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ABSTRACT. This paper is part of a continuing examination into the geomet-
ric and analytic properties of the Kohn Laplacian and its inverse on general
quadric submanifolds of C™ x C™. The goal of this article is explore the com-
plex Green operator in the case that the eigenvalues of the directional Levi
forms are nonvanishing. We (1) investigate the geometric conditions on M
which the eigenvalue condition forces, (2) establish optimal pointwise upper
bounds on complex Green operator and its derivatives, (3) explore the LP
and LP-Sobolev mapping properties of the associated kernels, and (4) provide
examples.

1. INTRODUCTION

In this paper, we investigate the complex Green operator N on quadric subman-
ifolds M C C™ x C™ for which all the eigenvalues of the directional Levi forms
are nonzero. The complex Green operator is the (relative) inverse to the Kohn
Laplacian ,. By definition, a quadric submanifold is defined as

(1) M={(z,w) e C" xC™ : Imw = ¢(z,2)}

where ¢ : C" x C™ — C™ is a sesquilinear vector-valued quadratic form. The Levi
form in the direction of v € S™~ !, the unit sphere in R™, is defined as ¢,(z, z) =
¢(z,2) - v. The Kohn Laplacian is defined as O, = 9,0; + 9; 0, where 0, is the
usual tangential Cauchy-Riemann operator and 5; is its L? adjoint. The (relative)
inverse to [J, on (p, ¢)-forms, when it exists, is called the complex Green operator
and denoted by N, ,. The existence of the complex Green operator produces the
L?-minimizing solution operator to the d,-equation, 5‘; Ny 4, in a canonical fashion.
For background on the d;, and [y-operators, please see [Bog91L[CSO1,BS17].

In this paper, our main interest is the class of quadrics with codimension m > 2
where the matrix associated to the scalar Levi form, ¢,(z,z) has only nonzero
eigenvalues for each v € S™~!. We show that the nonvanishing eigenvalue condition
forces n to be even (so replace n with 2n) with exactly half of the eigenvalues to
be positive and half negative. For 0 < g < 2n, we establish sharp upper bounds on
the size of Ny , and its derivatives in terms of the control geometry on M that are
analogous to the classical estimates on N for the Heisenberg group or the finite type
hypersurface type case (that is, m = 1) in C? [NRSWS89,Chr91al[Chr1b,[FKS8].
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This allows us to invoke the theory of homogeneous groups to prove LP and LP-
Sobolev mapping properties for appropriate derivatives of N. When ¢ = n, 0, is
not solvable by [PR03], but we can still estimate the canonical relative fundamental
solution for [J;, given by fooo e—sHb (I —S,)ds where S,, is the orthogonal projection
onto ker [J,. We also provide several examples, illustrating our estimates.

More generally, when the eigenvalues are not bounded away from zero, the control
distance fails to govern estimates on Ny 4. This failure is apparent in some general
hypersurface type CR manifolds as well as some simple higher codimension quadrics
[Mac88 INS06, BR21]. In higher codimension, the correct geometry is far from
understood as the singularities of N occur both on and off of the diagonal.

For a bit more background and history, the tangential Cauchy-Riemann operator,
or Oy, and the associated Kohn Laplacian [J, are arguably the most important
operators in several complex variables because they are intrinsically intertwined
with the complex geometry, topology, and analysis of CR manifolds. Solving the (-
equation is often a product of hard analysis and sophisticated functional analysis,
and the solution produced by these techniques may have excellent function theoretic
properties but is not constructive (e.g., [Sha85[Koh86,[HR11HRISICR21]). Often,
this approach is not (yet) sufficient to produce the estimates we seek on the solution
in the higher codimension setting. Hence we restrict to the class of quadrics, which
have a Lie group structure which helps provide a more explicit formula for the
solution that is suitable to estimate.

In our opinion, one of the most beautiful results is the computation of N, , on
the Heisenberg group by Folland and Stein [FS74]. The problem, though, is that
their technique does not easily generalize, especially to higher codimension. Conse-
quently, one of main approaches to the (J,-problem on these manifolds is through
the Op-heat equation. The first results in this direction were for the sub-Laplacian
on the Heisenberg group by Hulanicki [Hul76] and Gaveau [Gav77]. More results
followed for O, on quadrics of increasing generality [BR09,YZ08|ICCT06,[BGG96,
BGGO00,EId09] culminating (so far) with our paper [BR1I] where we compute the
Op-heat kernel on a general quadric. Virtually all of these results rely on the fact
that we can identify M with its tangent space at the orgin, C™ x R™, and push the
problem forward onto C™ x R™. The problem with these papers (ours included) is
that if we put coordinates (z,t) on M, the solution is only given up to a partial
Fourier transform in ¢. Given that [FS74] is the gold standard (for us), we are
taking the formula from [BR11] and trying to undo the Fourier transform and in-
tegrate out the time variable. This allows us to recover to both the projection onto
ker (0, as well as Ny 4. In the earlier parts of the series, [BR13|[BR22|[BR20/BR21],
we started with the formula for [Jy-heat kernel and generated an integral formula
for both the diagonal part of the complex Green operator as well as the projection
onto ker [J,. We also categorized the class of quadrics of codimension 2 in C* into
three Op-invariant groups and computed Oth order asymptotics for the kernels for
each of these groups. We noticed that in one case, where the directional Leviform
has nonvanishing eigenvalues, the complex Green operator was both solvable and
hypoelliptic. Additionally, the estimates were particularly good, allowing us to
prove continuity results in LP-Sobolev spaces, 1 < p < oco. In many respects, the
current paper is a generalization of this case.

In addition to our series of papers, Mendoza proves the following: Let M be a
CR manifold of CR codimension > 1 whose Levi form is everywhere nondegenerate.
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Then [0, computed with respect to any Hermitian metric is hypoelliptic in all
degrees except those corresponding to the number of positive or negative eigenvalues
of the Levi form |[Men|. Additionally, in the special case that ¢(z,z) is a sum of
squares, Nagel, Ricci, and Stein [NRSO1] proved pointwise upper bounds on both
the complex Green operator and the projections onto ker [y, and they established
the LP theory in addition.

The outline of the paper is as follows. In the next section, we state our main
results, primarily Theorem 21l We continue in Section [B] where we define our
notation and explore the geometric consequences of our hypotheses. The proof of
Theorem 2.1] for ¢ # n is spread over Sections @HIIl In Section 2, we discuss the
adjustments to adapt the argument for the ¢ = n case. We conclude the paper with
several new examples in Section [I3

2. MAIN RESULTS

Define the projection 7 : C?* x C™ — C?* x R™ by 7(z,t+1is) = (2,t). For each
quadric M C C?" x C™, the projection 7 induces a CR structure and Lie group
structure on C?* x R™, and we call this Lie group G' (or Gs). The projection is
therefore a CR isomorphism and we use the same notation for objects on M and
their pushfowards/pullbacks on G.

We introduce only the notation necessary to state the main results. Define the
norm function p: C*"* x R™ — [0, 00) by

p(z,t) = max{|z], [t]/*} ~ |2 + [t /2.

For a multiindex I = (I',I?) € Ng"™™, the multiindex I' € N§" records the
differentiation in the z and z-variables, and I? € Nj' records the t-derivatives.
Given such a multiindex I, define the weighted order of I by (I) = |I'| + 2|I?| and
the order of I by |I| = |I1| + |I2|.

Theorem 2.1. Let M C C?* x C™ be a quadric submanifold defined by () with
associated projection G, and assume that eigenvalues of the directional Levi forms
are nonzero. Let 0 < ¢ < 2n and N = Ny ,. For any multiindex I € Ny ™™ there
exists a constant C7 > 0 so that

Cr

I
|D N(Z’t)‘ < p(z7t)2(2"+m—1)+<1> ’

Remark 2.2.

(1) The homogeneous dimension of M is 2(2n + m), and we are inverting an
order two operator (with respect to p). This explains the power of p in the
denominator of Theorem 211

(2) The case ¢ = n is special because ker[J, # 0. The relative fundamental
solution that we estimate is [;° e=sB(I — S,,) ds where S, : L§ (M) —
ker O, N L ,,(M) is the orthogonal projection.

Let W*P(M) denote the Sobolev space of forms on M with z, Z and ¢ derivatives
of order k are in LP(M).

Theorem 2.3. Let M C C*" x C™ be a quadric submanifold defined by () with
associated projection G, and assume that eigenvalues of the directional Levi forms
are nonzero. Let 0 < ¢ < 2n and N = Ny ,. Given a multiinder I € Ny"™™ so that
(I) = 2, the operator DI Ny, is evactly reqular on W*P(M) for all k > 0 and all
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1 < p < o0. In other words, DINqu extends to a bounded operator on W*P(M).
In particular, DINqu is a hypoelliptic operator.

Proof. The proof follows easily following the approach of [BR20, Section 3]. Iden-
tifying M with C?™ x R™, we can view M as a homogeneous group with norm
function p(z,t). From Theorem 2] it follows that the integration kernel of DTN ,
and its derivatives have the appropriate pointwise decay. A second consequence of
Theorem Tlis that D! Ny , is a tempered distribution, and combining this fact with
the natural dilation structure and that D' Ny,q is a convolution operator shows that
DTNy, is uniformly bounded on normalized bump functions. This is exactly what
is required to establish the LP boundedness, 1 < p < co. From the fact that D! No 4
is a convolution operator, boundedness on W#P(C" x R™) follows immediately. [

3. NOTATION AND HYPOTHESES

Suppose that M is the quadric submanifold
M ={(z,w) e C" xC™ : Imw = ¢(z, 2)}.

Recall that for v € ™71, ¢,(2,2) = ¢(2,2) - v = 2* A,z where A, is a Hermitian
symmetric matrix.

Proposition 3.1. If m > 2 and if the eigenvalues of A, are all nonzero for each
v € 8™, then n must be even. Furthermore for each v € S™~Y, half of the
eigenvalues of A, are positive and half of the eigenvalues are negative, counting
multiplicity.

Proof. Note that if A is an eigenvalue for A,, then —\ is an eigenvalue for A_,. If
n is odd, then det A_, = —det A,. If m > 2, this change of sign in the determinant
means that det A, = 0 for some other v/ € S™~1. Therefore, the assumption that
all of eigenvalues are nonzero for each v € S™~! implies that n must be even.

Also note that all the eigenvalues of A, are real. Let p,()\) = det(A, — AI) be
the characteristic polynomial for A,. Let P, be the set of the positive roots of p,.
We are assuming that P, is bounded away from zero for all v € S™~!. Let K be
a compact disc in the open right half plane which contains P, in its interior for all
v € 8™, The number of roots in P, is given by the Argument Principle:

/
Number of positive roots of p, = L ZM
2m 0K pu()‘)

This is clearly a continuous integer-valued function of ¥ € S™~! which is a con-
nected set for m > 2. Therefore, the number of positive roots of p, is constant
for all v € S™~L. Since n is even and A_, = —A,,, we see that p_, (=) = p,(\).
Therefore if the number of positive roots of p, is k, then the number of negative
roots of p_,(+) is also k, which in turn implies that the number of positive roots of
p_, is n — k. Since the number of positive roots is constant in v, we conclude that
k =n —k, and hence k = n/2. O

3.1. The complex Green operator. As a consequence of the above discussion,
we assume the following:

e For each v € S™~ 1 there are n positive eigenvalues p; for j in some index

set P¥ of cardinality n from the set {1,2,...,2n} and n negative eigenvalues
uy, for k € (P¥)°, the complement of P¥.
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Remark 3.2. Given that our eigenvalues stay bounded away from 0 independently
of v € S™~1, we may arrange the indices so that P¥ = P is independent of v.

Denote the set of increasing g-tuples by Z, = {K = (k1,...,kq) € N7:1 <k <
ko < -+ < kg < 2n}. To write the fundamental solution for O, [BR22] applied
to a (0, q)-form of the form fr dz¥ for a fixed K € Z,, we need to establish some
notation. Fix A € R™ \ {0} and set v = ﬁ € Sm~1. We write z € C" in terms of

the unit eigenvectors of ¢, which means that zj)‘ = z7 Is given by
2V =Z,z)=UWw)* -z

where U(v) is the matrix whose columns are the eigenvectors, vy, 1 < k < 2n of the
directional Levi form ¢, and - represents matrix multiplication with z written as
a column vector. Note that the corresponding orthonormal basis of (0, 1)-covectors
for this basis is

dZ;(v,z), 1<j<2n, where dZ(v,2)=U(v)" -dz

where dZ is written as a column vector of (0, 1)-forms and the superscript T' stands
for transpose. Note that z¥ = Z(v, z) depends smoothly on z € C™ but only locally
integrable as a function of v € S™~! [Railll.

For each K € Z,, we will need to express dz¥ | in terms of dZ (v, z)" for L € 1,
We have

(2) dz" = > " det(U(v)k 1) dZ(v, 2)"

LeT,

where U(v) g, is the ¢ x ¢ minor U(v) comprised of elements in the rows K and
columns L. Note that if ¢ = 2n, then the above sum only has one term and
det(U(v)k k) = 1. In addition, Zy = ), so the sum (@) does not appear.

Until Section [2] we work under the assumption that 0 < ¢ < 2n is fixed and
q # n. Since the |u}| are bounded uniformly away from zero for v in the unit sphere,
it is straightforward to show that the integrability hypothesis on the associated heat
kernel in [BR22, Theorem 2.3] is satisfied. Therefore, the fundamental solution to
Oy on (0, q)-forms spanned by dz¥ is given by convolution with the kernel

(3)
Nk(z,t)

=Knm Z/ det(U )K7L)d2(1/,z)L

Lez, ves™!

« /1 11 | I 1] 1 dr dv
r=0 (1 - T“LH) keL (1 - Tl#z‘) (A(T, v, Z) — v - t)2n+m—1 r

JELCNP NP
JELNPC keLenpe

where dv is surface measure on the unit sphere S™~!, the dimensional constant
42 (2n +m — 2)!
2(27T)m+2n ’

2n v
y 1 _|_7«Wj‘ y
A(ryv, z) = Z |5 | (m) |24 |2

j=1

(4) Kn,m =

and
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Taking derivatives in z or t; is relatively straight forward because z only appears
in A(r,v, z) and ¢ only appears in the v -t term. In particular, we compute that for
1 <k <2n,

(9 1+ rlusl i
(5) G A(r,v, 2) Z |15 | <7r“5|> UWw)ix - Zj(v, 2).

Similarly, Lg;’z) = 0 as are all third (and higher) order derivatives. Also,

9 2n L1+ plug] . .
(6) 82k185k2 T " Z Z| j| ( |/”L | U(V)j7k1 ’ U(V)j7k2'

A key fact which will be used later is the following: If P(u) is a polynomial in
u € C, then

(M Y PUIZ02)f == - Uw) - P(D,)-UW) -2 = =" P(A,) - 2

where D, is the diagonal matrix with the eigenvalues of A, as its diagonal entries.
The importance of this equation is as follows. The right side is a quadratic expres-
sion in z and Z with coefficients that are polynomials in the coordinates of v (since
A, depends linearly on v).

3.2. Derivative notation. We define a multiindex I = (I',I?) € Ny"*™ where

1 € N§" is multiindex that records the z and z-derivatives and I? € NJ* records
the t-derivatives. Recall that the weighted order of I is (I) = |I'| + 2|I?| and
the order of I is |I| = |I1| + |I2]. Each derivative in a t-variable introduces a
component of v into the numerator and increases the power of (A(r,v,z) —iv - t)
in the denominator by 1. A derivative in a z-variable is more complicated to write
down — either the power of (A(r,v, z) —iv - t) increases by one in the denominator
and a component of V,A(r, v, z) is introduced in the numerator or the denominator
remains unchanged and a term in the numerator changes from () to (@). We will
not need a precise accounting of the constants but only the number of first and
second derivatives of A(r,v, z) that appear. We denote by V. A the vector of first
derivatives with respect to both the z and z derivatives and by V2 A all of the
second order derivatives of A. By an abuse of notation, we write

1 v
& o] ;
(A(r,v, 2) —iv - t)2ntm-1 Cn,m,| I | (A(r,v, z) — iv - t)2ntm—1tI]
v (V. 2A(r, v, 2) 5 (V2 CA(r, v, 2) 1Y
- Z framti PIOIRE A 1, 2) — i - )2t m= T

[C4N:10)
| 42117 =11 |

I

where |I]| is the number of first order derivatives in z or z and where |I{'| is the
number of second order derivatives in z and z. Note that |I1|+2|I{| = |I1| and not
|I1]+|1{|. For example, suppose that I; = (2,1,0,...,0,0), which is two z; factors
and one z; factor. Then

(V. zA(r, v, z))Il = (%A(r, v, z))2 (%A(r, v, z)),
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and |I}| =1, |[I{| = 1 and |I;| = 3. We analyze each piece of DI N separately and
consequently, the integral to estimate is

(8) Nygn(st=Y / det(T () xe.1.) dZ (v, 2)"
Lez, /ves™ Tt

1 T|H;||ul{| ‘ ul
% I v A L)
/r:O ( ‘ H _Tluyl) ,.HP (1 — rleily

JELCNP (1 keLn
jELNPC keLcnPpPc

v (Ve s A(r v, 2)) H(VEA(r v, ) dvdr
(A(r,v, 2) —iv - t)2ntm=1H LI+ R

4. THE CASE WHEN [t| > |z]?, ¢ #n

The tricky case is |t| > |2|> and so we will factor out a [¢[2+m=1HILIHIT+E]
from the denominator and we will rotate v coordinates via an orthogonal matrix
M, chosen so that M;(t/[t]) is the unit vector in the vy direction (so in the new

coordinates, v -t = v t|). We also set v* = M, 'v and
A z 2n t o~ _Z(Vt’z)_U(Vt)*'Z
q= |t|1/2 EC ’ and Q(VaQ)_ |t‘1/2 - |t|1/2

Note that |Q(v%, §)|? = |§|* since U,+ is unitary.
Since (V. ; A(r, v, z))!1 contains a monomial in z, Z of degree I, we obtain

_ _ 17/ 1”7
NI{,I{/,IQ(Z7t) — |t| (2n+m—1+5 |11 |+|I; ‘+‘12‘)NI{,I{’,I2(Q)

_ 14— Cndm—14+1(1 ~
= |¢| (2n+m 3 >)N1;,I;',12((J)

where
(9) Nigy 1 (9)
/ / det(U(v") g 1) dZ (v, 2)* B (r, V")
Lez, /viesS™!
(1) (Va2 A, v, @)1 (V2 A(r, v, ) dv dr
(A(r,vt, q) — ivy)2ntm =1+ [+ 2| r
and
(10) By(r.v) H r|“;||ﬂjl{| H |1y
o(r,v) = — — kL
jELCNP 1 _7«|Hj\ kELNP 1 — rleil
jELNPC keLcnPc

1+ 7~|MJ| 12
(11) A(r,v,q) Zlug (W) Qi (v, 4)I".
To prove Theorem B.1] in the case that [t| > |2|? and ¢ # n, it suffices to prove
Theorem [4.11

Theorem 4.1. There is a uniform constant C > 0 so that [Ny, v 1,(q)| < C for
all G € C2,
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There are two primary terms which need to be analyzed: By (r,v), and A(r, v, §).
We first concentrate on the singularity at » = 1. The singularity at » = 0 is easier
and is handled in Section [I0

5. ANALYSIS OF Bp(r,v) IN THE CASE r > 1/2, g #n

It turns out that the key to analyzing By (r,v) is By(r,v). To this end, for
0<r<landuéeR,let

u

ur u
12 - - v
(12) flreu) = T glr) = flr) +u = s
Note that g(r,u) = f(r,—u). Since p > 0 for j € P and py < 0 for k € P¢, we
can write
51|y v
it p| ||
B(r,v) = By(r,v) = J _
jga (1 —rlHghy kgc (1 — rlekly
then
dr y o ar
(13) B(T’,I/)7: Hf(/rnu’j) H g(r,—uk)7
jeP kepe
2 dr
(14) = [T /0 )=
j=1

Both descriptions of this term are useful. Note that the eigenvalues pj are not

necessarily smooth in v € S™~! (though they are continuous). However as the
next lemma shows, B(r,v) is real analytic in both 0 < r < 1 and in v € S™~! and
this uses the fact that the eigenvalues are bounded away from zero.

Lemma 5.1. The function B(r,v) = [[;cp f(r, 1) [Irepe 9(r, —py) is real ana-
lytic in both 0 <7 <1 and inv € S™ 1.

Proof. Using ([I3)), write
B(r,v) = B*(r,v) - B~ (r,v) where
BY(rv) =[] fu); B (r,v) = ] a(r,—uf)-

jeEP kepPe

It suffices to show that In BT (r,v) and In B~ (r,v) are real analytic in 0 < r < 1
and in v € S™~!. We have

In BT (r,v) = Zlnf(r,,u?)

JjeEP

where f(r,z) = (12_—'”;) for z = u +iv. Since f(r,z) > 0 for z = u > 0, In(f(r, z))
is real analytic in 0 < r < 1 and complex analytic as a function of z = u + v
in a neighborhood, U C C containing the set {u + i0; v > 0}. Note that by
hypothesis, there is a compact set K C {u + i0; v > 0} which contains all the
positive eigenvalues p? for j € P and v € Sm=1. Let v € U be a smooth simple
closed curve which contains K. Let D(v, z) = det(A, — zI) where recall that A, is
the Hermitian matrix for ¢, (z,z). The eigenvalues Wi, j € P are the roots of the
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analytic function z — D(v, z) that lie inside . By standard Residue theory, we
have

r /
In B*(r,v) Zlnf T, 1) ! 7{ In f(r, 2) D' (v, 2) d
z€y

" 2mi D(v,z)
jeEP

where D’(v, z) refers to the z-derivative of D(v, z). Now observe that the right side
is real analytic in v € S™~! since v — A, is real analytic in v (and D(v, z) # 0 for
z € 7). The proof of the analyticity of In B~ (r,v) is similar. This completes the
proof of the lemma. O

We observe that

Bp(r,v) = B(r,v) H f( H 9(ropi) (r,v HT“V

jeLNPe ”J) keLNP g(r, ”k jer

We need the following plece of notation for the next lemma. For J € Z, and

(l1,...,4,) € N9, set e(ll’ ola) = (=D)lelif {64,...,6,} = J as sets and |o] is the
length of the permutation that takes (ji,...,Jjq) to J. Set 6(131, ~fa) — 0 otherwise.

It may be the case the By (r,v) is not analytic, however we have Lemma
We also use the notation that if M is a matrix and J, L € Z,, the M, is the g x ¢

minor of M with entries M;,, j € J, £ € L.

Lemma 5.2. The function
1/»—>Zdet KL)dZVZLHr Hj
LeZ, jeEL
is real analytic in both 0 < r <1 and in v € S™~1. Moreover,

(15) S det(UW)k,p) dZ5(w,2) [ r = Y det(r=4]k.) dz”.

LeT, jeL Jez,

Remark 5.3. In view of the above expression for By, (r,v), we record the following
equation for future reference

(16) > det(U(v)k.)dZ"(v,2)Bi(r,v) = Y det(] x.7)B(r,v)dz’,
LeZ, JeL,

which is real analytic in 0 <7 < 1, v € S™! in view of Lemma 5.1l

Proof. Once we show ([I3]), the analyticity statement follows immediately from the
fact that A, depends analytically on v and therefore the matrix r—4» will also
depend analytically on v.

First, we record two basic equations. Suppose M is a N x N matrix with complex
entries and consider w = Mz, where w,z € CV. If 1 < ¢ < N and K € T, then

(17) dw® =" det(My ;) dz’.
JEI,

This is easily established using standard multilinear algebra.
Second, conjugation by U(v) diagonalizes the matrix A,, and diagonalizes r
In particular,

(18) R =UW)Tr 20 (v)

where R™#" is the (2n) x (2n) matrix with real entries, 77, on the diagonal and
zeros off of the diagonal.

—A,
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Now we start with the left side of (I3)):
Z det(U(v)g.) dZ* (v, 2 Hr M = Z det(U(v)k.1.) det(R."; )dZL(l/, z)

LeZ, JEL LeZ,

= det([U()R™"|k.L)dZ" (v, 2)
LeZ,

where the second equation uses the fact that R~ is a diagonal matrix. Now use
([@8) and the fact that U(v)U(v)T = I to conclude that

Left side of () = Y det[r™ U (v)|x. dZ"(v,2) = d(r~*2)¥
LeT,
where the last equality uses the equation z = U(v)Z(v, z) as well as ([[7) with

w = r~4z. Now (IH) follows by using (I7) to expand out the right side of the
above equation in terms of dz”. O

We make the following change of variables for s > 1:

-1 1 d 2d
(19) r=r(s) = z+ T ot equivalently s = % with TT = ﬁ
Note that 1/2 < r < 1 transforms to s > 3.
Our goal for the remainder of the section is to prove Proposition 5.4

Proposition 5.4.

1) The expansion of B@M6) ground s = oo is
r(s)

(s ol s,V
(20) B(T(ST)(,SV))T( ) — 22n 1/5 Z PZ 2n {— 2 O( ) )

(21)

Typical monomial in Py(v) = v*~¢

i where e is even with 0 < e < /.
Here, Py(v) is a polynomial in v = (v1,... vy) € ST of total degree £.
By an abuse of notation, the term, v*=¢, in [ZI) stands for a monomial in
the coordinates of v of total degree ¢ — e.

Additionally, the (Taylor) remainder O(s,v) is real analytic in s > 1

and v € S™~L. Purthermore O(s,v) is bounded in s > 1.

(2) Modulo coefficients (that are computable but not relevant to the estimate),
the expansion of det([r(s)~*]k. ;) around s = oo is comprised of a sums

of terms
(22)
0 —e'
— where £ > 1, €' is an even integer with 0 < e’ < ¢, and
S
v =% is a monomial of degree ¢' — €' in the coordinates of v € S™ L.

To start the proof of Proposition 5.4 let

F(Svu) = f(r(s),u), G(Svu) = g(r(s)7u).
Using (I4]), we obtain

, 2n
. MZQHF(&N?%
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We will need to Taylor expand B(r(s),v) in s about s = oo, which is equivalent
to letting s = 1/w and expanding about w = 0. To this end, let

- 1—w U
24 F =w|F(1 2| = —_— ——1.
(24) (w0 =l (1w, +0/2 = o (0 u) - 5
Lemma 5.5. ﬁ'(w,u) is a real analytic function of w and u for =1 < w < 1 and
u € R. In addition,

(1) For each fized u, the function w — F(w,u) is an even function of w;
(2) For each fized w, the function v — F(w,u) is an even function of u;
(3) The coefficients in the Taylor series expansions of F(w,u) in w about w = 0

are of the form:
0 if 7 is odd
jth coefficient = Zf] ZS ¢
Pj(u) if j is even

where P;(u) is a polynomial of degree j in w that involves only even powers

of u.
Proof. We have

F(w>u): -t U -
1— (l—w) 2
14w
wu wu
25 - 7 -
(25) (e 2

Since 1—e® vanishes to first order in z at the origin, the (u, w) power series expansion
of the denominator has a factor of uw, which cancels with the ww in the numerator.
The resulting term is analytic and nonvanishing in a neighborhood of the origin.
Hence F is real analytic. Part (2) follows easily from (24)). Parts (1) follows by a
calculation (Maple helps). For Part (3), we expand the exponential term appearing
in ([25)) and cancel the common factor of uw to obtain

- 1 wY
F(w,u) = o 5 (uu))2 3 — 7
L(w) + %¢ L(w)? + 7= L(w)3 + ...
where L(w) = w™lln (i;—’w”) is analytic on —1 < w < 1. From repeated w-

differentiations of F, one can see that the jth w-derivative of F at w = 0 is a
polynomial expression in u of degree j. In view of Part (2), this expression is zero
if j is odd and only involves even powers of u when j is even as stated in Part (3).
This concludes the proof of the lemma. O

We let w = 1/s and unravel this lemma to imply the following expansions for
F(s,u).

+u2—1_u4—5u2+4+ >N paj(u)

2 Fls.u) —
(26) (5,u) 6s 9053

5271
Jj=3

N | »
N

where poj(u) is a polynomial in u of degree 2j with only even powers of u. The
above series converges uniformly on any closed subset of {s > 1}. Note that F" has
the linear term u/2 and that all other terms involve only even powers of w.
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Our next task is to use (28) to expand the expression B(r(s),v) given in (23) in
powers of 1/s (about s = 00). To get started, here are the first few terms (in order
of decreasing powers of s):

B(r(s), v)r'(s) 2

2n

2 = F v

2¢2n & w2 =1 SN par(pf)
2 - == 1— 77 J J
(28) 22n(s2 — 1) 31;[1 s + 352 + kZ:Z 52k

where poi(u) is a polynomial of degree 2k with only even powers of w.
Now, we expand the product on the right (denoted by Product) in terms of
symmetric polynomials in the variables pf, ..., p5, . First, a definition.

Definition 5.6. A symmetric polynomial of degree m on R¥ is a polynomial P of
degree m in the variables (uy,...uy) € RY such that

P(ul,...uN) = P(ug(l),...ug(N))

for all permutations o on {1,2,...,N}.

An allowable multiindex o = (a, .. ., aN) is a nonincreasing N-tuple of nonneg-
ative integers, that is, integers a;, 1 < j < N, satisfying oy > ap > --- > ay > 0.
Let |a| = a1 + - - + an and define

I
(¢4 — a1 aN
SYug,y ..., un) = E ugtoug
i1, IN
where the sum is taken over all distinct indices i1, ...,in each ranging from 1 to
N.

Note the prime over the sum emphasizes that the indices i; are distinct. Also
for clarity, if the 2n-tuple a ends with multiple zeros, we stop writing after the first
zero. For example, we write SbO0(u¥, ..., pus,) for SB0--0(uy ... pu% ). Clearly
each S%(u) is a symmetric polynomial of degree |a|. For a fixed m > 0, the
collection of S(u) over all allowable multiindices « with |a| = m forms a basis of
the space of symmetric polynomials of degree m on R¥.

From an examination of the product in ([28) and using the fact that por(u) is a
polynomial of degree 2k with only even powers of u, we obtain Lemma (.71

Lemma 5.7. For { > 0, the coefficient of Si[ in the product on the right side of
@8) is a linear combination of

Sy, pusy), with o) =€, £—2, £—4,....0—e
where e is the largest even integer which is less than or equal to .

As an illustration of this lemma, we write out the first few terms of the product
on the right side of (28])

2n 2n
Product =1 — s~ * Z,uz +s72 | (1/3) Z[(,UZ)Q -1+ Z,u;',uz +...
k=1 k=1 j#k

= 1= 2880+ 5 ((/3)(00) = 2m) + 810 +
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Now we need transform the S*(p”) into a more useful basis involving elementary
symmetric functions.

Definition 5.8. For 0 < ¢ < N, the elementary symmetric function of degree £ in
RY is

(29) Bo(w)= Y ujeuy,

(J15---,50)€Le
With N = 2n, the key fact about the E,(p”) is that they appear as coefficients
in the characteristic polynomial for A,:
2n
(30) det(A, — AI) = A" + Y (=) Ey(u")A*" .
=1
Note that each row of A, depends linearly and homogeneously on v which yields
the following consequence for the coefficient, Ey(u”), of A2"~¢.

Lemma 5.9. E,(p”) is a homogenous polynomial of degree £ in the coordinates of
v=(v1,...,vm) € S™ L

In particular, E,(u”) is analytic in v even though the eigenvalues p; are not
necessarily differentiable in v.

Definition 5.10. Suppose L = (¢1,...,£;,...) is a multiindex (of indeterminate
length) with ¢; > ¢;4; and only a finite number of the ¢; are nonzero. For u =
(u1,...,un), define

E"(u) = By, (u) - g, (u) -+ By (u),
E¥(u) is a symmetric polynomial of degree |L| =1 + -+ {; + ...
The next theorem is [Sta99, Theorem 7.4.4].
Theorem 5.11. For a given integer, m > 1, the collection of
{E"(w); |L| =m; ue RV}
is a basis for the space of symmetric polynomials of degree m on RN .

Corollary follows from this theorem and Lemma [B.71

Corollary 5.12. In the expansion of B(r(s),v) Trl((ss)) given in [28)), the coefficient

of s2"=2=¢ s expressible as a linear combination of

EX (") = Ex(u")™ - Bo(u") Er(u)™ ..., k>1
where L = (ng,...,n1) with |L| = ny + 2ny + ... kng, = £ — e, where e is an
even integer with 0 < e < £. Moreover, this coefficient is a linear combination of
monomials in the components of v = (v1,...,Vpm) € S™ 1 each having degree { — e.

We will not need to know the exact values of the coefficients in this expan-
sion. Rather, the key phrase is the last sentence in the above corollary: the co-
efficient of s*" 27t is a linear combination of monomials in the components of
v=(v1,...,Um) € S™! each having degree { — e.
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Proof of Proposition 5.4l In view of Corollary and (28), equations ([20) and
@I) both hold. Additionally, the real analyticity of the Taylor remainder term
O(s,v) for s > 1 and v € S™~! is assured from Lemmal[5.1] the (Taylor) remainder
O(s,v). Furthermore O(s,v) is bounded in s > 1.

The proof of Part 2 is simpler. An expansion for r(s)~* about s = 0o yields

r(s) " = (

s—l)—u 1_2_u+% 2u(1+2u pk

s+1 - s 52

where pr(u) is a a polynomial that has only odd powers of U 1f k is odd and
even powers of u if k is even (this fact can be proven by setting w = %, and Taylor
expansion around w = 0, and an induction argument on the form of the derivatives).
This means

24, 242 24,(1+24%) = pr(A))

Equation (22)) now follows from expanding the appropriate ¢ x ¢ minor determinant.
|
6. EXPANSION OF A IN DENOMINATOR IN THE CASE 1/2<r <1, q¢#n

The formula for A(r,v,§) is given in ([[I]). Using ([2]), the coefficient function in
front of |Q;(v,q)|* is

FOrop) + g(r, ) = 2 (r, 1) + il

which in the s variables (where r = 7(s) = $77), using (28]), this becomes

(31) Coefficient of [Q;|> = 2F (s, u?) + u = s + Z pQSTMi)

k=1

where poi (1) is a polynomial of degree 2k with only even powers of u. From (26)),
the first two terms are

(u) u? -1 (u) ut —bu? +4
u) = N u) =,
b2 3 y P4 45

Now using (), (BI)), and (), we obtain

Pk (1) .
A(()Vq)_lyl_s‘q|2+zz 2k]1 |Q]VQ)| -

j=1k=1
2 q - pa(A) - ¢
(32) ( |Q| - Zyl + Z §2k— 1 :

We denote by e; € C?" the jth unit vector e; = (0,...,1,...,0) (1 in the j*
position). We observe that

DA R — " - pak(A) -
(33) —_— = gq* ce; + —_—
aZj (r(s),v,q) J =1 s2k—1
and
9%A -par(Ay) - e,
34 _— e
(34 023,07, () 221 Z s% 1
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since the substitution of ¢ for z comes after the differentiation.

Note the coefficients G* - pax(A,) - § consist of quadratic terms in ¢ and ¢ together
with a linear combination of monomial terms in the coordinates of v of degree 2k —e
where e is even with 0 < e < 2k.

7. EXPANDING THE KERNEL FOR N IN THE CASE 1/2<r <1, ¢#mn

From (@) and (I8)), to estimate Ny v 1,(§), we must investigate the integrands

(35) Nicadoso0) = den(r(s) pe) 2T

() 2(V. 2 A(r(s), v, 0) 1 (V2 Ar(s), v, @)
(A(T(S),Ut7(j) - 1V1)2n+m LT+|I [+ 1Y [+ T2

For nonzero V € C, consider the Taylor expansion

1
(V+C)2n+m71+|1;\+u;’|+\l2l

1 > ¢

= (67 -
Ventm— 1+ 1] || +; Iy 2ntm— 1+ L+ [+ L]+
J:

which converges uniformly for || < |[V|/2 (the values of a; are unimportant).
We make use of the following expansions: From ([B2) with V = s|q|? — iy and

¢ =350, Traldu)d e pave

()2 (V= 2 A(r(s). 71, @) (V2 A(r(s). 1, )
(A(r(s), vt, q) — ivy ) 2ntm= b ]
t)Iz 1
(s]G]2 — iy ) 2nrm—THI LTI

=7J
a; [Ek 1 ¢ ngkA )q} ]

oo
+Z( |G]2 — vy ) 2rtm—TH T T2

(36)

= (v

X (V22 A(r(s), v, )5 (V2 2A(r(s), v, @)1

Carefully writing out (V. : A(r(s),v*, ¢))"t and (V2. A(r(s), ", §))""" would be more
confusing than useful, as we only need the lead term and the generic expression for
the higher order terms. Using ([33]), we write

(37)
(VzA(r(s),7",4)"
= Slmcwi (g, 9"
+ Z Z sllil_zKCkl,.‘.,kli,I{ ((@,(j)w)szl,Ii(Vt) D2k ")

K=1 kit -tk =K
1
k;>0, all j
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and using (34)), we have
(38)
(V2:A(r(s), v, @)™

o0
= sl ‘CO,I{/ + Z Z sih ‘_2ch1,.‘.,k,1,,1{’]921@1,1;'(Vt) - 'ka‘,i,‘,I{/(Vt)-
K=1 k1+*“+7€uu|=K
k;>0, all j
Here, Co 1/ ((cj,_é)u“) and Ok17"‘7k11711 (((j,(f)m‘) denote polynomial expressions in-
volving ¢ and ¢ of degree |I1| and Chry oo ky
1
From the derivative products (87) and (B8), a typical term in (V. zA)1(VZ A)"
is of the form

(39) s 2K 0 ((6,6) 0 ) pary (V) -+ - pay, (V1)

where CK(((j, 5)\11|) is a polynomial in § and ¢ of degree at most |I1| and ky +- - -+
Kir; 41170 = K > 1 and each k; is a nonnegative integer.

.1y are constants (independent of §).

The main term is the lowest degree term in % and is given by

s o (g, )T

(') — )
(S‘QP - iy1)2n+m—l+\11|+\[1 [+12]

where C((¢,§)!"11) is a monomial in terms in the coordinates for (g, §) of degree |I}].
Its exact expression is possible to compute but not relevant for this calculation.
Letting

K =ki+-4kj+k + -+ ke > 1+ L]+ (1],

a typical term from the expansion of (B8] is

(40) Typical Term in (B8]

I+ IV | —2K; ;1 0 ~ AT
_ (Vt)lgs‘ RSN 3,04 .17 CR((q’q)III‘)p2]:;1 (l/t) . 'p2l~€u/ (l/t)
1

[+

C(qA]7 qrj)p‘ékl*&l (I/t) M 'ﬁijf&j (Vt)

X .
(5|42 — vy ) 2rtm=TFI I T+ 2] g (2 =)+ (2k; 1)

where k, > 1if j > 1 (and does not appear if j = 0) C(¢’,¢’) stands for monomial
terms in the coordinates for ¢ of degree j and ¢, of degree j, and where each
Dok, —e, (), 1 < a < jis a monomial in the coordinates of v of degree 2k, — e,.
Here, ¢, is an even integer with 0 < e, < 2k,. Set E; = e1+- - -+¢; and incorporate
the matrix M, ! into the C(¢7,¢’) term to obtain

(41)

Cul(, @) 1ottt

)2n+m71+j+u;|+uf\+|l2\SQKJ-J;,I{/f(j+|11\+\11’|)

Typical Term in ({@Q) =

(s|g|* =i
and E; is a an even integer with 0 < E; < 2(ky +- - -+ k;). Note that we have used
the same abuse of notation with v2%i=Ei as we did in (2I]) and the dependence on
t is a (possibly nonsmooth but certainly bounded) dependence on t/|t|. We will not
need all the terms in the expansion—just up through j + |I]| + |I}| = 2n — 1 with a
remainder term involving j + |I1| +|I{| = 2n (and therefore Kj 1/ v := Ka, > 2n).
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In particular, using ([37) and (38,

1
(42) Typical Remainder Term in (B6) = 0,(1)0(x, 5)

(S|(j|2 _ iV1)4n+m7152K2n72n

where Oy(1) is a real analytic function of the coordinates of ¢ and ¢ that may
depend on t. Also, O(v,s) stands for a real analytic function in v € S™~1 and
s > 1 and bounded in s. Note that the power of s in the denominator is at least
2n since Ko, > 2n, as mentioned above.

In the expansions of B(r(s),v) Z/((;)) and det([r~4+]x ;) given in @20) and [22),

respectively, writing (1 —1/s%)7! = > =0 s~2" . Therefore, by (), we see that

up to the coefficients of some polynomials, a typical term in the expansion of
_A B "(s) -

det([r=—2]x ) (T(S)(J/)T O

> r(s)

_ B / ./ ’ ’ ’
(43) Typical Term of det([rA”]KJ)w = 2nTH 2 e
r(s
O(v,s)

together with a remainder of the form pors T Note €’ is even and 0 < e’ < 7.

Now the typical term of Nk ; is the product of a term in {I) with a term in
(@3). Therefore
N—2—£ f—e(, t\]s
s v e (v
) where

. . _ S 2j+‘]'|
(44) Typical Term in Nk ; = C(¢,q) ! Gla2 — i) Nt 17 1E]

(45) N =2n+j+ 0| +I|0], £=0+2)"+ 2K 41y, € =€ + Ej+ 25"

Note that e is even with 0 < e < ¢, due to the constraints listed in on the indices
in {@I) and (43).

The remainder term for Nk is the product of the remainders given in ([@2) and
the remainder given just after [3]): a typical term comprising the remainder is
0(¢")O0(v; 5)

(S|d|2 - iV1)4n+m_132K2n—2n+2+2j'

(46) Typical Remainder Term for Nk j =

where O(v, s) is real analytic function in ¥ € S™~! and s > 3 and bounded in s.

Note that the exponent in s in the denominator is at least 2 since K; > j, j > 1.

We will now show that the integral (over v € S™~1 and s > 1) of the typical term

in (@) is bounded in §. We will also show the same for a remainder term in ({6]).
As to the first task, let # = |¢|> > 0 and define

SN—Q—ZVK—&-Ig—e

HN tm e 15 (727 S, V) = (S? _ ,L‘VI)N+m71+|Iz| ’

To establish Theorem 1] over the region 1/2 < r < 1, we need to show that for
each ¢ > 0, there is a uniform constant C' such that

(47) ‘ / / HN g me1,(7,s,v)dsdv| < C
veSm—1.Js=3

for all # > 0 near zero.

8. UNIT SPHERE INTEGRALS

To compute the integral of Hy ¢ m.e.1, (7, $,v) over the unit sphere, S™~1 in R™,
we need to use some easy facts about spherical integrals:
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(1) Let v = (v1,v') € S™ !, then v/ belongs to a m — 2 dimensional sphere in
R™~1 of radius V| = /1 — vi.

(2) Let 0 be the “angle” between v and the v’ plane; note that vy = sin(6),
—7m/2 <60 <7/2; and |[V/| = cos#.

(3) Surface measure on the unit sphere in R™ is dv = (cos )™ 2 df dv’ where
dv' is surface measure on, S™~2, the unit sphere in R™!.

(4) The integral of any odd function of v’ over S™~2, the unit sphere in R™~1,
will be zero.

Using the last fact, we claim that we can assume the monomial v*+/2=¢ depends
on vy only. To see this, write v/*2=¢ = (v/)%? with |a| + b = || + |I2| — |e|. By
(4), if |a| were odd, then the v/-integral would be zero. Thus we can assume a = €’
where |€/| is even, which implies |[b] = |¢| + |I2| — (le| + |€']) = |¢] + |I2] — | E| with
|E| even. We can then factor out the (/) from the v; integral and we are left with
Vi 27 F within the vy integral.

We now change Variables and let £ = 11 = sinf, —1 < z < 1. Note that
cosf =+/1—2x2? and df = \/— Therefore

(48) dv = (1 —22)"=3/2 4z a/

where dv' is surface measure on S™~2. The desired estimate in (@7) will follow
from Lemma BTt

Lemma 8.1. For any nonnegative integers N, m and £ with m > 2 and any even
integer E with 0 < E < || + |2, let

AKEI?, / / 1_$ (m— 3)/2 N—2—L.0— E+|Ig|dsdx
=—1

(sf — ix)N+m—1+|I|

then Af\’ﬁ;f‘}z (7) is a smooth function of # > 0 up to # = 0.
As shown in the proof, the lemma is not true if F is odd.
Proof of Lemma [Rl First write
AéEIz( ) CNZIQD —(2+9) {BZE (A)}

m 12
where C'y ¢ is a constant and
BZE ,,2 (m 3)/2 £— E+|12\d5dx
m 12 . (s — i) 1IHI] :
Here, Dg indicates the j*" derivative with respect to #. The index j is allowed to be
negative in which case this means the |j|** anti-derivative with respect to # (with
a particular initial condition specified at a fixed value of # = 75 > 0).

The proof of the fact will be complete once we show Bfﬁ§2 (7) is smooth for # > 0
up to 7 = 0. The s-integral can be computed to give:

1
49 BZ’E N :—bZ’E N
( ) sz(T) f(m+£+|12‘) sz(T)
where
1 _2\(m—3)/2, 4~ E+|L|
E . (1—z%) x dz
5,0 = [

L (B —iz)mtinl
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We need to show be L 7, (7) is smooth in 7 > 0 up to 7 = 0 and that

(50) boE (F=0)=0

mIQ

for then (9] will imply that Bm 1,(7) is smooth in 7 > 0 up to 7 = 0. To this end,
we note that for 7 > 0, the integrand of bf;’@EIQ (7#) has an analytic extension in z to
the upper half of the complex plane. So we can deform the integral using Cauchy
to the top half of the unit circle, denoted by C* from z = —1 to z = +1 to obtain

AR (L= 22)m=3/2,0- B4l g
e z€C+ (3F — iz)mtLtil|

This expression shows that b (7) extends smoothly (in fact, analytically) in 7 to

m[

a neighborhood of # = 0. All that remains to show is that bﬁ’fb (#=10)=0. We
have

1-— 22)(’”73)/2 dz
1 mAtH| L GE (o _ :/ (
1) AU L

If m = 3, then this integral is szC+ zf% = 0 since e is even. If m is odd and
greater than 3, then this integral can be reduced using integration by parts with
dv = 1/2"tFdz and u = (1 — 22)(™=3)/2 (note there are no boundary terms at
z = %1) to obtain

GErs _ (1 _ 22)(m75)/2 dz
bm (7’ - 0) =Cmy /ZGC"' Zm+E—2

One can continue integrating by parts this until the power of (1 — 22) is zero to
obtain

dz
(E ~
(52) bm A (7" = 0) = Cm,¢,I, /ZEC+ ﬁ =0

This establishes ([B0) for m odd. (Note clearly, the above integral is not zero if E
is odd, which is why this assumption is so necessary).
If m > 4 is even, then we can integrate by parts until we obtain

V1—22dz

Z E A ~
b’ (7" — O) = /
I — Cm L1
m,l2 2 c Z4+E

Since FE is even, let E = 2k for a nonnegative integer k. Amazingly, there is a
closed-form antiderivative:

1= 22 k 2)i+3/2 [ 1
3 RN I ot
z z j)(25+3)

Clearly this antiderivative vanishes at both z = +1. If m = 2, then one can
. . . _ zdz ..

integrate by parts in (BI) with dv = —~—= and reduce to this integral to E3).
Thus, Lemma BT and hence 7)) are proved. O

9. THE REMAINDER TERM, ¢ # n

To restate the remainder in (6]
O, s)

., with J > 2.
(slaf> =iy frm=ts7 TR

Remainder =
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We use the facts (1)-(3) about spherical integrals in the previous section with
x = vy. Since s~/ is integrable over {s > 3} and since O(v/, vy, x) is real analytic
(and hence uniformly bounded) in v € (v/1 — 22)S™~2 (m — 2 dimensional sphere
of radius v/1 — z2), it suffices to prove the following lemma, which will finish the
proof of Theorem [£1] for the integral over the region 1/2 <r < 1.

Lemma 9.1. For m > 2, let

L -2 oW
R(S,f,yl):/ ( '/E) O(V7x78)dl‘

- (s — qz)dntm—1

Then R(s,#,v'") is uniformly bounded for s > 3, # >0, and V' € (v/1 — x2)S™2.

Proof. Divide up the interval —1 < z < 1 into {|z| > 1/2} and {|z| < 1/2}. The
denominator is bounded below on {|z| > 1/2}. The numerator is also bounded

except in the case m = 2 in which case (1 — 2?) e
at z = £1.

For the interval {|x| < 1/2}, we replace « by z € C and note that the integrand
can be extended to analytic function z in a complex neighborhood of the interval
—1/2 <2 <1/2. Let C be a path in this neighborhood and in the upper half plane
which connects z = —1/2 to z = 1/2 and otherwise does not intersect the real axis.
Using Cauchy’s Theorem, we have

/1/2 (1—x2)$0(1/,x,s) dx _/ (1—z2)mT_30(u',z,s)dz
T zeC

——1/2 (sr —qx)dntm=1 (sr —iz)4ntm—1

Since the denominator is uniformly bounded away from zero, for z € C', s > 3 and
r = |G|* > 0, the integral on the right is uniformly bounded in v/, r, and s. This
completes the proof. O

10. THE CASE 0<r <1/2, ¢#n

Our starting point is (@) which equates to ([B5) but we wish to remain in the r
variable. We fix K, restrict the r integral to 0 < r < 1/2 and examine

NI’ 1.1, ()
(54) = / / det(U(v) 1) dZ(z, ") B (r,v1)
LeT, vesSm—1
)IQ(VZ 2A(r, vt Q))I/(VQ SA(r, Vtafj))li/ dv dr
(A(r, vt, §) — ivy )2t m— I L] ,
I S Y IR e
vesSm=1 Jr=0

JeZ,

()2 (Va, A v, )1 (V2 A(r v, )5 ] dv dr
(Alr, o7, ) — i 2P LG ITHRT |~y
We denote by N7, B ,(q) the dz” coefficient of NI, . ,(d).

We devote the remalnder of this section to the proof of Lemma [I0.9] which will
establish Theorem [] for the integral over the region 0 < r < 1/2.
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Lemma 10.1.

R R z n
(56) INY, o (@I < C for all g = i €C

where C' is a uniform constant.

Recall from ([I0)) that

51 y

_ || |ug

By(r,v) = H 1 _ el H 1 — plukl”
JELCNP keLNP

JjELNPC keLenpPc

Since L € Z, and q # n, at least one of LN P or L N P¢ is nonempty. This means
there exist constants C' > 0 and

Co :min{ Z il v e S™~ 1t and L EIQ}

JELCNP
jeLNnPC
so that
B
(57) ’M’ <Creet for0<r<1/2.
r

From this estimate, it follows that the integrals in (B4]) and therefore in (BE) over

{0 <r <1/2} x {|rn] > 1/2} are uniformly bounded for § € C™. Moreover, we

know from (I6)) and the accompanying remark that the integrand of N7, 0.1 (q) is
11y

real analytic in v € S ! and 0 <r < 1/2.
We now concentrate on the yl—integral over || < 1/2. We have

[1 ]
Ar,v,9) Zm] (”—) Qs (. 0)

with

Qv,a) = |t722(v,2) = U(v)" -4
where U(v) is the unitary matrix which diagonalizes the scalar valued Levi form in
the normal direction v. For u € R, let

(58) A =l (F0).

r‘“|

As a generalization of (), we have

(59) A(r,v,4) = ZAMMQ]M)I =q" - A(A) g

Jj=1
where A, is the Hessian matrix of ®(z, z)-v. Here A(4,) is computed by replacing
-1
|u| by /A2 in (E]) and where (I —rV A?') is the matrix inverse of I — rV 42,
Furthermore, rV A% is defined as exp (ln 74/ A,%) . Note that since all the eigenvalues
of A, are real and bounded away from zero, the (operator) norm of the matrix rV Ag,
for 0 < r < 1/2, is less than one since lnr < 0, guaranteeing the existence of the
inverse of I — V4%, For this analysis to work, we need to know the map v — /A2
is analytic in v, established in Lemma [[0.2)

Lemma 10.2. The map v — /A2 is analytic for v € S™~ 1.
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Proof. Observe that the matrix X = A2 is a Hermitian symmetric matrix with
positive eigenvalues which are contained in a compact interval, say [co, R] C R with
R > cg >0, for all v € S™~ 1. So consider the power series for /X about X = RI:

VX = ian[X — RI"

which has radius of convergence R. Since the open disc centered at = R of radius
R contains all the eigenvalues of A2 in its interior, the following series converges
uniformly in v:

VAZ = "a,[A] - RI]".
n=0
This series is clearly analytic in v € S™~ 1. |

Proof of Lemma [I0Jl The expression for A given in (B9) and the discussion fol-
lowing shows that

a —1
6_u1{A(T’ v g} —il

is a smooth matrix on {0 < r < 1/2} x {v € S™ !} with X(r,v,4) — 0 as

r — 0 (due to a factor of Inr in the denominator). Moreover, since cfiru =rlnr,

differentiation of A(r,vt,q), X (r,v,q), B(r,vt), or det([r~“*]k ;) produces a term
of the same size with a possible additional Inr term. However, from (7)), there
is always a 7°¢~1 term, and r®~!|Inr|V is integrable at 0 for any power N since
co > 0.

Now view the set {v € S™~1; |v;| < 1/2} as the graph over the set

{v=n,v); || <1/2; V' € S 2}

We use integration by parts for the integral over || < 1/2 of (B5) as follows:

X(ryv,q) == {

dl/1

/“1:”2 (V)2 (V22 A(r, v, @) (V2 2A@, v, ) det(r~ 2] k.0) B(r, ')
=12 (A(r,vt,q) — ivy) 2 tm - LTI r

7/”:1/2 P { —(2n+m+ || + [I]| + |Io] — 2) ! }
y (

- ~ . 7 1 _
1=—172 Ov1 | (A(r,vt, §) — vy )2ntm Il I+ 2] =2

(Vs Al v @) (V2 A v, @) X (1! §) det(r* )i, 1) B(r, ')
T

_ [T =@t mt L I+ | -2

i (AQ ) — )P I 2

z { (V)12 (T A, ) (2 A, 2) X (1,0, 0) det (=) B ) } in

dV1

X

on r
+ Boundary Terms at |v1]| = 1/2.

The power of (A(r, v, §) —ivq) in the denominator has been reduced by one. As
discussed above and analogous to (B1), we have

0 {X(n vt ) det([r= 2] k,0) B(r, ') (1)) 2 (V. 2 A(r, 1, §) 5 (V2 2 A, v, §) } ’

o1 r

< O|lnr|reo!



QUADRIC MANIFOLDS WITH NONZERO EIGENVALUES 529

which is integrable in 0 < r < 1/2. The boundary terms are also controlled by a
similar estimate.

We continue integrating by parts in v; until we reduce the fractional expression
involving (A(r, !, ¢) —iv1) to a log-term, to obtain:

/ MR (Ve Al v @) (VEAG VL ) det(r k) Br)
1

12 (A(r,vt,q) — ivg) 2t m IR r
I/1:1/2
Zcmmqﬂu:/ In [A(r, v*,§) — 1]
vi=—1/2
E[X(r,vt,q),det([r= 2]k ;), B(r,vt), A(r,v*,4), I{, I{, L]
T

X

dl/1
+ Boundary Terms at |v1| =1/2

where ¢, . 17,11.1, i a constant depending only on n,m, I1, I{, I3; In is the princi-
pal branch of the logarithm defined on the right half-plane (note A(r,v?t,q) > 0);

and the function E[X(r,v%,q),det([r=4*]k s), B(r,vt), A(r,vt,q), I}, I}, I5] is an
expression involve a sum of products of v;-derivatives of X (r, v, §), det([r=**]k 1),
and B(r,v') where the total number of derivatives is 2n +m + |I1] +|I}| + |I2] — 1.
Note that | In[A(r, v, §) — i11]| is integrable in vy uniformly in the other variables

v € Sm=2 and 0 < r < 1/2. In addition

E[X(r,v',q), B(r,v")]

’ 1"
<C| 1nr|2"*m+|11\+|11 [+ |12 ~1,.co—1

which is also integrable v/ € S™ 2 and 0 < r < 1 /2. Similar estimates hold for
the boundary terms. This establishes (B6) and completes the proof of Lemma [I0.11
This also concludes the proof of Theorem 1] and hence establishes Theorem 2.1
when [t| > |z|%. O

11. THE |2]? > |t| CASE, ¢ #n

To complete the proof of Theorem 2.l we have left to check the case when
2|2 > |t|. As before, we break the integral up into two cases: 0 < r < i and
% <r<1L

11.1. The case % < r < 1. As before, we start with the harder case. Fortunately,
though, the bulk of the preliminary computations still hold. We take ([&I]) as our
starting point. The differences between the |t| and |2|?> dominant cases, though, is
that in the manipulations leading to (@Il we do not want to factor |t| out of the
integral and replace z by ¢. We also worry about the C’t((cj,é)Qj‘HI{' term which
is now a C(z, 2)% +1l term. We will use size estimates and ignore completely the
(uniformly bounded) v terms. Thus, [@I) simplifies to

C(Z,E)Qjﬂlﬂ

. (i 7 77
(s]2[2)2ntm—LtdHI Y [+ | 6255 iy =GHITITD

(60) | Typical Term| <
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and we estimate

/ / C(z, Z)2J+|I\
dvds
. — (4 7 77
s=3 Jyegm—1 (S|Z|2)2n+m—1+]+|li\+|Ii"+\]2‘82Kj,Ii,Ii’ G+ 1+

| 2|20+l o 1
NN P |Z‘2(2"+m71+j+ui‘+|11/|+u2|) = YA I ‘Z|2(2n+m71+%(1)) ’

<

Since (I) = |I1] + 2|I{| + 2|I2], this establishes the estimate in Theorem 2] for
this term. The remainder term (6] has a similarly straightforward adaptation and
estimate.

11.2. The case 0 < r < % The estimates in this case will also follow from size
estimates. We established the key estimate on B(r,v) in (&1). Moreover, since the
eigenvalues for v € S™~! are bounded away from zero (say by c), we have

1 1

< <C.
= STz = ¢

It therefore follows that for 7 =0,1,2
V1 A(r,v,2)| ~ Oz
Consequently, we ignore the ¢-term and estimate (8) directly by

1]
2|1l dy dr

‘NI/ I”I(Zt|<cl’ I / / |

Iy 12 2 303 T
o r—0Jyegm |z| @ntm—TH I THT])

_ S
|Z‘2(2n+m71+% (I))

This establishes the desired estimate in the case when |z|? > |t| and hence concludes
the proof of Theorem 2.1

12. THE CASE ¢ =n

The techniques that prove the estimates in the ¢ # n case are robust enough
to work in the ¢ = n case, as well. However, the non-triviality of ker [, changes
for the formula for Nk (z,t), and in this section, we sketch the argument for the
I = () case, which is when there are no derivatives. We also assume, without loss
of generality, that the set of positive indices P = {1,2,...,n}.

We computed the relative solution to [, in the case ¢ = n given by fooo e—sth (I—-
Sy) ds in [BR22]. Following the notation of [BR22], for each g-tuple L € Z,, we set

I'p={aecS™ ! :us>0forallfc L andpuy <0 forall £ ¢ L}.
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If L €Z,, then 'y, = 0, unless L = P, in which case I'p = S™~ 1. Therefore, from
[BR22, Theorem 2.2, Part 3], if K € Z,,, then

(61)

Nk (z,t) = Kpm [ / det(U(u)KﬁL) dZ(z, V)L
LeT, L£p/vES™!
By(r,v) dr dv

1
X
/7“:0 (A(r,v,z) —iv - t)2ntm-1 ¢

(62)
+ / det(U(v)k.p) dZ(z,v)"
vesm—1

. /1 { Bp(r,v) . det 4, ] drdu].

—o L(A(r,v,2) —iv - t)2ntm=1  (A(0,v,2) —iv-t)Zntm—1] ¢

12.1. The case 1/2 < r < 1. As above, we split up the r-integral into 0 < r < 1/2
and 1/2 < r < 1. The challenge is in the region when 1/2 < r < 1 which is where
we concentrate our efforts. In this case, the first fraction of the integrand in (62)
can be combined with the terms in (GIl) so that the sum can range over all L € I,
in ®I). After factoring out |¢| and rotating coordinates so that v - t/|t| = 11, we
set ¢ = \t|+/"’ and rewrite the integral over 1/2 < r <1 as follows:

|t‘2”+m_1N}(

(63)
= Z / Sm,ldet(U(Vﬁ)K,L)dZ(@,Vt)L/ Bp(r, 1) dr dv

fez. r=1/2 (A(r,ve, @) —ivy)?mtm=t r

(64)

- _ ! det A,, | dr dv
_ d VAE P ‘ vt
/ueSm1 et(U(n)k,p) dZ(4, 1) /r_1/2 (A0, vy, §) — vy )2ntm=1 ¢

and where (as above) v; = M; ' (v) and M; is an orthogonal transformation on R
with My(t/|t|) = e;. The analysis of (G3]) is precisely the same as we carried out in
Sections BHITl Thus we focus on (64). We show the following

Proposition 12.1. Let
(65)

1
_ . det A, | drdv
N? A,t:/ det(U (v dZ(g, v P/ |A - .
x(q:1) g1 (U(v)k,p)dZ(q, ) )2 (A0, vy, G) — ivy)2ntm=1

Then there are positive constants co and Cy such that |N2(G,t)| < Cq for all |G| <
Co-

Remark 12.2. Note that the case |G| > ¢ falls into the |z| dominant case which is
much easier to handle.

We devote the remainder of this section to proving this proposition. To prove
the proposition, we need the following analyticity lemma.

Lemma 12.3. The following functions are analytic as a function of v € S™~1:
o v — |det(A,)]
A 2 14 SV
*V— A(Oa v, Q) = Zjll |/~‘Lg ||q] |2
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o U — det(U(l/)Kﬁp) dZ((j, I/)P = ZJEIn det(U(V)Kﬁp) det[U(I/)PﬁJ]T dz’

Proof. For the first bullet, note that A, has n positive and n negative eigenvalues
and so |det A,| = (—1)"det A,. So the expression in the first bullet is analytic
since A, is linear in v.

For the second bullet, note that A, and |4, | = \/A_?, have the same eigenvectors.
Therefore

2n 2n
66) > Iuilayl> =Y 11l1Q; (1 )I> = GUW) - [Du] - Uw) 4 =¢"/A2 g
7j=1 j=1

which is analytic in v. Here, D, is the diagonal matrix with the eigenvalues of
A, as its diagonal entriesl, and va is the principal branch of the square root of a
positive definite Hermitian symmetric matrix.

Showing the expression in the third bullet is analytic in v is equivalent to showing
that the expression

(67) det(U(V)K’p) det[U(V)p’J}T
is real analytic in v € S™! for each J, K in Z,,.

We shall need the standard branch of the function arctan z, which is holomorphic
on C\{z =iy : 2z =0and |y| > 1}. Let I, be the 2n x 2n identity matrix and
consider the sequence

1
— ( arctan(nA”) + zIgn)
T 2

for = 1,2,.... Since the eigenvalues of A” are bounded away from zero, each of
these matrices in this sequence is analytic in v € S™~! and is diagonalized by U (v)
and U(v)*. Furthermore, this sequence converges uniformly in v as j — oo to a
matrix Af, which is analytic in v with n eigenvalues equal to 1 and n eigenvalues
equal to —1. Also Af is diagonalized by U(v) and [U(v)]*.
Now consider .
Ay = 5(146 +1).

;1’6 is analytic in v and has n eigenvalues equal to 1 and n eigenvalues equal to zero.
It is also diagonalized by U(v) and [U(v)]*. Therefore,

[U()]*AsU(v) = DY, where

I, 0O
0 __ n n
2= (o o)

and where I, is the n x n identity matrix and 0,, is the n X n zero matrix. Therefore
Ay = Uw)DU)".

Taking determinants, we have

det [AS]KJ == Z det(U(u)K,L) det(D%’L,) det([U(U)L/’J]T).
L,L
Given that Dy is diagonal, the only nonzero contributions to this sum occur when
L = L' = P, which is the set of positive indices = 1,...,n. We obtain

det [AE]KJ = det(U(V)K’p) det([U(V)p’]]T).

Since the left side is analytic in v, so is the right side and this establishes the
analyticity of (G7)) and thus concludes the proof of the lemma. O
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Proof of Proposition [I21l Note that the r-integral in (63]) can be computed exactly
(as In(2)), so we need only examine the v-integral. Clearly, the integral over |v| >
1/2 clearly bounded uniformly in ¢ and ¢. So we restrict attention to the region
{v e 8™ 1 |vy| < 1/2}. The key is to examine the integral over v;-slices of
this region. Without loss of generality, let us assume we are on a region, V, of
the sphere where v, = h(v1,v’) can be written as an analytic function of the
other variables (v1,v') with v/ = (va,...,Vp—1). We may further assume that the
“cap” V is large enough so that projection of V onto v, = 0 contains the disk
{(n,v) € R™ ¢ ] < Jand [V/| < 1}, We also write dv = g(vy,v/)dvidV/
where g is an analytic function on V. Let

G(éatvyla Vl) = det(U?,P) dZ(éaﬁt)P| detAﬁt‘g(Vlvl/)

where 7, = M (v1, v/, h(v1,V)).

From Lemma 23] G(4,t,vy,7') is analytic in v1,7’ and uniformly bounded in
veV cSm 1 g and t. We need to show that there are positive constants ¢y and
Cy so that

G(dv ta v, V/) dl/l
68
o ‘ /V1|§1/2 (A(0, Dy, §) — vy )2ntm—1

We shall proceed by using Cauchy’s Theorem to bump the contour of inte-
gration around the potential singularity at ;1 = 0. First, let §o > 0 be chosen
small enough to that G(§,t,v1,v") and A(0, 74, §) analytically continue from {v; €
R; |v1| < 1/2} to a neighborhood of the rectangle Vi = {&i=v1+im €C; |in] <
1/2 and 0 < 7y < dp} in the upper half plane and for all (v1,v/, h(vy,v')) € V. Also
note from (66) that A(0,v,§) = (j*\/A_ﬁq > 0 for v € V. In addition, the analytic

extension of A(0,v,q) to V; is the function
A(O7 Dt(Cl)u Cj) = A(O7 Mtil(clu V/> h(Cly Vt)a qA)

Furthermore, its ¢; derivative is uniformly bounded by C |G|? for ¢; € Viandv eV
where C' > 0 is a uniform constant. The following estimate now follows:

1
<Cy forall /| < 3 and |G| < ¢o.

Re A(0,7(¢1),4) > —C|q]*m for (1 = 1 +im € V.
This inequality implies
40, 7(61),§) — iG] > (1= Clgf*)m for ¢ = w1 +im € Vi

Let 71 be the upper three sides of the boundary of the rectangle of V4, i.e. the union
of the three line segments, respectively, from —1/2 to —1/2 + id; from —1/2 4 id
to 1/2 440, and from 1/2 4 6 to 1/2. The above inequality shows that there is a
constant ¢y > 0 such that if |G| < ¢, then

|A(0,7:(¢1), ) — 91| > 0 for ¢; inside V; and
|A(0,7(C1),q) — iC1| > co  for (1 €71 .
Now we can use Cauchy’s Theorem to deform the path of integration in (G8]) to 1

and the proof of the estimate in (G8)) easily follows. This concludes the proof of the
proposition. (|
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12.2. The cases 0 < r < 1/2 and |z|? > |t|. The estimates of N for the interval
0 < r < 1/2 follow the same arguments as given in Section The extra term
arising from S, in (62) eliminates the convergence issues at r = 0. Lemma 23]
and the earlier analyticity lemmas show that all the components of the integrands
are analytic in v. Since L # P in the sum in (GI]), the numerator of its integrand
contains a positive power of . In addition, the term in brackets [ ] in (62]) vanishes
at r = 0, so both integrands are integrable in r near r = 0. Therefore, the same
integration by parts argument from Section [I0] applies to reduce the power of the
denominator terms (down to a log-term) to prove the desired estimates.

The case when |z]? > |¢| is handled using the techniques of Section Il This
completes the proof of Theorem 211

13. EXAMPLES

Here, we record four examples with complex tangent dimension 2n > 2 and
higher codimension m > 2 in cases where the eigenvalues are always nonzero. These
examples piggy back on the following standard example in the case of 2n = 2 and
m = 2 originally computed in [BR13|BR20]:

Example 13.1. 2n =2, m = 2, and ¢ = 0. Consider ®(z, z) = (¢1(z, 2), p2(2, 2))
where

01(z,2) = 2Re(z122)
pa(z,2) = |21]* — | 22|

The eigenvalues of the A, (the Hessian of ®(z,z) - v) are +1 and —1. We use
formula [B) for N with L = () and so 1 = —1 and e, = +1. Since m = 2, Sm—1
is just the unit circle parameterized by v = (cosf,sinf), 0 < 8 < 27 and dv = db.
We rotate 6 coordinates so that v -t becomes |¢|sin§. From (B]), we obtain

27
21 df d
N(z,t) 2 / / a 3_7‘.
) =) ;) 122 — ilt|sing| "

We let s = ’1"+

2m
ds df
N(z,t)
(1) 2(27)4 / / [s]2]2 —z|t\sm€]

- (27T)4 |22 Ilﬁl2 /0 IFE —Zsm0]2

_ 1 1 - 1 1

To2m3 [|2]4 + |t[2]3/2 -~ (2| + |t[1/2)6 ~ p(z,1)°
as indicated by Theorem 2.1

-, ds = (127—:)2 to obtain

with ¢ = z/|t|*/?

Example 13.2. 2n = 2 and m = 3. Consider ®(z, z) = (¢1(2, 2), p2(z, 2), P3(2, 2))
where

¢1(z,2) = 2Re(z122)

$2(2,2) = |21[* — |22|?

#3(2,2) = 2Im(z,22).
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Let v = (v1, v, v3) be a unit vector in R®. Then

- %) vy — il/g
A = <u1 + ivs —1y > ’
The characteristic equation for the eigenvalues is det(A, — ) = A2 — |[v]2 = A\ -1

with eigenvalues A = +1, —1.
From (@) with 2n = 2 and m = 3, we obtain

423' dv dr dr
N( - / / 2 1 —7“ 47.
ves (Hr) 2|2 — z|t|u1}

We now let s = “t5 as before and let # = v1. Using @), we write dv = dx d¢

where ¢ is the angular measure of the S copy of the equator of S2. Since ¢ does
not appear in the integrand, its integral provides a factor of 2w. We obtain

N(ot) = 423‘ / / 2w dz ds
_ .y [sl22 = ift]a]* ZWﬁﬂ]
1

7T3 (|2|47L 12)2 "~ (2l + |t|1/2) (1)
as indicated by Theorem 2.1

Example 13.3. 2n =4, m =4, ¢ = 0. Consider
(I)(Z7 Z) = (¢1(Z7 Z)u ¢2(27 Z)7 ¢3(Z7 Z), ¢4(Z7 Z))

where
¢1(Z, Z) 2R (2’152) + 2 Re(z;), 4)
¢2(Z, Z) = 2 (2223) — 2R6(21 4)
03(z,2) = 2Im(z122) — 2Im(2324)
04(z,2) = —2Tm(2223) + 2Im(2124).

Let v = (v1, v9, v3,v4) be a unit vector in R*. Then

0 vy — il/3 0 —UVy — il/4
. V1 + g 0 Vo + iy 0
(69) Ay = 0 Uy — iy 0 vy +ivs
—vg +ivy 0 v — V3 0

The characteristic polynomial (in \) is the quadratic polynomial (A2 — 1)? with
eigenvalues +1,+1, -1, —1.
From (@) with 2n =4 and m = 4, we obtain

N(z,t) = o /1/ . ” g
TR o duess T (Y e ]

We let ¢ = z/[t|*/? and s = $L (as before) to obtain

—-r

Nz t) = 446! / / (s2—1)dvds
5 s = jaras
’ 24(2m)8]t]7 vess (|q?s —iv)™
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Now we let z = v; and use [{8)) with m = 4 to write dv = v/1 — 22 dz dv’ where
dv' is surface measure on S? (the equator of S®). When v/ is integrated out, this
provides a factor of 47. We obtain

446!(4m) / / (s> = 1)V1 —22dxds
-1

24 2m)8¢|7 |q\25—z:l:)7

N(z,t) =
_ - - 1

- 27T6 (l2* + |t| )72 (2 + |f|1/2)14 T oz )

as indicated by Theorem 2.1

Example 13.4. This is the same example as Example [3.3] except with ¢ = 1
and K = {1}. The matrix A, from ([69) has associated eigensystem (with entries
written as pairs {v, \)} where v is a unit eigenvector with eigenvalue A is

-1
{i —U1 —iV3 1}
\/5 O ) )
120} —il/4
0 1 0
{L Vg + iy 1}{i —v1 — i3 _1}{L Vo + tva _1}
V2 1 ’ D) 0 ’ V2 -1 ’
v — 13 Vo — 14 v — 13
We have
-1 0 1 0
. 1 | =i —dvs vo+tivy —vp —ivs Vo +1iyy
U(y):(vl vy vk 04):% 10 3 2 ) 10 3 2_1
Vo —1ilVy V1 —1iV3 Vg —ily V1 — V3
where
» 1 -1 —11/3
Ul - \/5
vy — vy
v 1 | v +W4
'U2 - \/5
%1 —21/3
oY — 1 —1/1 — v
3 = \/5
1] —7,1/4
UZ _ 12 +ZV4
1 —ZI/3
so that
V) AU () = 12 0

0 —12
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where I5 is the 2 x 2 identity matrix.
Since |p%| =1 for all j and v € S,

Z;|<”’”M>j|2

24: LArY pp_ Lir
1—7r %5 1—

j=1

Next,

2n (12 (1=e] L)l || 1 r Le{1,2}
1;[ (1— 1) S (1=r)t | Le{3,4}’

Next, we compute

-1 -V — il/3 0 Vg — iV4 d21
1 0 Vo + il/4 1 vV — ng dZQ
ﬁ 1 -V — il/g 0 Vo — ’iV4 d23

0 Vo + 1y -1 v —ivg dzy

dZ(v,2) =UWw)T -dz =

Next, dZ(v,z) = U(v)T - dz, then multiplying both sides by U(v) where U(v)T
the transpose of U produces
UWw)-dZ(zv)=U@W)-Uw)" -dz=U) - U(v)*-dz = dz.

Also, det(U(v)xr.z) = U(v)iro. From (@) and (@) and the computations in this
example,

Nl(zat)
Ky, _ . _ N
= __ 5% [— dz; — (g +iv3)dza + (vo — 21/4)d24)}
2 veSs
y /1 r dv dr
o (=) (2P i 1) 7
Ky _ . _ . _
+ — [dzl — (v1 +ivs) dzo + (Vo — ivy) d24]
2 vess

y /1 re dv dr
reo (L= 1) (P — w07 v
where K44 = 2(2( )?g Reorganizing, we have
1+r
(70) Ni(z,t) [ / / - . dr du} dz;
vess (1%£ IZI2 -1)7
|:K44/ / V1+ZV3 1—'1“) . 1 deV:| dég
Jess A-r"  (ERP -

K44/ / V2—2V4 1—7“2) 1 _
drdv| dzs.
15 I e A L

We observe that with ¢ = z/|t|/2,
/1 1472 —a? + 6ialg|? + 25|g|*
o (1—-7)

r= 1675 P
(]G +da)T 2404|° (ia + 1g|*)°
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and

/1 1—r dr — ia + 6G|?
o (1—=r) (G2 +ia) " 60[g|*(ia + |g[*)°"

Let’s also observe the estimate in the special case that ¢t = (|¢[,0,...,0) and only
the dz; component (since K = {1}) and compute

1 —|—7“ 1
dr dv
/VES3/ 1J”|z|2 w-t)7

1 L A 1
T e /T:o ) (ap
7 1 —v? — 61| + 25/¢|*
- 2400g[°[¢[ /ueSS (1P = in)°
Integrating in spherical coordinates, we compute

I= ///2“ — cos a1—61005041‘q|2+25‘Q|4S sin oz dogdod
in? a; sin g dagdasda
240|t|4|z‘6 (|42 — i cos 1) 1 2 A03a02A 0]

dv.

™ —cos? oy — 6icos a|G|? + 25|q[* d
120|t|4|2‘6 sm a1 a0 .

(14)> — i cos )8
The last integral follows from the fact that cosa; and sin? oy are even functions.
If f(cosaq,sinaq) is the integrand, then

T

Z—I—% z—%>1

_Ff(cosoq,sinal)dalzj{z_lf( 5 o Edz.
If ) )
Z+; Z—; 1
g(z)*f( 2 % )zz
then

diz(—1 4 2%)%(=100]g|*2% + (1 + 22)% + 12i|4*(z + 2?))
(21G1*z —i(142%))°
has poles at z = i(—|4|? = 1/|q|* + 1). The pole at z = i(—|g|> + /|4|* + 1) occurs
inside the unit disk and is easily computed using Mathematica. In fact,
514|% (=2 + 5[¢|")
2(1+ |3

9(z) = —

Res(g,i(—q* + /q[* +1)) = —

In summary, the dz; component of Ny in (70) is

o bi(— 2—|—5|q\ )
"T2007 To(1 + [44)?
Similar calculations with ¢ = (|¢],0,0,0) show that the dzs component of N; in

@) is

(v1 +iv3)(1 —1r?) 1 2m2i  35|q)?
II _ 1+’I‘ 2 . d,rd 7 ~ 9
vess A=) (P —iv 1) 15[ 8(1+ [g])?

and the dz, component of Ny in ([7Q) is

(g —ivg)(1 —1?) 1
111 = drdv = 0.
/,,653/ T—rF  (Eep—w- Y

I =
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In summary, we have computed that

15 1 —2|t|? + 5|z|*
Ny (2, (|t ==
13 0.0.00) = 25 G o L2007+ =19

7|22t
(I + 121%)

This expression has norm =~ p(z,t)~!* as indicated by Theorem BTl

dzl “+1 dZQ .

Example 13.5. This is a modification of Example[I3.3] where the eigenvalues of A,
do not depend analytically on v. Let ®(z, z) = (¢1(2, 2), p2(2, 2), P3(2, 2), pa(z, 2))
where

(2’1 2) —+ 2 RG(Z324)

(22 3) — 2R€(2:124)

2Tm(z122) — 2Im(z324)

( 2R

( 2R
¢3(z,2) =
P4(z,2) = —2Tm(z223) + 2(1 + b) Im(21 24)

where b is a small real number. Let v = (v, v, v3,v4) be a unit vector in R*. Then,
it is easy to compute the complex Hessian of ®, = ®(z,z) - v:

0 v — i3 0 —lV2 = 7/(1 + b)y4
B ) v +ivs 0 Vg + iy 0
A, = Hessian®, = 0 Vo — iy 0 vy + ivs
—V2+i(1+b)y4 0 vy — i3 0

Note that when b = 0, then this is Example 3.3

The characteristic polynomial (in A) turns out to be a quadratic polynomial in
A? so the eigenvalues (though messy) can be computed as u} > 0, ps > 0, u§ <
0, py < 0 where:

Y= Ap pg =NAo pg =A==/ A

and where

Ay =vi+0v5+v5 + (1/2)(b* + 2b+ 2)v5

b2 1/2
== <%+ —|—u3) )

Note that when b =0, uf = 5 =1 and pf = pf = —1 as in Example [3.3] For
b nonzero, but small, these eigenvalues are not smooth at v, = 0 and vy, v3 # 0 due
to the presence of |vy|.
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