € W by
(5.3) ia=(1,2,1,3,21,. .., n,n—1,...,1).

We write w>n41 = e, and set wyy = 85,84, ., - - 8iy for 1 <k < N. Arrange the
elements of IT4 \ IT% as

(54) (Qh qz, ... 7QN) = ((J§1)7 (J§2)7 (J§1)7 CI§3)7 CI£2)7 q§1)7 ey q§n)7 q§n71)7 sy qy(Ll))
Then a partition IT4 \IT* =CUQ is identified with a partition of the set {1,2,...,N};
we regard this set {1,2,..., N} as the set of positions of entries in ¢4. Using the

arrangement (5.4)), we identify R4\ with RN . Take a partition IT4 \IT% = CLO.
For 1 <k < N, we define up, € W by

Sy, if qr € C,
U = .
e ifq €0,

and set u<y = uiug---uxr € W. Then let Xf’o denote the following sequence of
irreducible normal closed subvarieties of G/B:

(5.5) (G/B =) X(w>1) 2 u<1X(w>2) 2 <2 X (w>3) 2
o QU<N X (w>n+1) (= u<nB/B),
where recall the lift W € Ng(H) for w € W defined in 83). If C = 0 and
O =114 \II%, then X? TLaNTL is the following sequence of Schubert varieties:
(G/B =) X(ws1) 2 X(ws2) 2 X(wss) 2+ 2 X(wsn 1) (= B/B).
IfC =114 \1II* and O =0, then X{[A\H*A’m is the following sequence of translated
Schubert varieties:

(5.6)
(G/B=) X(w>1)25;, X (w>2) 2 5i,Si, X (w>3

which was studied by Kiritchenko [27]. For
Q(t) € G by Qi(t) = upexp(tfi,), and set
an(tl, - ,tN) = Ql(tl) . Qg(tg) cee QN(tN) ed

for (t1,...,ty) € CN. Then it is easy to see by [21, Chapter I1.13] that for 1 < k <
N, we obtain a birational morphism

QwoX (w>n+1) (=WoB/B),

)2
1 <k < Nandt e C, we define

CN_k+1 — uSkle(MZk),

(s thgts - tn) = Qi(te) - Qg1 (teg1) - - Qv (ty) mod B,
and the rational function ¢ € C(ty,...,tn) ~ C(u<z—1X(w>k)) gives a generator
of the unique maximal ideal of the stalk O,, z——x(w>,) of the structure sheaf
OWX(Wzk) at 7, where 1, denotes the generic point of <X (w>k41). Consid-
ering the case k = 1, we see that the following morphism is birational:
Qeo: CN = G/B, (t1,...,tn) = Qeolty,...,ty) mod B.

Using this birational morphism, we identify the function field C(G/B) with the
field C(¢1,...,ty) of rational functions in t1,...,tx.
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Ezample 5.8. Let G = SL4(C), and (C,0) = ({g5,96},{4q1,92,93,94}). Then the
sequence X59 is given by

(G/B =) X(ws1) 2 X(ws) 2 - 2 X(wss) (= X(s551)) 2 52X (51)

In addition, we have

Qc,o(ti,.--,te) = exp(t1f1) exp(tafa2) exp(ts f1) exp(tsf3)32 exp(ts f2)51 exp(tef1)

—t6 -1 0 O
o —t5 —titg —t3tg —t1—t3 —1 O
1 — tots — totsty —tots3 —ta 0]’
ty 0 0 1
which gives an identification C(G/B) ~ C(ty,...,ts).
Let ¢ and ué“goh denote the valuations on C(G/B) ~ C(ty,...,ty) defined to
be 1% -, and V?lli}?-~>t1\r on C(t1,...,tn), respectively (see Example 5.2). The

valuation yéo"(g is identical to the valuation v .0 associated with the sequence X, .C 0,
El L)

Let us consider two extreme cases (C,0) = (0,114 \II*,) and (C, O) = (114 \ II%, 0).
Then we obtain the Gelfand—Tsetlin polytopes GT(\) and the FFLV polytopes
FFLV(A) for all A € P, as the corresponding Newton-Okounkov bodies as follows.

Theorem 5.9 (see [33] Section 3.1], [I7, Proposition 3.29, Corollary 5.3], and
[14, Example 3.12]). Let (C,0) = (0,114 \ II%), and A\ € P. Then the Newton-
Okounkov body A(G/Bvﬁ/\vyé?gA\ngvTA) coincides with the translated Gelfand—

Tsetlin polytope GT (\) — a};\igh, where

al}l\igh = (07 Oa )‘>na Oa >\>na >\>n713 ey O; >\>n; >\>n713 ey )\>2) S ZN-
27 - 3 B - - B

Remark 5.10. The lowest term valuation Véoﬁ’A\Hz in Theorem is defined from

the reduced word i4. By [I7, Corollary 5.3], Theorem [5.9] is naturally extended to
an arbitrary reduced word of general Lie type and to the corresponding Schubert
variety if we replace the translated Gelfand—Tsetlin polytope GT'(A) — a};gh with a

Nakashima—Zelevinsky polytope.

Theorem 5.11 ([27, Theorem 2.1]). Let (C,0) = (L4 \1I%,0), and A € Py. Then
the Newton—Okounkov body A(G/B,EA,V}?ZV\HQ 0, WoTx) coincides with the FFLV

polytope FFLV (\).

Remark 5.12. The proof of Theorem [E.ITlin [27, Theorem 2.1] uses some geometric
arguments. A more combinatorial proof is given in [28], Section 3].

We write
we,0 = Qa(/)(o,. . ,0) =Uy Uy "UN E Ng(H),
and set
We,0 = We,0 mod H = ujus ---uy € W.
Note that We,0 # Wc.o in general. For A € P,, denote by V(A we o) the C-
subspace of V() spanned by weight vectors whose weights are different from we o A.
Then, since We, vy is an extremal weight vector, it follows that

V(A) = V(N we,0) ® Cwic,ova.
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We define 7\ € HO(G/B, L)) = V()\)* by
T§C,O) (@ao’l})\) =1 and

T/gc’O) (v) =0 for all v € V(A we,0).
For o € HY(G/B, L) = V()\)*, define Y¢ o(o) € Clt1,...,tx] by
(5.8) Teolo) =0 Qc,o(ti,... . tn)vy).
Lemma 5.13. For each A € Py and 0 € H°(G/B, L)), it holds that
vES (/) = v (Ye.0(0)).

(€,0) (€,0)

Proof. By the definition of 7, ", the constant term of Y¢ o (75 ') € Clty,...,tN]
is given by

(5.7)

7C(Qe.0(0,...,0)0)) = 79 (We ov)) = 1.

In particular, we have Tcyo(T)(\Qo)) # 0 and Vé‘f"é(Tcyo(ﬁ(c’o))) = (0,...,0). By
(m), it holds in (C(G/B) = (C(tl, ey tN) that

U/T,ic’o) = TC,O(U)/TC,O(T,(\C’O)%

which implies that

ow C,0 ow ow c,0 ow
V8 (0/1E ) = 8 (Te.0(0) — s (Teo(r &) = vis(Te.0(0)).

This proves the lemma. (Il

6. MAIN RESULT

In this section, we realize the marked chain-order polytope Ac o(IL4, 1%, X) as a
Newton—Okounkov body of (G/B, L,). In Section [6.1] we give the statement of our
main result and its application to toric degenerations. The proof of our main result
is given in Section 6.2l Section[G.3lis devoted to constructing a specific basis of V()
which is naturally parametrized by the set of lattice points in A¢ o (I14,1I%,A). In
Section [6.4] we compare our main result with the highest term valuation ug%h.
6.1. Statement and applications. The following is the main result of the present

paper.
Theorem 6.1. For each partition I, \II%, = CUO, X\ € Py, andT € H°(G/B, L))\

{0}, the Newton-Okounkov body A(G/B,Lx,vEs,T) coincides with the marked
chain-order polytope Ac o (T4, 1%, X) up to translations by integer vectors.

We give a proof of Theorem in the next subsection. In the rest of this
subsection, we see some applications of Theorem [6.11

Corollary 6.2. Let [T \IT% = CUO be a partition, A € Py, and T € H°(G/B, L))\
{0}
(1) The semigroup S(G/B, Ly, Vé‘f"é, T) is finitely generated and saturated.

(2) The real closed cone C(G/B,EA,I/E%,T) is a rational convexr polyhedral
cone, and the following equality holds:

S(G/B,Lx,v28,7) = C(G/B, LA, vEH, ) N (Zso x ZV).



466 NAOKI FUJITA

(3) The Newton—Okounkov body A(G/B, L, l/lco"g, T) is an integral convex poly-
tope, and it holds that

A(G/B, L, v, 1) NZN = {vg%(o/7) | o € H(G/B, L))\ {0}}.
Proof. By Theorem [6.1] there exists ay € Z such that
A(G/B, L, vE6,7) = Ac,o(Ta, 1T, A) — ay,
which implies that A(G/B, L, Vlc‘fvé,T) is an integral convex polytope. By (G
and Theorem [2.4] we obtain that
A(G/B, LY vES, 7)) = kA(G/B, LA, vEH, T)
= Ac,o(I14, 1%, kX) — kay

for all k € Z~(. Note that E%k = Lix. By [22), the number of lattice points in
Ac o(I4, 1%, kA) coincides with dimc(H®(G/B, Lky)) for each k € Z~q. Hence
we see by Proposition 53] (2) that

{60/ *) |0 € HY(G/B, Lin) \ {0}} = (Ac,0(ILa, 1T, kA) N ZN) — kay.
Then part (3) follows by the case k = 1. In addition, we obtain that

S(G/B, Lx,vE%,7) = |J {(k,a—kay) | a € Aco(llaIT;, kN) NZY}.
k€Z~o

Hence we see by the definition of A¢ o(IL4,IT%, kX) that S(G/B, L, Vlc‘fvé,T) can
be written as an intersection of a rational convex polyhedral cone € with Z~q x Z".
Then it follows that € = C(G/B, L3, l/lco"g, 7), which implies part (2). Finally, part
(1) follows from part (2) by Gordan’s lemma (see, for instance, [4, Proposition
1.2.17]). This proves the corollary. O

Let Pyy =) ,c;Zsow; C P, be the set of regular dominant integral weights.
For A € Py, the line bundle £ on G/B is very ample (see, for instance, [21] Section
I1.8.5]). Hence it follows by Theorem that the real dimension of
A(G/B, L, %, 7) coincides with N. We say that G/B admits a flat degeneration
to a variety X if there exists a flat morphism m: X — Spec(CJt]) of schemes such
that the scheme-theoretic fiber w=1(¢) (resp., 7~1(0)) over a closed point t € C\ {0}
(resp., the origin 0 € C) is isomorphic to G/B (resp., X). If X is a toric variety,
then a flat degeneration to X is called a toric degeneration. Our main result (The-
orem [6.1]) allows us to apply Anderson’s construction [I] of toric degenerations to
Ac,o(I14,II%, X) as follows.

Theorem 6.3. For each partition I, \II*} = CUO and X € Py, there exists a flat
degeneration of G/ B to the irreducible normal projective toric variety corresponding
to the marked chain-order polytope Ac¢ o (114, IT%, X).

Proof. Let C[S(G/B, L, ulc‘j"é, 7)] denote the semigroup ring of S(G/B, L, vEH, 7).
By [I Theorem 1] and Corollary (1), we obtain a flat degeneration of G/B
to Proj(C[S(G/B, L, Vé‘?v(Y),T)]), where the Z-¢-grading of S(G/B, L, Vé‘?V(Y),T) in-
duces a Zxo-grading of C[S(G/B,L)\,Vé?‘g),T)]. By [, Theorem 1.3.5] and Corol-
lary (1), it follows that Proj(C[S(G/B, Lx,v$%,T)]) is normal; hence it is iso-
morphic to the irreducible normal projective toric variety corresponding to the in-

tegral convex polytope A(G/B, Ly, l/é‘f%, 7). From these, we conclude the theorem
by Theorem O
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6.2. Proof of Theorem Fix 1 < k < n, and define
dey = (di7,d? a0, d® P, al?, . d as Y d D) e {0,131
by
dEzm) — {1 ifn—k:‘—l—Zgﬁand qém) €0,
0 otherwise.
Then we first prove that

AC,O(HA7HZawk) - dwk - A(G/B7‘ka’ V(lfcjv(gﬂ-)

for some nonzero section 7 € H(G/B, L, ). By definition, the marked chain-order
polytope A¢,o(IL4,IT%, wy) coincides with the set of

N (2 1) 3 (2 (@ n) (n—1
(ag ),ag ),ag),ag ),ag),ag),...,ag ),aé ),...,ag)) ERJZVO

satisfying the following conditions:

. aém) =0ifl+m<n—-k+1,

. aém) =Oifn—k+2§£andq§m) eC,

e a™ =1ifn—k+2<land ¢™ €0,

° (aém) |[1<l<n—k+1, n—k—0+2<m <n+1-—1/)is contained in the
marked chain-order polytope Ac, o, (I, II%, p), where the marked poset

(ILy, II}, pg) is defined by the marked Hasse diagram given in Figure [6.1]
and the partition IT \IT; = C,UOj is the one induced from IT4\IT = CUO.

FIGURE 6.1. The marked Hasse diagram of the marked poset (IIx,II}, )
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Recall the C-basis {G (b) | b € B(wy)} of H°(G/B, L,) defined in Section Hl
Then, for b € B(wy), it follows that

Teo(Gg, () =G (0)( Qo In)vm,)  (by B.J))

! e
- Y e T ),
atan, w28,

In addition, we have G (b)(@rf;' - - - UN f{'} Ve, ) # 0 if and only if
ulﬂ(‘ll . ‘UNJE&,me =b,

where eb/ := ¥ for the identity element e € W and ¥’ € B(wy,). In particular, the
following holds.

Lemma 6.4. The values v (Te,o(G (b)), b € B(wy), are all distinct.

Fix b € B(wy), and write 1% (Te,0 (G2 (b)) = (a1, ..., an). Let us prove that
(a1,...,an)€Ac,0(Ila, 1%, wi)—ds, . Since we have G (b) (u_lfzall . -WffNvak)
# 0, it follows that

ur fit e un fi by, =0,
and hence that
by, = €5 un -+ - € urb.
For 0 < ¢ < N, define b®) € B(wy) by
bl = é?ZUg e Eglugh.
In particular, we have b(®) = b and b™) = b, . Let us write

.(€) .(¢ (£
b = G0

for 0 < ¢ < N as in Section @l Recalling the arrangement (54) of the elements
of T4 \ II*, define 1 < 2z < n+1—i, for 1 < ¢ < N by the condition that
q = qgf). Then we write a(zzf) = ay, b,(sz) = b® and ugf) =uy for 1 < ¢ < N.

Set N,, = w for 0 < m < n. In particular, we have N, = N.

Lemma 6.5. Forn —k+1<m <nandl < qg < m-—(n—k), the equality
jéN’”) = q holds.

(Nm) (Nim)

Proof. Since we have 1 < j; < - < jp ™, it suffices to show that j(N’") <

m—(n—k) —
m— (n—k) forall n —k + 1 <m <n. Assume for a contradiction that

(N,
(6.1) jfn_(zl_k) >m—(n—k)
for some n —k+ 1 <m <n. If m =n, then it follows by (6.1 that
(N) (N,
(6.2) W =i s (n—k) =k,

which contradicts to the equality oY) = b, . Hence we may assume that m < n.
Then, since we have

p(Nm+n—k+1) _ 5ONm+n—k+1 ~aN,, 41

_ . (Nom)
= Cinpypnkpr UNmAn—kt1" "€ Ty UN,,+10

and

(iNern,kJrl,iNern,k, .. .,iNm+1) = (m— (n— k) +1,m— (n— k) +2,...,m+ 1),
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it follows by (6.1)) that j( R S o — (n — k), and hence that

—(n—k)
(N +n—k-+1
(6.3) garmr D > m— (n— k) + 1.
Since we have
bt = Gty G U g b TR
and
(iNm+1,iNm+1,1, N ,’L‘Nern,]H,Q) = (1, 2, ey — (n - k))),

it holds by (6.3]) that j( "E:rll)k)ﬂ >m — (n— k) + 1. Repeating this argument, we
obtain (6.2 which gives a contradiction. This proves the lemma. O

Let us define (a1,as,...,an) € {0,1}" as follows. We first set a, = 0 for
all 1 < ¢ < N,_j. Then, assuming that (a1, ds,...,an, _,) is defined for some
n—k+1<m <mn,let us determine (an, _,+1,dn,,_,+2,---,0n,,). To do that, we

define ) € B(wy,) for 0 < £ < N by

plo) . gae,, ... g
b =€ ug - € urh

under the assumption that aq,...,a, are defined, and write
b0 = (G550,

Then let us set

o an,, ,4¢=0for1 <?¢<m—~,+1suchthat gy, ,4¢ € O,

® an, _,4¢=1form—~y, +2<¢<n—k+1such that qn,,_,4¢ € O,

o ay, _,+¢=0forn—k+2<¢<msuch that gn,_,+¢ € O,

o ay, ,+¢=0for 1 </ <msuch that { # m — v, +1 and qn,, ,+¢ €C,
Nm m

® 4N, _1+m—ym+1 =0 if an (nlzﬁl’y )= =Ym + 1 and dN,_1+m—ym+1 € C,

~ +m—"ym
® UN, _itm—mpm+1 =1 lfJ (nl k)+1 ) # Ym + 1 and AN, 1 +m—vm+1 € C,

where 7, = ]( ”Enl)k)
Lemma 6.6. The equality ap = ay holds for all 1 < £ < N.

Proof. Since we have

a

B(Nnkg1) — 3Nnki R il pNn—k)
b B eiNn—chrl UNn -kt eian;ﬁrl UN,, o +10 ’
. " . N A(Nn—kt1)
it follows by the definition of (an,_,+1,anN,_,+2,---,aN,_,,,) that j; =1
Then, since it holds that
H(Nn—kt2) — ~éN"*k+2 - ~éN"*k+1+l H(Nn—kt1)
b - e”\fn—k+2 UNo k2 e”\fn—k+1+1 N"*’““J’_lb ’
s A A A (Nn k42) _
we see by the definition of (an, ., +1,0N, 1425 0GN,_,,) that J =1
S(Nn—kt2)

and j, = 2. Continuing in this way, we deduce that
D) = N b = (1,2, k) = be,.
Hence the definition of % (Ye,0 (G (b)) = (ai,...,ay) implies that

(a17a27"‘7aN) S (d17&27~-‘7aN)
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with respect to the lexicographic order. In particular, we have ay, = 0 for all
1 < /¢ < N,,_k, which implies that

b(ank) — uNn—k - Ulb — l;(Nn—k)

and that
(aank-i-l’ AN, 425 - - - 7aNn—k+l) < (aank-i-lv AN, _o+25 -5 a/Nn—kJrl)'
If (aank-i-l? ANy _+25 -+ aNn—lc+1) < (aank-H’ AN, +25 -+ aank+1)’ then it is
(N, — .. ~ N N
easy to see that jf "=#+1) £ | by the definition of (AN, o415 ANy 425 - - ANy
since we have
(Np—kt1) (Nn—gy1) (Nn—k41)\ _ 3 (Nype

(]1 7.72 7"'7jk )_b( k+1)
_ SON, g ~ANp, g+l (Np—k)
_eiNn7k+1 UNp_ps1 eiNn7k+1 uNn—k"!‘lb
_ SUNp k4 ~ONp_j+1 2(Np—1)
7eiNn—k+1 No—p1" " Cin, g UN,,_i+1b ’

This gives a contradiction since we have jiN"”““) = 1 by Lemma Hence it
follows that

(aNn—kJrh AN, _ 425 -+ 7aNn—k+1) = (an,—k+17 AN, 425+ a’Nn—k+1)'

Repeating this argument, we conclude the assertion of the lemma. O

Lemma 6.7. It holds that Vi1 > Ym for alln —k+1 <m <n—1. In addition,
if Ym41 = Ym + 1 for somen —k+1<m <n—1, then an,, ,+m—m+1 = 0.

Proof. Since we have

(iNm—1+1a INpo 1425+ iNm,) = (ma m—1,..., 1)7
it follows that
_ (Nm-1)  _ 2(Nm—1tm—vm) A(Nm—1+m—7m) _ 3(Nm) —
Tm = ]m—(nl—k) - jm—(nl—k) < ]m—(nl—k)+1 - ]m—(n—k)-i-l = Tm+1-
In addition, if Ym+1 = Ym + 1, then we have jfnl\ﬁyzgl_-;;j__lfym) =Ym+1, which implies
that an,, ,+m—~m,+1 = 0 by definition. This proves the lemma. (]

By Lemma [6.7] and the definition of (a1, s, .. .,an), we deduce that
(a1, a2,...,an) € Ac,o(la, 1T}, @k) — dey
which implies by Lemma that
Vé‘f‘é’(T@@(G%&(b))) = (ay,a2,...,an) € Ac,o(Il4,IT%, wi) — de, -

Since the number of lattice points in A¢ o (I14,II%, wy) coincides with the cardi-
nality of B(wy) by [22), it follows by Lemma [64] that

(Ac,0(a, Iy, k) = dey ) N ZY = {088 (Te,0(GE (b)) | b € Blwy)},
and hence that
Ac,o(a, Iy, k) = ey, = Conv((Ac,0(Ila, I, wy) — dey, ) N ZY)
= Conv({vE%(Te,0(Gh (b)) | b € B(wy)})
C A(G/B, Ewwyé‘)"’é, 7(¢0)) " (by Lemma FI3).

Wk
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For A\ = Ay + -+ + Ay, € Py, the definition of T)(\C7O) implies that
c,0 n
O = GO (0P

Teo
Writing
d)\ = >\1dw1 + -+ )\ndwny
it follows by Theorem [2.4] that

Ac,o(La, I, A) —dy = Mi(Ac,0(Ila, 1T, @1) — dwl) +-
M (Ac,o(a, 1Ty, w,) — ds,)
C MA(G/B, Lo, , v, TS2D) + -+
+ MA(G/B, Lo, vE%, 7))
C A(G/B, Ly, v5%, 7)) (by BD)).
Since the volumes of A¢ o(IL4,II%,A) and A(G/B,EA,V(I?V(;,T)(\C )) coincide by
Theorems and [5.6] we deduce that

(6.4) Aco(TLa, T, A) — dy = A(G/B, Ly, v, 7.99).

This completes the proof of Theorem

6.3. Bases parametrized by lattice points in marked chain-order poly-
topes. For each partition II4 \ II} =CU O and X € Py, we write

Ec’o()\) = AC’(:)(HA,H:Z, )\) - d)\-

Then it follows by (64) that ﬁc o(A) = A(G/B,E,\,Véové,r)(\c O)). Note that
ﬁc,o()\) C RN by the definition of dy. For each a = (ai,...,an) € ZJZVO, de-
fine v\ (a) € V(A) by

v a) =ar f) - £y

where fi(a) denotes the divided power J;—T for i € I and a € Z>o. Now we obtain

a specific C-basis of V(A) parametrized by the set of lattice points in 3&()()\) as
follows.

Theorem 6.8. For each partition T4 \II*} = CUO and A € Py, the set {vg\c’o)(a) |
a € Aco(N\)NZN} forms a C-basis of V().

Proof. Tt follows by Proposition and Corollary [6.2] (3) that there exists a C-
basis {0, | @ € ﬁc,o(/\) NZN} of HY(G/B, Ly) such that v (0a /Ty (€.,0) ) =a
for all @ € ﬁc,o()\) NZN. Assume for a contradiction that the set {v/(\c o)( )
ac ﬁc,o()\) N ZN} is linearly dependent. Then there exist £ € Z~g, ay,...,a; €

Aco(A)NZN, and c1,...,¢, € C* such that ay,...,a, are all distinct and such
that

(6.5) v & (ay) + - + e © (ar) = 0.
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Without loss of generality, we may assume that a; > as > .-+ > a, with respect
to the lexicographic order. Note that

Yc,0(0a,) = 0a,(c,0(t1,---,tn)va)  (by BF))
(6.6) - 3 Ta, (0 (@)t -9
a:(al,..‘,aN)EZIZVO

low low

Since we have v%(Te,0(0a,)) = VC’O(UGI/TA(C’O)) = a; by Lemma[5.T3] it follows
by @8) that o, (05 (a1)) # 0 and that a4, (0" (a)) = 0 for all @ < a;. In

particular, we have og4, (vf\c’o)(ag)) = =0q, (vf\c’o)(ag)) = 0, which implies that
Oay (clvf\c’o)(al) +- cwf\c’o) (ap)) = c104, (vf\c’o) (ay1)).

Since og, (vf\c’o)(al)) # 0, we conclude by (6X) that ¢; = 0, which gives a contra-

diction. From this, we know that the set {U/(\C7O) (a) |ac€ ﬁcp()\) NZN} is linearly
independent. Then the assertion of the theorem follows by (Z2). O

Let {a; | i € I} C P be the set of simple roots,
oy ={i+tap+-+o;|1<i<j<n}CP

the set of positive roots, and fg € g a negative root vector corresponding to 3 € ®.

Remark 6.9. Our basis {Ug\c,o) (@) | a € AC,O(A) NZN} of V(X) is an analog of
an essential basis introduced by Feigin—Fourier—Littelmann [9,[11] and by Fang—
Fourier—Littelmann [6l Section 9.1]. Following [6 Definition 2], a sequence S =
(B1,...,08N) € @f is called a birational sequence if the following morphism is
birational:

CN = G/B, (ti,...,tn) > exp(tifs,) - exp(tn fsy) mod B.

An essential basis of V/(\) is a C-basis consisting of essential vectors defined from
a birational sequence S and from a specific total order on ZY, (see [6, Definition 7
and Remark 5]). It is parametrized by the set of lattice points in the corresponding
Newton-Okounkov body of (G/B, L) under some conditions (see [6, Remark 9
and Proposition 8]). Note that a birational sequence S = (81, ..., Sny) corresponds
to a birational morphism CV — G//B given as a product of 1-parameter subgroups
corresponding to fg,,..., fgy, while our birational morphism Qg,@: cN - G/B
is defined to be a product of such 1-parameter subgroups with translations by
ui,...,un. The definition of essential bases in [0, Section 9.1] can be generalized
to a birational morphism of the form

CN = G/B, (ti,...,tn) v~ Wrexp(tifs,) - WxN exp(tn oy )
for some wy,...,wy € W and fp1,...,8n € ®4. Then our basis in Theorem [6.8]

can be understood as such generalized essential basis.

Ezample 6.10. If C = () and O =114 \ IT%, then we have
,Ug\@,HA\HjA)(a) _ fi(lal)fi(;lz) o f»(aN)

in  UX

for a = (a ay) € Z¥,, and the C-basis {v""*\")(a) | a € A (AN
1;---,aN >0 b\ 0,ITA\IT%

ZN} of V(()) coincides with the essential basis in [6, Section 9.1] associated with the

birational sequence S = (a;,, Q,, . . ., ;) and with the homogeneous lexicographic

order on ZY, (see [6, Example 9]).



N-O POLYTOPES AND MARKED CHAIN-ORDER POLYTOPES 473

Ezample 6.11. If C =114 \ II*; and O = (0 then we have

AT ) 3, 05, 5 0, £

- 8 522 iN

e Cramg g o ---fﬁNvA,
where we write 8y = $;, Siy_, = Sipy, (q,) € 4 for 1 < < N. Since we have
(ﬁ]\h"'?ﬁl) = (O[l,Oé1+O[2,...,Oé]+"'+Oén,a2,a2+a3,...,O[nfl,anfl‘i‘an,an),

the C-basis {vg\nA\Hz’w)(a) | a € EHA\H;,Q)(/\) N ZN} of V() coincides with a
C-basis given in [9, Theorem 3| up to the action by wg and scalar multiples.

6.4. Comparison with hlghest term valuations. In this subsection, we study
the highest term valuation Vcn(gg defined in Section from a partition T4 \ I =

CUO. When C = () and O = II4 \ I}, then the highest term valuation Vél:ﬁ};\nj‘ is
studied by Kaveh [24] who proved in [24] Corollary 4.2] that the Newton—Okounkov
body A(G/B, Ly, 7/0 HA\H* ,T) is unimodularly equivalent to the string polytope
associated with 24 and A. This string polytope is unimodularly equivalent to the
Gelfand-Tsetlin polytope GT'(\) by [32, Corollary 5]. When C = II4 \II*; and O =
(), then I/Eifl\lnjq’@ is the same as the highest term valuation studied in [I3] Section

6]. In a way similar to the proof of [I3, Theorem 6.2 (2)], we deduce the following.

Theorem 6.12. For each partition IL, \II*, = CU O and X € Py, the Newton-
Okounkov body A(G/B, L, g%h, Tic O)) is unimodularly equivalent to the Gelfand—
Tsetlin polytope GT(N). In particular, it is independent of the choice of a partition
M4 \II* = CU O up to unimodular equivalence.

The situation is quite different from the case of 1/(130"(5 since the combinatorics

of a marked chain-order polytope heavily depends on the choice of a partition
I, \II*, = CU O. Indeed, the Gelfand-Tsetlin polytope GT'(A) and the FFLV
polytope FFLV(X) have different numbers of facets in general (see [12] Theorem
1)).

Remark 6.13. The highest term valuation Z/CIO is defined from the reduced word
14 and from a partition II4 \ II¥ = C U O which corresponds to a partition of the
positions of elements in 24. Since we discuss Bott—Samelson varieties of general Lie
type in [I3, Theorem 6.2 (2)], Theorem is naturally extended to an arbitrary
reduced word of general Lie type and to the corresponding Bott—Samelson variety
if we replace GT'(\) with a generalized string polytope.

7. TYPE C CASE

In this section, we discuss the case of the symplectic group Sps,(C) (of type
C). We review some previous realizations of Gelfand—Tsetlin polytopes [34] and
FFLV polytopes [28] of type C,, as Newton-Okounkov bodies, and observe that our
main result (Theorem [6]) cannot be naturally extended to type C,, even in the
case n = 2. Set

0 0 0 -1
w=|0 0 1 0 | €5L2n(C)
0 -1 0 0
1 0 0 0
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and define an algebraic group automorphism w: SLs,(C) =+ SLs,(C) by
w(A) =, (AT g
for A € SLy,(C), where AT denotes the transpose of A. Then the fixed point
subgroup
SLo,(C)* :={A € SLy,(C) |w(A) = A}
coincides with the symplectic group
Spgn((C) = {A S SLQn((C) | ATE()A = wo}

with respect to the skew-symmetric matrix wy. In addition, the subgroup B¢, C
S Loy, (C)¥ consisting of upper triangular matrices is a Borel subgroup of Spas,(C);
hence the full flag variety of type C,, is given as Sp2,(C)/Bc, . Let U (resp., Hc,)
denote the subgroup of S Ly, (C)¥ consisting of unipotent lower triangular matrices
(resp., consisting of diagonal matrices). Then Ug, coincides with the unipotent
radical of the Borel subgroup of Sps, (C) which is opposite to B¢, with respect to
the maximal torus He, . Let sp,,, (C) be the Lie algebra of Sps,(C), and Py the set
of dominant integral weights for sp,,(C). For each A € P, , we obtain a globally
generated line bundle £ on Sp2,(C)/Be, as in (BI]). Let us identify the set Io,
of vertices of the Dynkin diagram of type C,, with {1,2,...,n} as follows:

1 2 n—1 n
C, O==0——0—0 .

Let {w; | i € I, } denote the set of fundamental weights, N(H¢, ) the normalizer
of He, in Spe,(C), and We, == N(He, )/He, the Weyl group which is generated
by the set {s; | i € I¢,} of simple reflections. We write N := n?, and define a

reduced word ic = (41,...,4n) for the longest element wy € W¢, as follows:
ic=(1,2,1,2,3,2,1,2,3,...,n,n—1,...,1,....n— 1, n).
3 5 2n—1

For 1 < i,j < 2n, let E; ; denote the 2n x 2n-matrix whose (i, j)-entry is 1 and
other entries are all 0. Then we can take Chevalley generators e;, f;, h; € §p,,, (C),
1€ g, , as

€1 = En,n-{-la fl = En—i—l,vu hi = En,n — Lpt1n+l,

ei = En_it1n—it2 + Enticinris  fi = En—ivon—it1 + Enyintiot,

hi = En_it1n—it1 — En_ivon—ive + Enticinti—1 — Pntinti
for 2 < i < n. For 1 < i < n, define a lift 5, € N(Hg,) for s; € W¢, by
5; = exp(fi)exp(—e;) exp(f;). For A € Py and 1 < k < n, we write A<y, =
Zl§£§k</\’ he). Let us consider the Gelfand-Tsetlin poset (I, IIE, A) of type C,
whose Hasse diagram is given in Figure [[Il where the circles (resp., the rectangles)
denote the elements of II¢ \ IIf, (resp., IIf;), and we write

Mo\ = {¢\ [1<i<n, 1<j<2i—1}
Note that the marking (Ao)aerz, is given as (0,...,0,A<1, A<2, ..., A<pn), which is
—_——— = =

also denoted by A. By definition, the marked order polytope O(Il¢c, II%,, A) coincides
with the Gelfand-Tsetlin polytope GT¢,, (M) of type C,, (see [32], Section 6] for the
definition), and the marked chain polytope C(Il¢, IIf, A) coincides with the FFLV
polytope FFLVg, () of type Cy, (see [10, equation (2.2)] for the definition). For
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F1GURE 7.1. The marked Hasse diagram of the Gelfand—Tsetlin
poset (Il IIE, A) of type Cp,

allz = (z;; |1 <i<n,i<j<2n—i)€CV, there exists a unique element (y; ; |
1<j<n—1, j+1<i<2n—j) € C b such that A(zx) = (@i j)i,; € Span(C),
where
QCZ'J' lf’LéjSQn—Z,
vij i j+1<i<2n-—y,
YT (L1 it =201,

0 ifi+5>2n+1.

Then the map CV — woUg, , © — A(z), is an isomorphism of varieties, and the
following morphism is birational:

CN — Sp2,(C)/Be,, x+— A(x)mod Bg,.
Ezxample 7.1. Let n = 3. Then we have

T11 T2 T13 Ti4 T1s5 —1

Y2,1 T22 W23 W24 1 0

_|ys1 w32 =3z —1 0 0

Alz) = 1 o o o}l
Ya1 Y42
ys1 -1 0 0 0 0
1 0 0 0 0 0
where

Ys,1 = T1,5, Ya,2 = T24, Ya1 = T14 — 15724,

Y32 = T2,3 + T2473 3, Y31 = T1,3 — T15T23 + T1,4%33 — T1,5024733,

Y2,1 = T1,2 — X1,5T22 + L1,4%2,3 — T1,3%T24.
We arrange the coordinates of x as

(1,22, .., ZN) = (T1,20—1, 12025 - s T1,1,L2,20—2, L2203 - - - s En—1,n—1> Ln,m ) -
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Let us consider the lowest term valuation Vlzol“;-~>xN on C(zy,...,zy) with re-
spect to the lexicographic order 21 > --- > zy (see Example [1.2]). The valuation
VY ooy 18 slightly different from the one defined in [28, Section 3.2]. However,
the proof of [28, Theorem 3.3] can also be applied to this valuation, and we obtain

the following.

Theorem 7.2 (see the proof of [28, Theorem 3.3]). Let A\ € Py, and take a
nonzero section 7 € H°(Spen(C)/Bc,,Ly). Then the Newton-Okounkov body
A(Sp2n(C)/Be,,, L, Vi .. s, T) COincides with the FFLV polytope FF LV, (\)
up to translations by integer vectors.

Arrange the elements of Il \ I}, as
(7.1)
(Q17q2a"'7qN)

1 2 2 2 3 n—1 n n n n n
= (Q£ )aQ£ )aQ£ )aQ§ )aqé )a aQQn—3)7qé )7aq7(z )aQ£ )aqﬁl-{?la7q§n)_1)

Then a partition IIc\II, =CUO is identified with a partition of the set {1,2,...,N};
we regard this set {1,2,..., N} as the set of positions of entries in ¢¢. Using the
arrangement (7.l), we identify R!c \IE with RN, As in type A, case, each partition
He \ I = CUO gives a map Qc.0: CV — Spy,(C), which induces a birational
morphism

60702 (CN — Sp2n((C)/Bcn, t— cho(t) mod BC”-

Using this birational morphism, we identify the function field C(Spa,,(C)/B¢, ) with
the field C(ty,...,ty) of rational functions in t1,...,ty. For each permutation
o € Gy, let Vt(f(’f?;,_>td(m denote the lowest term valuation V%i‘é‘i)>,,_>td(m on
C(ty(1),- -+ te(n)) With respect to the lexicographic order t,(1) > -+ > to(n) (see
Example £2). As in type A, case, the Gelfand-Tsetlin polytopes GT¢, (A) and
the FFLV polytopes FFLV¢, (A) for A € Py can be realized as Newton—Okounkov

bodies associated with valuations of the form 6:0)

b1y > St (N We rearrange the

coordinates of t as

(1,5, -, th)
= (tNathla co s IN—nt2, EN—ny - - - 7t(n—1)2+1,tN7n+17t(n—1)2, cee ;t4;t2,t3at1)'

IfC = Il \IIg; and O = 0, then it follows that Qr.\iz, 0(t) € WU, forallt € CN,
and the map CV — woUg , t QHC\H*C,@(t), is an isomorphism of varieties. In
addition, if A(x) = Q2 0(¢), then we see that

_ if N —0=Fk
(72) T = (_1)n(t2 + Zlgcgk(_l)c 1t2—k+c—1t2—k—c) for some 0 S k< n,
(— 1)%2 otherwise

for1</¢<N.
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Ezample 7.3. Let n = 3. Then we have

Qe o(t)

—t7 — tgts + t5tg ts —tg tg —tlg —1

ts + tatg — totg — tgtg — totyty —t3 —toty —to 14 1 0

. —tg — t1tg — totg — t1tytg —ty — 1ty —t1 —1 0 0
o ts + tatg t4 1 0 0 0
—tg -1 0 0 0 0

1 0 0 0 0 0

Lemma 7.4. For each f € C(Sp2n(C)/Bc, ) \ {0}, it holds that
GG () = VR (F).

th > >ty T1> >IN

Proof. By the definition of valuations, it suffices to prove the equality for every
nonzero polynomial

f: Z Cal‘(fl"'.f(;VNGC[II;-'-aIN]\{O}7

a=(ai,..., aN)GZgO

where ¢, € C. For each (ay,...,an) € Z%;, we deduce by (Z.2) that

(I \TIE; ,0)
t'1>c>§'N (‘T(lll“'x(]lVN):(alw'waN)
low
= Vacci>-~~>acN (Itfl T xl]lVN)v
which implies that U(HC\H*Cﬂ)(f) = vlov (f). This proves the lemma O
P th>- >ty — Yri1>>xN . P '

The following is an immediate consequence of Theorem and Lemma [7.4

Corollary 7.5. For each A € Py and T € H°(Sp2,(C)/Bg, , £2)\{0}, the Newton—
Okounkov body A(Sp2,(C)/Be,,, L, Vt(,:j;}llfﬁ;w),r) coincides with the FFLV poly-
tope FELVe, (M) up to translations by integer vectors.

Let us consider the case C = () and O = Il \ II¥. In this case, Okounkov [34]

(0,ITc\ITE )

in> oot as follows.

realized GT¢, (\) using the valuation v

Theorem 7.6 ([34, Theorem 2]). For each A € Py and T € H°(Sp2,(C)/Be, , L)\
{0}, the Newton—Okounkov body A(Spa2n(C)/Be, , L, yﬁﬁfcgf), T) is unimodu-
larly equivalent to the Gelfand—Tsetlin polytope GTc, (N).

However, Theorem [6.1] cannot be naturally extended to Spa,(C) even in the case

n = 2 as we see below. Let n = 2, and take p € P, to be w; + wy. We consider
the following three partitions of Il \ IIZ, = {q1,...,qa}:

(C1,01)=(0,1lc \1Ig), (C2,09):=(1lc \ 1g,0), (C3,03):={g3,q4},{q1,2})-
Then the marked chain-order polytope
Ace,,00) e, g, p) (resp., A, 0,) (e, 11g, p))

is the Gelfand-Tsetlin polytope GT¢, (p) (resp., the FFLV polytope FF LV, (p)).
In addition, the marked chain-order polytope A, 0,)(Ilc, 11, p) is the set of
(a1,...,a4) € Réo satisfying the following inequalities:

a1 <1, a4 <1, a;1<ay3<2-—ay, az3=<as.
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Then the marked chain-order polytopes A, o,)(Hc,IIE, p), 1 < k < 3, are all

unimodularly equivalent to each other. For each 1 < k < 3, define T,(,Ck’ok) S

H°(Sps(C)/Be,, L,) as in ([G). Then the Newton-Okounkov bodies

A(Sp4((C)/BCQ,,CP,Z/t(f(’“l’g’f,),>tg(4),T,EC’“’O’“)) for 1 <k < 3 and 0 € &, are given
in Table[l In this table, the Newton—Okounkov bodies are divided into four types:
GT, NZ, A, and x. We mean by “GT” that the Newton—Okounkov body is uni-
modularly equivalent to the Gelfand—Tsetlin polytope GT¢,(p). In addition, the
type “NZ” implies that the Newton—Okounkov body is unimodularly equivalent to
the Nakashima—Zelevinsky polytope NZ; . (p) associated with p and ic = (1,2,1,2)
(see [16l Example 5.10]). More concretely, the Nakashima—-Zelevinsky polytope
NZi.(p) is given as the set of (a1, ...,as) € RY satisfying the following inequali-
ties:

ay <1, az<as+1, ay <minfasz+1,2a3}, 2a; < min{as,2}.

TABLE 1. The Newton-Okounkov bodies

A(Sp1(€)/Boy, Ly &2 0y %O o 1 < k< 3

and 0 € 64
lexicographic orders || (C1,01) | (C2,O2) | (Cs,O3)
t1 >t >ty > 1y NZ NZ NZ
t1 >ty >ty > 13 NZ NZ NZ
t1 >1t3 >ty > 1y NZ X X
t1 >1t3 >ty > 1o X X X
t1 >ty > 12 > 13 X NZ NZ
t1 >ty >1t3 > 1o X NZ NZ
to >t >13 >14 NZ A NZ
to >t >ty > 13 NZ A NZ
to >t3 >11 > 14 GT A NZ
to >t3 >1t4 > 1 GT A NZ
to >ty >11 > 13 NZ A NZ
to >ty > 13 > 1 GT A NZ
ts > 11 >ta > 1y GT X X
ts > 11 >ty > to GT X X
t3 >t >t > 1y GT NZ X
ts >t >ty >t GT NZ X
t3 >ty > 11 > 1o GT X X
ts >ty >t >t GT X X
ty >t >t > 13 NZ NZ NZ
ty > 11 >t3 > to NZ NZ NZ
ty >t >t > 13 NZ GT NZ
ty >ty >1t3 > 14 GT GT NZ
ty >1t3 > 11 > to GT NZ NZ
ty >1t3 >t > 1 GT NZ NZ

This polytope N Z;,(p) has 11 vertices, and hence it is not unimodularly equivalent
to the Gelfand—Tsetlin polytope GT¢,(p) which has 12 vertices. We mean by
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“A” that the Newton-Okounkov body coincides with the set of (a1,...,as) € RY,
satisfying the following inequalities:

az <1, a4 <1, a1 <1+ay4—az a3=<2—az—ay.

This is an integral convex polytope with 12 vertices, but it is not unimodularly
equivalent to the Gelfand—Tsetlin polytope GT¢, (p). Finally, the type “x” means

that the Newton-Okounkov body A(Sp4(C)/Bcz,Ep,l/t(f(kl’)(ikf,)_>tg(4),Tp(ck’ok)) is

strictly bigger than the convex hull of 16 points in the set
Wit 2 s, (T | 7 € HO(Spa(C)/Bey. £,) \ {0});

o(1)>>lo(a)

see also Proposition B3] (2). More precisely, this convex hull has volume % for this
type x while the volume of the Newton—Okounkov body is 1. For the previous three
types GT, NZ, and A, the Newton—-Okounkov body is precisely the convex hull
of such 16 points. Summarizing, Newton—Okounkov bodies with different types
are not unimodularly equivalent to each other. In particular, we see by Table
[0 that the Newton-Okounkov body A(Sp4((C)/BCQ,Ep,u(Cg’03) T(cg,og)) is

to(1)> " >toa)’ P
not unimodularly equivalent to Ac, o,)(Ilc, I, p) for any o € &4. This implies
that Theorem cannot be naturally extended to the marked chain-order polytope

Ay, 04) I, ITE, p).
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