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RIESZ AND GREEN ENERGY ON PROJECTIVE SPACES
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AND TETIANA A. STEPANIUK

ABSTRACT. In this paper we study Riesz, Green and logarithmic energy on
two-point homogeneous spaces. More precisely we consider the real, the com-
plex, the quaternionic and the Cayley projective spaces. For each of these
spaces we provide upper estimates for the mentioned energies using determi-
nantal point processes. Moreover, we determine lower bounds for these energies
of the same order of magnitude.

1. INTRODUCTION

Motivated by classical potential theory (see, for instance [40]) discrete energies
of point sets on manifolds have been studied. More precisely, for a given symmetric
and lower semi-continuous kernel K : 2 x 2 — R on a metric space () the discrete
energy of a set wy = {x1,...,zn} C £ is given by

N
EK((UN) = Z K(,TZ,,TJ)
ij=1
i#]
In rather general settings the empirical measures associated to minimizing config-
urations of Fx(wy) for N — oo converge weakly to the minimizing measure of the
continuous energy

I () = / / K (z,y) du(z) duy)
QxQ

amongst all Borel probability measures. For more details and a comprehensive
introduction to the subject we refer to [16].

For a sufficiently repulsive potential, one expects the minimizing configurations
of the discrete energy to be well-distributed, in some sense. Perhaps the best-
known example of such potentials are the classical Riesz s-energies (s > 0) for
infinite compact sets Q C R?

1

Js(z,y) = .
lz —yll*
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It has been shown in [32] that, under rather general conditions, if s > dim(€2), then
the minimizers of E 7 are uniformly distributed. This uniformity of minimizers does
not hold in general for s < dim(£2). However, due to the highly symmetric structure
of the sphere S, one finds that for the Riesz potentials J, with 0 < s < d — 1
and the logarithmic potential

Jo(z,y) = —log([lx — yll),

which is obtained by a limiting process for s — 0, the continuous energies I,
and Iy, are uniquely minimized by the uniform measure on the sphere o, and the
minimizers of the discrete energies are uniformly distributed.

The minimal energy of N points for the kernel J; (s > 0) on a space {2,

E;.(Q,N)= min F
Js( ) ) wIJI\rHCnQ JS(WN)a

has been investigated especially for the sphere S?~1, see for instance [54.55]. For
0 < s < d—1 it satisfies

—C N 77 < &5 (ST N) — Iy (0)N? < —CyN' T a1,

where Cy and Cs are positive constants. The term I;_ (o) N 2 of highest order reflects
the fact that the empirical measures of the discrete minimizers weakly tend to o.
It is conjectured that a more precise asymptotic equation

Er.(8"71N) = 11, (0)N? = OCN'Fa1 4 o(N'+a51)

holds, where the precise value of the constant C' is believed to reflect the local struc-
ture of minimizing configuration. For more details we refer to [19] and [32]. The
conjectural values of the constant are related to zeta functions of certain lattices,
which relates the question to lattice energies on Euclidean spaces.

Motivated by these results, as well as certain other recent works mentioned below,
we extend these results known for spheres to the projective spaces FP?! over
scalar domains F (the real or complex numbers, the quaternions, or the octonions).
These spaces together with the spheres are the only compact connected two-point
homogeneous spaces (see [56]). On these projective spaces, we study the energies
given by the chordal Riesz s-kernels

1 1
Ky(z,y) = = — for s > 0,
@0) = ey~ @)

and chordal logarithmic kernel

Ko(z,y) = —log(p(x, y)) = —logsin(d(z,y)),

where p and ¥ are the chordal and geodesic metrics, respectively, discussed below.
The case of s < dim(€2) is the subject of classical potential theory (see, for instance
[40]), the corresponding kernels are called singular, whereas the kernels for s >
dim(Q) are called hypersingular. Each of the projective spaces can be embedded
in a sufficiently high dimensional unit sphere, in which case the chordal distance
becomes the Euclidean distance, making these energies the natural generalization
of the classical Riesz and logarithmic energies on the sphere, but without requiring
the embedding itself.

The study of Riesz energies on projective spaces, particularly CP?~!, has been a
subject of recent interest. In[Il[4l[5], the authors studied various potential theoretic
properties of the logarithmic energy on complex projective spaces. The expected
Riesz and logarithmic energies of zero sets of independent Gaussian polynomials on
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CP?! (and more generally on Kihler manifolds) was determined in [26], whereas
in [9], the authors computed the expected energies for certain determinantal point
processes to find asymptotic upper bounds on the Riesz and logarithmic energies.
More qualitative properties of the minimizers of the logarithmic and Riesz energies
on the real and complex projective spaces were studied in [22]. The authors found
that the minimizers of these energies are uniformly distributed, including the hy-
persingular case, and that these minimizers approximate tight frames (acting as
element on the real and complex spheres). Moreover, as s — 0o, the minimizers of
the Riesz energies approximate best packings on these spaces (i.e. frames with low
coherence). Both tight frames on real and complex spaces as well as best packings
on Grassmannians have applications to signal processing (see, e.g., [21L[38,[45]).

Another natural kernel to study on the projective spaces is the Green function,
G(z,y), associated to the Laplace-Beltrami operator. The Green function is a
smooth potential, intrinsic to any Riemannian manifold, that behaves similarly to
a Riesz energy at short ranges. On the sphere and projective spaces, it is in fact a
function of distance only, making computations much more feasible. The minimiza-
tion of Green energies on compact Riemannian manifolds was first studied in [7],
where it was shown that the continuous Green energy is uniquely minimized by the
uniform measure and that minimizers of the discrete Green energy are uniformly
distributed. The minimizers of the Green energy have more recently been shown to
be well-seperated in [25], and to have the optimal asymptotic quadratic Wasserstein
distance from the uniform measure in [51]. Upper bounds for the minimal discrete
Green energy on complex projective spaces were determined in [9] using determi-
nantal point processes different from the ones used in our paper. This upper bound
was of the optimal order, which was determined for general compact Riemannian
manifolds in [51].

1.1. Summary of paper and main results. In Sections[.2]and [[.3] we list some
necessary notation and properties of Jacobi polynomials, which we make extensive
use of in this paper.

In order to make this paper (mostly) self-contained and gather the required ma-
terial, in Section ] we cover the necessary background for harmonic analysis on
compact connected two-point homogeneous spaces, as well as some of its conse-
quences. In Section [2.5] we obtain explicit formulae for the Green functions on the
projective spaces. In Section [Z.6] we show that the Riesz and logarithmic kernels
are strictly positive definite, and obtain the following result:

Theorem 1.1. The continuous logarithmic energy Ik, , Green energy Ig, and Riesz
s-energies I, for 0 < s < dim(F]P’dfl), are uniquely minimized by the uniform
measure o.

Moreover, if {wn}3_, is a sequence of minimizers for the discrete energies Ex,,
E¢, or Ex_, for 0 < s < dim(FP?™1), then {wn}F_s is a sequence of uniformly
distributed point configurations.

We finish Section 2] by discussing the properties of the heat kernel we use to find
lower bounds on the minimal discrete Green energy.

In Section [, we define determinantal point processes given by rotation invariant
kernels on the projective spaces. The processes are defined by projections to spaces
of harmonic functions, thus they are called harmonic ensembles following [12].
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In Section @, we provide lower and upper asymptotic bounds on the minimal
discrete Riesz, logarithmic, and Green energies on the projective spaces, cumulating
in the following three results:

Theorem 1.2. Letd > 2. For each projective space FP?™* and 0 < s < dim(FP?~1)
there exist positive constants Cs, CL such that for N > 2

s _ s
—CO,N * ST, < ng (de I’N) — Ik, (O')N2 < _C’;N + ST, )

Theorem 1.3. Let d > 2. For each projective space FP?L, there exist positive
constants Co, C}y such that for N > 2

—CoNlog(N) < Ex, (FP'"!, N) — I, (o) N* < —CyN log(N).

Theorem 1.4. Let d > 2. For each projective space FP?L, there exist positive
constants Cq, Cf; such that for N > 2

2——2 d—1 ! N2 Tmed=T
—CeN™ dm@i=h) < E(FPY " N) < —Ci N~ dim@Ed=1)
unless FP4™1 = RP?, in which case
—CgNlog(N) < Eg(FP™! N) < —C% N log(N).

The order of the upper bounds for each of these results is proved in Section 1]
through jittered sampling using equal area partitions with some extra control on the
diameters. Such partitions exist on general Ahlfors regular metric measure spaces
by [30]. However, without a deeper understanding of the geometry of these spaces,
the method of jittered sampling does not give explicit values for the constants C’,
C}, and C; in the above theorems. In Section 2] we compute the expected Riesz,
logarithmic, and Green energies of the harmonic ensemble. This provides a more
concrete upper bound on the minimal energies, with an explicit constant for the
next-order term and the order of the error term, though only for certain values of
N (see (@A), @), E3F), and (@I)). In addition, we compute the expected Riesz
s-energy for s = dim FPY~! of this ensemble, resulting in an asymptotic upper
bound on the minimum of this hypersingular energy. In Section B3] we determine
the order of the lower bounds for the Riesz and logarithmic energies through linear
programming using the complete monotonicity of the corresponding kernels as a
function of chordal distance. Finally, in Section [4.4] we give lower bounds for the
Green energy, with explicit values of the next-order term. We achieve these lower
bounds again via linear programming, this time making use of lower bounds for the
Green function obtained from the positivity of the heat kernel.

We collect our explicit upper and lower bounds for the minimal discrete Green
energies on projective spaces, with the lower bounds holding for all NV and the upper
bound holding only for certain values of N, in Table[Il

For the complex projective spaces CP*! with d > 4, this upper bound is an
improvement upon the previously best known upper bound

£o(N) < —-4=1 ((dl )ﬁN*ﬁ

= 4d-2)\(d—1)!
for N = (d+2_1) [0, Theorem 1.3]. We note that in their paper, Beltrdan and Etayo
took the volume of the CP?~! to be %, so we have adjusted their result to match

our normalization (volume being 1). This upper bound was achieved through a de-
terminantal point process on the complex space C?~! with a kernel constructed
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TABLE 1. Lower and upper bounds for the minimal discrete Green
energy on projective spaces in terms of the number of points N.
The upper bound only holds for N = F842u(edt2)n (qefined in

(B4+2)nn!
2a).

Q lower bound upper bound
RP? —1Nlog(N)+ O(N) —1Nlog(N) + O(N)
2
RP* | =3 (m)5 N2°3 + O(Nlog(N)) | -2 (4)" N3 + O(N)
2 2
d—1 d—1 VT )T Ar2— 2o (d—1)2 VT a1
RP T 4(d-3) (P(d/2)> N7 T 8(d—2)(d—3) <1"(%)1"(%)>
+O(N?~77) xN2~T1 4 O(N?*"7°7)
_2
d—1 d—1 T A2— 52 (d—1) 1\ T o2
CcP ‘<d2>(é>)d1N e _m(u) N=E
+O(N2 ) +O(N2 2d 2)
1
d—1 d— 77 N2— 12 (d—1)° T
HP ~3(2d— 3)( sy) N —@d—3)@d=5) (F(Zd)l"l(Qd—l))
+O(N? 5d3) x N2~7=1  O(N2~3a=3)
OP* —3(%)° N2 O(N?~15) —3 ((11'1?(8!)) CNEE
+O(N?~1s)

from functions on this space, and then mapping this process to the complex pro-
jective space CP?! via the map z — (1,z), creating the projective ensemble. As
pointed out, our upper bound also comes from a determinantal point process, but
the kernel in this instance is built directly from functions on CP*~*. The rotational
invariance that results from this seems to lead to an improvement; however, it also
means that our bound holds for different values of N (N = % (‘”271)2).

Similarly, our estimates for the minimal Riesz and logarithmic energies on com-
plex projective spaces resulting from the harmonic ensemble (1) and ([£.1)) gen-
erally match or improve upon previously known results. A first instance of apply-
ing point processes to obtain estimates for the Riesz and logarithmic energies on
CP%! is [26]. There, Feng and Zelditch studied the expectation of these energies
for the zero set of d — 1 degree m Gaussian random polynomials. They obtain
the correct main term and the correct order of the second asymptotic term for
0 < s < min(4, D); nevertheless, their second order term becomes positive for s
close to 4.

More recently, Beltran and Etayo also applied their projective ensemble to find
estimates for the minimal Riesz and logarithmic energies on CP~!. For 0 < s <
2d —2 and N = (d+" 1) they obtained the upper bound [9, Theorem 3.3])

£ (V) < I ()N — (-0 (@d—1=3) oy e +o(N* 7).

e (N() 7
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Numerical evidence strongly suggests that the coefficient of the next-order term in
this bound and the one we obtain in Theorem equate at some unique value s =
Sq—1 in each dimension, with their bound winning for values below s;_1 and ours
being better for values above s4_1. These values s4_1 appear to be bounded from
above by some constant s*. Assuming such an s* exists, we believe s* ~ 6.0365,
which we obtain by solving

e_% I'(l+s%)

3 =1
I'(1+ %)

which results from letting d to tend to infinity in the ratio of the two coeflicients
and assuming them to be equal. In particular, our bound appears to represent an
improvement for all s exceeding a fixed value independent of dimension.

We also provide the expected logarithmic energy of our harmonic ensemble on
CP?! in Theorem E7] achieving the same next order term, —ﬁN log(N), as
achieved by the expected logarithmic energies in [, Corollary 3.4] and [26], Corollary
1]. The lower bound we determine in Theorem shows that this is indeed the
best possible coefficient for the second order term.

1.2. Notation. Throughout the paper we will use the following notations:

e The Pochhammer symbol

Iz +k)

@p=zx+1)---(x+k—-1)= T

e the digamma function

> ()

n=1

e the harmonic numbers

e where
v=-T'(1) = lim Hy — log(k)
k—o0

denotes the Fuler-Mascheroni constant.
e We will also make frequent use of the asymptotic relations

%—nxy<l+0<%>)asn—>oo

()= (o (D))o

e We will denote the set of finite Borel measures on a space € as B(Q2), the
set of Borel probability measures as P(€2), the set of finite signed Borel
measures as M (), and the set of finite signed Borel measures with total
mass zero, i.e. v € M(Q) satisfying v(Q) = 0, as Z(Q).

and
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1.3. Jacobi polynomials. The classical Jacobi polynomials will play a prominent
role in this paper. Thus we collect some basic facts about them. The Jacobi
polynomials pLP (t) are the orthogonal polynomials for the weight function (1 —
t)*(1+t)? on the interval [—1, 1]. Throughout the paper we will use the substitution
t = cos(21). The measure is then normalised and transformed to a measure on the
interval [0, 7] that we denote by

(1.1) dv( P () = sin(19)2°+ cos(9) P+ dv,

Ye,B
where
MNa+ 1)I'(B+1)

T8 = ol (a + B + 2)
The Jacobi polynomials can be given by Rodrigues’ formula (see [43], p. 213])

P’r(zaﬁ) (t) = (2_71173:1 = t)al(l — t)ﬁ jt_r; ((1 . t)n-i—a(l + t)n+’8) .

PlB) (1) = <n + a>

n

The value

and the relation

5 d) 2 e @FBH1 (at+Du(B+1),
/0 (Pn (COS@W)) dv (ﬁ)_2n+a+ﬂ+1 nl(a+B+1),

will occur frequently throughout.
We will use the summation formula

n

2k +a+B4+1(a+ B+ Dk pp) @+ B+2)n sat1p)
2 Y =e T Gy, 0= g, Y0

at several occasions; this is a special case of a connection formula for Jacobi poly-
nomials with different parameters given in [3, Theorem 7.1.3].
Furthermore the orthogonality of the Jacobi polynomials allows expanding func-

tions F(cos(20)) € L2([0, 5, @) in terms of P\

k=0

13) F(t) = Y B P2 ),
n=0
where
(14)  F(n) = —"m [ F(cos(20)) PP (cos(29)) dv/@® (9)
(P,E""””(U)2 0/

and
2nta+B+1(at B4 1),(a+1),

a+p+1 nl(B+1),
The convergence of the series (L3) is a priori in the L%-sense. In the case that
F' is continuous on [—1, 1] and all the coefficients F'(n) are non-negative, Mercer’s

theorem (see, for instance [27]) ensures absolute and uniform convergence. This
will be the content of Lemma 2.16]

n
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2. HARMONIC ANALYSIS ON TWO-POINT HOMOGENEOUS SPACES

2.1. Classification of two-point homogeneous spaces. We call a connected
Riemannian manifold (£, p) homogeneous if there is a Lie group G acting transi-
tively on Q. This implies that © is homeomorphic to the quotient space G/G,,
where G, := {g € G : ga = a} is the stabilizer of a point a € Q. The choice of
a €  does not matter in this instance, as all stabilizers are conjugate by transi-
tivity. Let 9, be the metric induced by the metric tensor p. The metric induces a
volume form, which we normalize to obtain the normalized surface measure o. If
G acts by isometries this equals the measure induced by the Haar-measure on G.

If G is the isometry group of the homogeneous space €2, we call Q two-point
homogeneous if for all z1,x2,y1,y2 € Q with ¥,(x1,22) = Yp(y1,y2), there is an
isometry g € G such that gz; = y;, i = 1,2. All two-point homogeneous Riemannian
manifolds have been classified (see [36, Chapter 1.4]). The noncompact spaces are
the Euclidean spaces R%, the real, complex, and quaternionic hyperbolic spaces, and
the hyperbolic analogue of the Cayley plane [53]. The only compact connected two-
point homogeneous Riemannian manifolds are the real unit spheres S%~1, the real
projective spaces ]RIP’d_l, the complex projective spaces (CIP’d_l, the quaternionic
projective spaces HP™!, and the Cayley projective plane OP? (see [56]), with the
quotient representations given in [57, pp. 28-29]

S?1 2= 80(d)/SO(d — 1)
Rp4! = O(d)/(O(d 1) % 0(1)),
Cpi-l o U(d)/(U(d 1) U(1)),

HP'~! = $p(d)/ (Sp(d — 1) x Sp(1)),
OP? = F,/Spin(9).

When talking about the projective spaces in general we denote the scalar domain
by F.
Note that it suffices to consider FP?~! for d > 2 only, as FP! is isomorphic to
the sphere S1™#(F) (see [6], p. 170]), so those will not be considered in what follows.
For each two-point homogeneous space with underlying scalar domain F, we
associate parameters

(2~1) OzZ(d—l)diLR(]F)_l’ B= {av fOI‘Q:Sdil;

2 dimTR(F)—l, for Q = FP¢—1.

The dependence of o and § on the space and its dimension will be clarified in
Section Furthermore, we denote D = dim(§2) = 2« + 2 the dimension of the
space {2 as a real manifold.

From now on, ) always refers to a two-point homogeneous space, equipped
with metric tensor p and corresponding G-invariant probability measure o, i.e.
the normalized uniform surface measure. We let 9 denote the geodesic distance,
normalized to take values in [0, 7-], where xk = % or k = 1, if € is a sphere or
projective space, respectively. We can also define a chordal metric p on each of

these spaces by

(2.2) p(x,y) = sin(kd(x,y)) = \/1 — 608(2;19(96’11/)), x,y € Q.
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Note that on the sphere, this is the Euclidean distance %Hx — y|| in ambient space,
and on the complex projective space this is also known as the Fubini-Study metric.
_Each projective space FP?~! can be canonically embedded into the unit sphere
S 1 where d = d(o + 2) = @dimﬂg(lﬁ‘) + d, so that the chordal metric is
equivalent to the Euclidean metric on this embedding, which we will now show.
Let H(FF?) be the set of all Hermitian d x d matrices with entries in F. We see
that H(F?) is a linear space over R of dimension dN, equipped with the symmetric

real-valued inner product

d
(A,B) = %tr(Aﬁ + BAT) = Re(tr(ABT)) =Re > a; ;bi;

i,j=1
and norm
d 1
(2.3) | Allgqeey = (b (AAT)E = (3 Jai )"
i,j=1

For F # Q, the orthogonal projector II, € H(F%) (z € F?, |z|| = 1) onto a
one-dimensional subspace zIF can be given by the matrix II, = (2,%;)1<i,j<d, With
x = (x1,...,24). Thus, the projective space can be written as

(2.4) FP4! = {IT € H(F?) : 12 = II, Tr(IT) = 1}.
The group of isometries U(d, F) acts on these projectors by g(II) = gllg~!.

For the Cayley plane, a similar model (as well as a detailed discussion) is given
in [6L28]. In this model, one defines the Cayley plane by

(2.5) OP? = {IT € H(Q?) : TI* =TI, Tr(1I) = 1}.
Each matrix can be written as I, = (z,7;)1<i j<3, for a vector x = (z1, T2, z3) € Q3
with [|2]|? = |z1|? + |22]? + |z3|> = 1 and (x122)25 = 21 (2273) [33, Lemma 14.90].
Equations (Z3), 24), and (Z35) show us that for any IT € FP*"!, as defined by
the above models,
L)%y = Tr(I1%) = Ta(ID) = 1,
so the projective spaces are submanifolds in the unit sphere

FP' C {11 € H(F?) : ||1[|3 ey = 1} C H(FY) = R™

This provides an embedding A of FP?~! into the sphere S9-1. The chordal metric
p(I1, I1y), for Iy, 115 € FP?!, is then defined as the Euclidean distance in the
embedding

1
p(Il, ) = /1 — (I3, ) = ﬁ”ﬂl — |3 (ra)

~ 5 llA(m) - AL,

2.2. The Laplace operator and its eigenfunctions. Let Ag be the Laplace-
Beltrami operator on €2 induced by the Riemannian metric p, and let 0 = Ay <
A1 < -+ be the eigenvalues of A and for each k € N let Vi, := V(Aq, \x) be the
corresponding eigenspace and my = dim(V}) be the multiplicity of A\;. Notice that
we follow the convention of geometry choosing the sign of the operator so that the
eigenvalues are non-negative.
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We then have the following version of the Spectral Theorem [24, Chapter 3,
Theorem 1.3, and Remark 1.2]

Theorem 2.1. The eigenvalues of Aq can be arranged in increasing order 0 =
Ao < A1 < -+, where limy_,oo A\p = 00, each eigenspace Vi has finite dimension,
and

L*(Q,0) = P Vi
k=0

For any Riemannian manifold M, we can use geodesic polar coordinates
(7,91, .., Yaime(a)—1) to parametrize a sufficiently small neighborhood U of any
point a, giving U a positive orientation and having a radial component r(z) which
is the distance of € M from a, as described in [I3] Chapter 2|, [48, Chapter 2.4],
and [34, Chapters IX.5, X.4, and X.7.4].

In particular, on a two-point homogeneous space (2, such a polar coordinate
parameterization can be defined on €, := 2\ Sq(a, 5-), where Sq(a,r) = {z € Q:
Y(a,z) = r} for r € [0, 5-] [34, Chapters IX.5, X.4, and X.7.4]. This allows us to
separate A\q into a radial and angular component on this set.

Theorem 2.2 ([34, Chapter X.7.4, Lemma 7.12]). If f € C*°(Q) and a € 2, then
on Qg the Laplace operator can be expressed in terms of geodesic polar coordinates

by
10 of
Nqf = AW or (A(T)E> +Ayf,

where Ny is the Laplace operator on Sq(a,r), and A(r) denotes the surface measure

of Sa(a,r).

For each r € [0, 5-], Sq(a,r) is a submanifold of Q with Riemannian structure

induced by that of 2. In this case we have for 0 < r < J- (see [35, Proposition 5.6
and p. 171])

(2.6) A(r) = er 2 Lsin? L (k1) cos®P T (kr),

where ¢ is a constant depending on the structure of 2, and the values o and 3 are
given by (ZI). Recall that for the spaces FP*~! we choose x = 1, whereas for S~
we set K = %

For functions f only depending on r the Laplace operator then becomes

1 d d
N, = — — ( sin®** (k1) cos?? L (kr —) ,
sin?* ! (kr) cos28+1 (k1) dr ( (1er) ( )dr
which, making the substitution z = cos(2kr), becomes
4K? d d
v 2 (1= B+1 2
(1—2)(1+2)Pdz <( 2" (1+2) dz )’
see [29) pp. 177-178]. This is the Jacobi operator, for which the only eigenfunctions

A, = -

continuous on [—1,1] are the Jacobi polynomials P,ga’ﬂ )(z), with corresponding
eigenvalues A\, = 4r%k(k +a + B+ 1) (see [52, Theorem 4.2.2]). Summing up this
discussion we have shown

Theorem 2.3. Let §) be a two-point homogeneous space of diameter - and a € §.
Then the eigenfunctions of Nq on Q0 depending only on ¥(a,x) are given by

cP,ga’ﬁ) (cos(2k¥(x,a))) withceR
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and the corresponding eigenvalues are
e = 4k%k(k + o+ B+ 1)
with the values of v and 8 given by (ZT]).
The eigenvalues and the dimensions of their corresponding eigenspaces are given

in Table 2 (see [1420,31149]).

TABLE 2. The eigenvalues and dimensions of the eigenspaces of
the Laplace operator for two-point homogeneous spaces

Q « B >\k mkzdlm(Vk)
S0 |58 | Rhrd-g) | ZpL2(0)
RPN | 45| | o(ok 4 d - 2) | ()

CP |d—2 |0 |dk(k+d—1) | Zord=t(dik-2)?

d—1 2k+2d—1  (k+2d—2\ (k+2d—3
HIP 2d-311 4k(k+2d_ 1) (2d—J1r)(2d—2)( 2d—2 )( 2d—3 )

oP? 7 3 k(K + 11) 2{?2%)1 (k:+710) (k:47r7)

For all two-point homogeneous spaces, we have the general formula
o _ZktatBil(atft (ot
i a+B+1 k(B4 1)

2.3. Irreducibility of representations. Let {2 be a two-point homogeneous space,
with isometry group G and G, the stabilizer of some a € {2, meaning that  ~
G/G,. We then have an orthogonal representation of G in the pre-Hilbert space
C>(Q) given by g — (f(z) — f(g9x)). Let V be a finite-dimensional subspace
of C*°(Q), invariant under this representation, and let gy be the representation
induced in V.

Definition 2.4. A function f is called zonal with respect to a € Q if f(a) # 0, and
for all g € G, and z € Q, f(gz) = f(z). The zonal functions of V' form a vector
subspace of V| denoted by Z,(V).

Lemma 2.5. IfV # {0}, then Z,(V) # {0}. If dim(Z,(V)) = 1 for one (and thus
all) a € Q, qv is irreducible.

Proof. Consider the linear map ¢ : V' — R defined by
o(f) = f(a).

Since, by assumption, V' contains a non-zero function, G is transitive on 2, and
V is G-invariant there exists some f € V such that ¢(f) is not zero. Thus ker(¢) is
a subspace of V', which is invariant under G,. The orthogonal subspace (ker(¢))+
is also invariant under G,. Now, let f € (ker(¢))* and p be the Haar measure on
Gq. Define f*(x) = [, f(hx)du(h) for all z € Q. Then f* is in V, non-zero at a,
and is G4-invariant, mganing it is a zonal function, proving our first statement.
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Suppose that gy is reducible. Then, since it is an orthogonal representation, we
have a decomposition

V=VaeV"
where V’ and V' are both G-invariant and nontrivial. Then each of the two spaces
contains a nontrivial subspace of zonal functions, so dim(Z,(V)) > 2. (]

Proposition 2.6. For each k € Ny, let Vi, be the space of eigenfunctions of NAq
associated to the k-th eigenvalue Ak, and let gy, be the orthogonal representation of

G in V. The zonal functions of Vi, are exactly cPéa’ﬁ)(cos(Qnﬁ(:E,a))) forc e R,
and so q is irreducible.

Proof. By Lemma 23] Z,(V},) # {0}, and it suffices to show that dim(Z,(V})) <1
Let f be a zonal function. Then two-point homogeneity and Theorem [2.3] tell us

that f(x) = cP,ga’ﬁ) (cos(269(x,a))) for some ¢ € R. Thus the space Z,(Vy) is
one-dimensional, and the proposition is proved. O

As a consequence of Theorem 2.1l and Proposition we have

Proposition 2.7. Let H be a finite-dimensional G-invariant subspace of L*(Q, o).
Then there exist 0 < ki < --- < ky,, such that

H:Vk‘l 69...69‘/;{:”1/7
where Vi, is the eigenspace of Nq corresponding to the eigenvalue A .

2.4. The addition formula for eigenfunctions of the Laplace operator. For
each k € Ny, let Y, 1,..., Y% m, be real-valued functions that form an orthonormal
basis of V; under the inner product (Y, Z) = [, Y'( x) do(z).

Theorem 2.8 (Addition formula). For each k € Ny and =,y € Q,

m a,
(27) Z Yieon (2) Vi m () = P(Tﬁi()P( 2 (cos(2r0(x, ).
Proof. Let
Yk’l(l')
Yi(x) = ,
Yk,mk(x)

and note that 1% | Vi 1 (2) Vi (y) = Yi(2) Y (y). For any v € G, Yy 1(y2), ...,
Yj m, (72) is also an orthonormal basis of V4, thus there is a gi(y) € O(V%), so that
Yie(v2) Ya (vy) = (ax (1) Yi(2)) T (1) Ya (y)
= Yi(2) ax(v) ax ()Y (y) = Yi(2) Y (y).
In particular, this means that for all v € G, (y = vy),
Y (ya) TYa(y) = Ya(ye) "Yi(vy) = Yi(2) Va(y)
making Y3 (2)"Yx(y) a zonal function of z, thus it must be a multiple of

PP (cos(20(z, ))):
Yi(@)TYi(y) = e P (cos(260(z, ).
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Setting = = y and integrating yields
my
3 / Y (z)? do(z) = my = . PLP)(1),
m=1 Q

which gives (Z7]). O

We note that one can achieve such an addition formula without making use of
properties of the Laplace operator and its eigenfunctions, and rather making use of
representation theory (see [23, Chapter 9.2.1], [42 Section 3.2]).

Remark 2.9. From now on we only consider the projective spaces ]RIP’d_l, (C]P’d_l,
HPY~!, and OP?; the case of the sphere S9! has been treated in a very similar
manner in [I2]. Thus we set x = 1 for the remaining part of the paper.

As a corollary of the area formula (Z6]), we can see that the weighted measure
v(@8) given by () is related to integration on € in the following way: for any
a € Q, and F(cos(29)) € L*([0, 3], v*#),

us

(2.8) / F(cos(20(z, a))) do(z) = / F(cos(29)) dvP (9).
Q 0

2.5. The Green function. The Green function G of the Laplace-Beltrami oper-
ator is given by the integral operator solving the equation

Nog=f
by
o) = / G(x,9) () do(y)

with the additional condition [, g(x)do(x) = 0. In the case of two-point homoge-
neous spaces the bivariate function G(z,y) actually only depends on the distance
between z and y (see [7]). In fact, as we will show below, the Green functions on
the projective spaces have the following closed form expressions.

Proposition 2.10. The Green function for a projective space ) is given by

_ 1 (D=1 1
o) ATy (; G+ati—0 g 2ol

—¢(a+5+1)—1/1(Oé+ﬂ+2)—7+1/)(ﬁ+1)>

for a € Ny and

cos(¥(z,y)) ( Sy 1
Gla,y) 2a +1 (5 a ﬂ(x,y)) p 2—'p(x y)2tt
1 "_%1 (@+1-0; () 1
+40¢+2€_15<(o¢+%_ )e 0 )p(x’y)%
1 1

foraE%—i—NO.
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Proof. Using the addition formula (277) we obtain the formal expression

Z 2n+a++1 (a+B+1),
“dla+B+nnt+a+pf+1) (B+ 1)

P,ga’ﬁ) (cos(29(x,y))).

Indeed, thls series converges absolutely only for o < %, converges conditionally for

1 <a<? 5 and does not converge at all for o > % We will show that the series

converges m the sense of Abel’s summation method (see [58]) and we will compute
the limit.
22(1 + )
(1+2)?

We start with [3} p. 301, eq. (6.4.7)]
_lypn s 2t e pa)
Ga,p(cos(20)) = ; lim 2 Tn{mt ) (B + D PP (cos(29))2"

1
n ntl 2 n
:/ 1 RN & 4 cos(V)*z 1 1+2 iz,
(1+2)m B+1
0

(14 2)2 dnz
where the convergence of the integral shows the existence of the limit for | cos(d)| <
1. Here we have set n = a+ 8+ 1 for short, which we will use for this computation
in the sequel.
The coefficient of cos(9)?" for n > 1 is given by

(M)2n /1 z™ 1427
(B+1)an! Jo (1+2)2"F7 Anz

o0, (52), -

The integral is split into two parts; we first use the substitution z = % to obtain

1 ZTLJrT]*l oo tnfl
/ _ dz = / ——dt
o W 7 ), Wy
This shows that (see [43] p. 6])

oo atp+1l atpB+2

@+ B+ D papypym L 7
nz:% (B4 Dn B0 = (14 z)o+A+1 M| B+1 ’

and define

2,

where we have used

/1 2" 14 27 1/°° P d (n—1)

z = — z =
o (L+2)*H7 dnz dn Jo (14 2)2n+n An(n +n)n
For the constant term in the Taylor expansion we obtain

1

1 1427 1
C,=— 1— dz = —— 1 .

This can be obtained by splitting the integral in a similar way as above with some

slight modification to preserve convergence.
Putting everything together yields

ga’ﬁ (COS(219)) = m

(- (r+v(a+8+2)

+ Z (a + b+ 1 cos(ﬁ)%).
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The derivation up to now was valid for all «, 5 > —1. For the specific values of a
and (8 occurring in the context of projective spaces it turns out that the functions
Ga,p are indeed elementary. For an alternative derivation of the Green function on
the spaces FP?~! we refer to [7, Appendix A.1].

For a = k € Ny this is immediate from the observation that

(@a+B+1)n _ (m+B+1
n(B+1)n n(B+1)

which is a polynomial in n of degree k divided by n. More precisely, we have

k

(n+B+1r=>_ <Iz> (B4 Dk—e(n)e,

£=0

from which we derive

2 (a4 B+ 1), cos(d)*"

2 G+ D

(ﬂ“‘l)ké ‘ =1

k M- 1) 1 1
:; 6+k+1—€)g (02 %8 Gy

— (@l +E+1) —9(B+1).

For a € Ny this gives

1 - (¢-1) 1
Goplc0s(29)) = W(Zl( ) B+at1—0Oesm@F

—¢(04+5+1)—¢(04+5+2)—1/)(5+1)>-

+1lo #
8 sin(0)2

The case that a € % + Np only occurs in the case of real projective spaces, when

8= —%. In this case we consider the functions
Z ; —
n—1 (2)
= (k+2), Lk+2
Gr(z) =2(k+1))_ (34));5” =2(k + 1)2F1< 5 z);

these satisfy F}, = G. From [47, p. 463, eqns. 132, 133] we infer that

3

(2)1, arcsin(y/z k 1
Gr(z) = 2,!’6 S\/é\/_) (1-2) k+g + ZZ i (1—2)
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From this we compute

Z

k 1
2y/z arcsin(~/z 5)e
Fi() = 22 (WZ} (T
=0

k 3 1
kE+s—4 5
D oY (=3 ELI T W Y
£:1£ (k+1-120), o0 ) (1-=2)
which can be checked by differentiation. We get

k 1 1
G+~ (c0s(29)) 72(1{7 +1) cos(v) (2 19) Z (2¥sm(19)%+1
£=0
1 1 /k+32-0, () 1
Ty ;Z <(k+i-@)e ~ > Sin(0)20
1 1
2(k + 1)H’“ 4k +1)2

Putting everything together we derive the asymptotic main term of the Green
function

(2.9) Gos(cos(20)) = WTBED 1 +0<W>,

4I'(o + B + 2) sin(0)?
for a > 0 and
(2.10) Go,— 1 (cos(20)) = —log(sin(?)) + O (1),
for Q = RP?.
2.6. Minimizers of the Riesz, Green, and logarithmic energies. In this

section, we prove that the uniform measure on 2 induced by the Haar measure of
the group acting on 2 minimizes the Riesz, Green and logarithmic energies.

Theorem 2.11. The logarithmic energy Ik, , the Green energy Io, and the Riesz
s-energies I, for 0 < s < 2a+ 2, are uniquely minimized by the uniform measure
o, with

o+ B8+2)I(a+1-3)
(2.11) . (0) = F i T+ A 2= g)’
(212) Iy (0) = (ot B +2) — Yo +1),
and
(2.13) Ig(o) = 0.

Moreover, if {wn}_y is a sequence of minimizers for the discrete energies Ef,,
Ex., or Eqg, then the normalized counting measures

1 N
N:Njglézj

converge weakly to o.
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We note that this has already been proven for Green energies in [7, Theorem 1.1],
and the uniformity of minimizers for logarithmic and Riesz energies on RP?! and
CP?"! was proven in [22, Theorem 4.1].

In general, the minimal discrete and continuous energies of some kernel K are
related in the following way

Theorem 2.12 ([16, Theorem 4.2.2]). Let K be a lower semi-continuous kernel on
Q, and p be a minimizer of I. Then for all N € N\ {1},

Ex(N) < N(N = DIx(p),

and )
Ex (N
lim ——~*=1 .
Ngnoo N2 K (M)
If {fwn}F_, is a sequence of optimal K -energy configurations and v is a weak® limit
point of the normalized counting measures v, , then v is an equilibrium measure

OfIK

Thus, if the continuous energy is minimized by the uniform measure, we should
expect uniformly distributed discrete minimizers. That the uniform measure (uni-
quely) minimizes the energies follows from the strict positive definiteness of the
kernels, which we show below.

Definition 2.13. We call a kernel conditionally positive definite if for all v € Z(Q),
for which the energy is well defined, I'x(v) > 0. We call a kernel positive definite if
for all v € M(R) for which the energy is well defined, Ix(v) > 0. We call a kernel
strictly positive definite or conditionally strictly positive definite if it is positive
definite or conditionally positive definite, respectively, and Ik (v) = 0 only if v = 0.

Theorem 2.14 (see [16], Theorem 4.2.7]). If K is conditionally strictly positive
definite, then I has a unique minimizer in P(£2).

We note that the proofs for Theorems 212 and 2-T4] given in [I6] are for compact
subsets of R%, but they can be generalized to compact metric spaces by straight
forward adaptations of the arguments.

Corollary 2.15. If K is conditionally strictly positive definite and isometry in-
variant, then o is the unique minimizer of Ik .

Proof. Suppose that p minimizes Ix. Since K is isometry invariant, we have for
all g € G,

&maﬁmMWMW@

QxQ
— [[ Ko@) 90 dute) dutw)
QxQ
= I (94(1));
where g4 () is the pushforward measure of p under g. Since p must be unique, it
must be isometry invariant, giving us our claim. (Il

Lemma [2.T6] gives more information on the convergence of Jacobi series as in

3.
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Lemma 2.16. If F' € C([—1,1]) and K(z,y) = F(cos(29(x,y))) is conditionally
positive definite, then
Z F(n p(a B)

where the series converges absolutely and uniformly on [—1,1].

Proof. We first observe that K (x,y)+ C is positive definite for a large enough con-
stant C' by [I5, Theorem 2]. Thus we can assume without loss of generality that
K(z,y) is positive definite. The operator Tk : f — [, K(2,y)f(y) do(y) is then
compact and thus has finite dimensional eigenspaces. By the G-invariance of K
and o, these eigenspaces are also G-invariant. Thus by Proposition 2.7 the eigen-
functions of Tk are eigenfunctions of the Laplace operator and the corresponding
eigenvalues are positive. Then the claim follows from Mercer’s theorem (see, for
instance [27]). O

Theorem 2.17. If F € C([-1,1)), then K(z,y) = F(cos(29(z,y))) is
(1) conditionally positive definite if and only if ﬁ(n) >0 for alln € N,
(2) positive definite if and only if ﬁ(n) >0 for all n € Ny,
(3) conditionally strictly positive definite if and only if ﬁ(n) >0 for alln € N,
(4) strictly positive definite if and only if ﬁ(n) > 0 for all n € Ny.
Proof. The forward direction for each of these follows from [I5l Theorem 2 and
Section III], with a slight alteration for the strict case.
Part () then follows from [15, Lemma 2] and that uniform limits of positive
definite functions are positive definite.
Now, suppose that ﬁ(n) > 0 for all n € Ny. Then K is positive definite, so by
Lemma 216, the addition formula (271), and the density of {Y,; : n € Ng,k €
{1,...,dim(V;,)}} in C(9), we have for any u € M(2), not identically zero,

W= Fn) / PD) (cos(20(x, ) du(x) dpy)
n=0 axQ

oom,,"

_ZZ el //Y (y) dp(x) dp(y)

n=0 k=1 QAxQ
o0 Mp A 75)
P7
Flm)P 771 /Ynk du(x)) >0,

n=0k=1
proving (). Parts () and (B]) now follow from [I5, Theorem 2]. O
Theorem 2.18. For 0 < s < D, the Riesz kernel K is strictly positive definite.
Proof. For ¢ > 0 and s > 0, let

K. .(z.1) (54-%)_5 for s >0
5,e\ L, Y) =
e —3log (6 + 71_608(319(“’))) for s =0

and .
1*’5) : for s >0

—%1og(e—|—%) fors=0
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Note that for all z,y € Q, K .(x,y) is strictly decreasing in e, and
lime o K, o(z,y) = Ks(z,y). Now, suppose that u € M(€) (not identically zero)
such that Ir_(u) is well defined. There exists u*, u~ € B(2) such that u = p*—pu~,
and so, by the Monotone Convergence Theorem, we have

Ik, (p) = I, (1) —2//Ks(af,y)du+(:v)du‘(y) + 1k, (1)
QxQ

= lim | Ir, (u") —2//KS,€(w,y)du+(w)du‘(y) + Ik, (07)

e—0
QxQ

= lim [/ .
lim Ik, . (1)

We now show that Ig, ,(u) is positive and strictly decreasing as a function of ¢,
for all s > 0.

For ¢ > 0,
3 5 & i
(2.14) (=+ #) = (e+1) kzzo ( > (72(2111))
and
(2.15) “log (5+—) ——log (e +1) +i%( t;:Lll )k

k=1

with the series converging uniformly on [—1, 1].
The polynomials (¢ + 1)* can be expressed as linear combinations of Jacobi
polynomials; the coefficients are given by

My, /2 (1+ cos(219))kp7(la,6) (cos(20)) dv*B (9)

P (1)2 o
M (k) 28 (a4 1), (B + 1)
pygavﬁ)(l)2 n) (a4 B8+2)nt+k

Together with the series expansions (214) and (ZI5) this shows that F/’g\g(n) >0
for all s > 0,n € Ny, for € sufficiently small.

These coefficients are positive, meaning that K . is strictly positive definite, for
e sufficiently small, by Theorem 2T7l Since p # 0, we know (from the density of
span({Y, x : m € Ny, 1 < k < dim(V,,)}) in C(€2)) that for some m € Ny, we must
have

J[ Plecosteot, ) duto) duts) > 0.

QxQ

Since the coefficients Fs\s(n), for n € Ny, are strictly decreasing in ¢ and positive,
the positive definiteness of the Jacobi polynomials and Lemma 2.16] gives us, for
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0<s< D,
IKS (,U,) = lim IK&E (,u)
e—=0

— lim FSE // PO (cos(20(x, ))) dyu(z) dp(y)

E—)O
Qx0

> timy Foc(m) [ P9 (cos(20(2. 1)) due) duy)

QxQ
> 0.

This proves conditional strict positive definiteness. O

Theorem 2.19 (see [7, Proposition 3.14]). The Green function G(z,y) is condi-
tionally strictly positive definite.

Proof of Theorem 211l The first part of our claim follows from Theorems 218 and
and Corollary Equations (ZTI1)), I2), and (ZI3]) follow from direct
computation or our assumptions on G.

By Theorem [2Z12] any weak* limit point of {v,,, : N > 2} must be 0. We know,
by the Banach-Alaoglu Theorem, that P(2) is weak* compact. Thus the sequence
(Vwy ) has a limit point, which has to be ¢ by Theorem Thus the sequence
(vw, ) converges to o and the second part of our claim now follows. ]

2.7. The heat kernel. Using the theory of the heat kernel for a compact Rie-
mannian manifold (see, for example, [48]) we obtain a lower bound for the Green
function G(z,y) on each of the (compact) projective spaces.

The heat kernel on Q is the unique function Hy(z,y) := H(t,x,y) € C®(R* x
Q x Q) satisfying

(2.16) ANGH(t, x,y) + %H(t,x,y) =0
(217) Jim [ 25w dot) = fo)

for each f € C*°(Q2), where AI = Ag is the Laplace operator in the variable x.

Similar to the case of the Green function, the spectral theorem and the addition
formula (Z7) together imply that H:(z,y) has a series expansion in terms of the
Jacobi polynomials over L?(£2,0):

_ Z e—4n(n+a+ﬂ+l)t 2n + o+ B +1
(a+p+1)
(a+ B+ Dnla+1)n
nl(B+1),
Contrasting with the formal expansion for G(z,y), the series expansion of

H(z,y) is uniformly convergent in x,y € Q for all ¢t > 0.
Integrating (1 — Hy(x,y)) with respect to t, we arrive at the kernel

P{A) (cos(20(z, ).

Ze dn(n+a+pB+1)t n+a+f+1
(218) = dnn ot fel)

" (a+B+2)p1(a+1)

P (cos(20(a ),
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which we may use to provide an explicit lower bound on the Green function.

Lemma 2.20. For allt >0 and x # y we have
(2.19) G(z,y) > Gi(z,y) —t.

This approximation is originally due to Elkies, and Lang presents a proof in
M1, Lemma 5.2]. We shall also provide a proof, which uses the non-negativity of
the heat kernel.

Theorem 2.21. For all z,y € Q and t > 0,
Hi(z,y) > 0.
Non-negativity follows from the fact that % + A\, is a parabolic differential oper-

ator, thus satisfying a strong mazimum principle (see [46, Chapter 3, Theorem 3],
[T, page 152].)

Proof of Lemma 220 We observe that
Gilay) = [ Gla,2)Hilz,y) dor2)
Q

This function is defined for all (z,y) € Q2 for ¢t > 0 by the integrability of G(z,y).
Furthermore, for all = # y we have

0
AzGt(x,y) + a

t—0

by 2I6), 2I7), the integrability of G, and the continuity of G for x # y.
Then, by the defining property of GG, we have

Ath(xvy) = Ht(xay) - L
From this, and Theorem 2.21] we derive, for t; > tg > 0,
t1
(=)< [ (Hilew) = 1) dt = Gy (o) - Gy (o)

to

Taking the limit tg — 0 and using (217, we obtain ([219]). O

Gt(xay) =0

In Section [£.4] we use this result to obtain lower estimates for the Green energy
on each of the projective spaces.

3. ROTATION INVARIANT DETERMINANTAL POINT PROCESSES ON TWO-POINT
HOMOGENEOUS SPACES

We denote as 2" a (simple) random point process in the space 2. A point process
2 is a random measure taking integer values. The random variable 2 (F') is then
counting the number of points of the process in F', for all Borel sets FF C Q. A
process is called simple, if for any p € Q we have 2" ({p}) < 1, almost surely.

The joint intensities p(x1,...,xx) are functions defined in 2 such that for any
family of mutually disjoint subsets Fi,..., Fy C Q

E(Z (Fy)-- Z (Fy)] = /---/p(xl,...,mk)da(acl)-~- do(xy),
Fy XX Fy,

and we assume that p(z1,...,2,) =0, when z; = x; for i # j.
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Definition 3.1. A random point process (see, e.g., [39, Chapter 4]) is called de-
terminantal with kernel K :  x  — C if it is simple and the joint intensities with
respect to a background measure o are given by

p(.’[l, [N ,l’k) = det(IC(xi, xj))1§i7jgk,
for every k> 1 and x1,..., x5 € Q.

In [39], it is shown that a determinantal process samples exactly N points if and
only if it is associated to the projection of L?(€, o) to an N-dimensional subspace
H. Let ¢1,...,¢n be an orthornormal basis of H, then the projection kernel is
given by

=

~

Ku(z,y) =Y or(@)dry

k=1

By the Macchi-Soshnikov theorem (see, e.g., [39, Theorem 4.5.5]) the projection
kernel K defines a determinantal point process.

By Proposition 27l the only finite-dimensional G-invariant subspaces of L?({, o)
are finite orthogonal sums of eigenspaces of Ag. Thus it is natural to consider the
subspace

H=V& -0V

and the corresponding projection kernel given by

n

IC(O"B):Ey ZZY’“” Wim(y), z,y€Q.

k=0m=1

This defines a G-invariant determinantal point process.

Using the addition formula (2.7) and (I.2]) the kernel i) (x,y) can be written
in the form

n

]Cglaﬁ) (z,y) = Z LP;“’@ (cos(29(x,y))

(3.1) k=0 Plgaﬂ)(l)

Then, for these kernels we have that

N

(Kl 0, 0) = [ K 0,0) do(a) = K29(1)

(3.2) @

(@+B+2)n(@+2)n  T(B+1) n>t
ka B+ Dnunl  Tlatf+2)D(at2)

which by the Macchi—Soshnikov theorem is the number of points sampled by the
determinantal process associated to the kernel IC o) , almost surely. We shall call
these determinantal point processes harmonic ensembles.

Determinantal point processes are very convenient probabilistic models for the
study of energy expressions due to the following theorem (see e.g., [39, Equation

(1.2.2))).



RIESZ AND GREEN ENERGY ON PROJECTIVE SPACES 1061

Proposition 3.2. Let K(z,y) be a projection kernel with trace N in Q, and let
wy = {x1,...,2n} C Q be N random points generated by the corresponding de-
terminantal point process 2 . Then, for any measurable f : Q x Q — [0,00), we
have

Eay | Y flan, ;)

k#j

= [ (Kt - 1)) 10 dora) dot),

QxQ

4. BOUNDS FOR THE GREEN, RIESZ, AND LOGARITHMIC ENERGIES ON
PROJECTIVE SPACES

One often studies random configurations of points to find upper estimates for
the minimal energy. However, no local repulsion occurs between i.i.d. random
points, meaning that sampled points may concentrate near one another, and so the
expected discrete energy, N(N — 1)Ix(p), is too coarse of an estimate for a good
upper bound. One can prevent this clumping of sampled points by distributing one
point in each part of a partition of Q (i.e. jittered sampling). Alternatively, one can
also generate random point sets with local repulsion built in, using determinantal
point processes. Recently, determinantal point processes have been used to find
bounds on energies in various symmetric spaces (see, e.g. [2L8HI2L37,/44]).

Here, we use both jittered sampling and the determinantal point processes intro-
duced in Section Bl to compute the expectations of the discrete Riesz, Green, and
logarithmic energies under these models. These, of course, provide upper bounds
for the minimal energies. For the lower bounds of these energies, we use linear
programming. As in the case of the sphere, the next-order terms in the upper and
lower bounds obtained by these ideas have the same orders of magnitude in terms
of the number of points N.

We recall that D = (d — 1) dimg(F) is the dimension of the space FP¢~1. In this
section it is convenient to use this notation to make the statement of the results
transparent.

4.1. Upper bounds using jittered sampling. Since each projective space is a
connected Ahlfors regular metric measure space with finite measure, we may use
the following (formulated for our context):

Proposition 4.1 ([30, Theorem 2]). For each projective space §2, there exist positive
constants ¢; and co such that for all N sufficiently large, there is a partition of §)
imto N regions each of measure %, contained in a geodesic ball of radius clN_%,

and containing a geodesic ball of radius o\

Proposition 4.2. For the projective space 2 and 0 < s < D, there is some positive
constant cq s such that for N € N sufficiently large,

N2Ig (0) —cqN'tD for s >0

Ex,(N) < '
K (V) < {NQIKS (0) = ca,sNlog(N)  fors=0

Proof. Since sin(¥) < 9 < 2sin(?¥) for ¥ sufficiently small, Proposition 1] gives us
that there exists some positive constant cs such that for N sufficiently large, there
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is a partition of 2 into N regions, Dy, ..., Dy, each of measure % and contained

in a chordal ball of radius c3 N ~zarr
Letting do(x) := N1p,do(x), we have for 0 < s < D,

/ /ZK 2iy25) doy(z1) - - -don(2N)

i#]
=N2)" // Ko(2i,2) do(z;) do(z;)
#ID;xD;
(/nyda )do(y Z//nydaj )d@())
QxQ I=lp XD,
1 s
< N?I < N?I —~ N5,
K Zdlam K. (@) (2¢3)® 7
The logarithmic case works similarly. (Il

Using (2.9) and (2I0) we immediately have Corollary [4.3

Corollary 4.3. For the projective space ) there is some positive constant cq ¢
such that for N € N sufficiently large,

£a(N) < —cq.aNlog(N)  for Q = RP?
¢ - —CQ7GN27% for Q £ RP?’

4.2. Upper bounds using determinantal point processes. In this section
we study the expectation of Ex, and Eg under the harmonic ensemble given by
the projection kernel ([Bl). Taking this kernel restricts the number of points to
the subsequence N = % for n € Ny. For the Riesz and logarithmic

energies, this amounts to the computation of integrals of the form

KD (1)2 = K (cos(20(, y)))?
By [Pr.] :/ sin(V(z,y))*

do(x) do(y).
axQ
Using (Z8) this simplifies to
(“+5+2)2/g 1 ( (a+1,8)(1)2 _ pla+1,8) 2
n PLet18)(1)2 _ plotl, 20))2) P ().

T [ g (P - P eos20))) v )
We first observe that the integral can be written as

1 /% Pt ()2 — plthB) (cos(20))2

o.p sin ()2
Now the limit of the quotient exists for ¥ — 0, which shows that the integral
converges if 2a +3 — s > —1. This gives

sin(9) 22375 cos(9) 2P 1 do.

Theorem 4.4. The expected Riesz s-energy Ea [EK] s finite if and only if
s<D+2.

Furthermore, using a similar reasoning the integral

(4.1) /O% ﬁpflaﬂﬁ) (cos(20))? dyavﬁ(ﬁt)
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converges, if and only if s < D. In order to derive the asymptotic behaviour of
these integrals for n — oo we use the classical Hilb approximation for the Jacobi
polynomials (see [62, Theorem 8.21.12])

1 1
WP,SQH”B) (cos(209)) sin(9)*3 cos(9)P 13
(4.2) 1) (§a+3) for 0 <9 < €

=T (o +2)i =" 'V g1 (200 . : P

(Oé+ )’n +1(n)+{(’)(19§n_0‘_5) forﬁgﬁgg

where J,(2) denotes the Bessel function and 7 = n + 1(a + 8+ 1). The O-terms

are uniform in ¥ € [0, §] (we use a weaker formulation here than what is known).
For studying the asymptotic behaviour of ([fI]) we insert [€2]) and obtain

ER |
plat1,p) 29))2 dp @B
| s P cos(zo) 2 v 0)
1 (m+a+1)\ e [T 0 o
= F 2 @ -~ 2
7a,ﬁ< n ) (o +2)" /0 sin(ﬁ)8+2j"‘+1( )" dy

1 s
+0 <n20‘+2/” q92a+%*8d19+n*2/4 ﬁisdﬁ> ,
0 1

where we have used the estimates
Ozt forxz — 0
Jara(e) = {0
O(z~z) forz —

for the first and the second integral in the O-term, respectively. We also estimated
sin(9) trivially with . The error term then turns into O(n®~%).
Thus we are left with the asymptotic evaluation of the integral

1 9 N
o WJQ+1(27M9) dd.

We substitute 2n1 = 7 and split the integral to obtain

(2n)* (/Oﬁ T (1) dr + O (%)

= ] N
* /\/ﬁ (2ﬁ)s+2 Sin(T/Qﬁ)s-i-z Ja+1(7) dT),

here we have replaced sin(¢) with 9 and controlled the error in the range ¢ < 1/y/n.
The second integral can be estimated by O(n*%). For the first integral we use

[43, Section 3.8.5]

1 I'(s+ D' (a+1-3)

T I TS T (a4 2+ 3)

(4.3) / T_S_1Ja+1(7—)2 dr
0

with an error

/ T T (1) dr = O(n~ 7).
N
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For the remaining integral we estimate

/ C L Pl (cos(20))? dv B (9)

sin(¥)*
_ 3 (@+1.8) (cog 2 g,0+1,8 _ 1
0(/0 PO (cos(20))2 d (ﬁ)) o( )

Putting everything together, we obtain

T 1
/0 o P (cos(20)7 dv 4 (9)

in(d)* "
n+o 2 s
B ( +n+1) Ls+1DMa+1-35) . 9, s O(n
5 NEA 5 7 +0(n2).
Yo, 8 ( b) ) (a +2+ 2)
This gives
Eyy [Fx.] = K@ (1)°T(a + 8 +2)T (a +1- %)
(44) ( 1 _ F(S + 1)F(a + 2)2 ,ﬁs—Qa—Q)
Fla+pB+2-3) F(ng)zF(a+2+§)F(5+1)

+0 (n2a+2+551> .
Theorem 4.5. For 0 < s < D the expected value of the Riesz energy satisfies

Eay [Ex.] = Ik, (o)) (1)2

_ P(s+Dl'(a+1-3)I(8+1) s+D s+D—1
F(;+1)2F(a+2+g)r(a+1)r(a+5+2)n +0n )

In terms of the number of points N this gives

Ek,(N) < Egy [Ek,]

I (0)N? — s+l (a+1-35)(B+1)
(4.5) T (5 + 12 (a+2+ 5l (a+ D (a+ B +2)
T(a+8+2)T(a+2)

) ( T(6+1)

s—1

D).

2a+s+2
2a+2 s
) N' 5 + O(N'*

For the limiting case s = D, we observe that the implicit constant in the error
term in ({4) remains bounded for s — D. Thus we can take the limit s — D to
obtain

Theorem 4.6. The expected energy in the limiting case s = D satisfies

Ila+ B8+ 2)
rg+1)

+ (20 +3) — 2p(a+2) — (B +1)) + O,

Eoy [Ex,] = KB (1) (2 log(n)
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In terms of the number of points N this gives

Exo(N) < Egry [Ex,] = %
(4.6) x N2 (log(V) + Iog (r<a + ?(E(f 2+) B+ 2))

+2(a+1) ($20+3) - 20(a+2) — (B + 1)) + ON*~ ).

For the logarithmic energy we follow the same line of reasoning as above. We
first compute the integral

™

50 —1 s :1 « —U(«
7108 (g ) 4@ = e+ 542 = w(a+ 1),

which is done by computing

o 2
i =5 J,8
s /0 sin(9) ™ dv* (9)

s=0

Then we derive the asymptotic behaviour of

s

/05 log (sinl(ﬁ)) PP (cos(20))? dv™ P (1)

by using ([£2) again. This gives

/0 log (sinl(ﬂ)> PLt18) (cos(20))2 dv™P (0)

1 m+a+1
pya,,B n

T 1 W o
X/O IOg (8111(19)) WJQ+1(2TM9) dv

+0 <n2°‘+2 /n 10g(19)19’2°""g dd + n_2/4 log(ﬁ)ﬂ_% dﬂ) .
0

k]

2
) F(a+2)2ﬁ72a72

1

The error term becomes (’)(n_% log(n)). The remaining integral is then treated as
above, which gives

1 1 ¥ g
J, o (s ) s o0

Z/ log (2_n> Ja+1(7)2d_T +0 (logn)
0 T T n

1

1

S 4(a+1)2 2(a+ 1) (Y(a+1) +log(2) +1) +O (loin) |
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where we have used

*1 2 g, #
/0 e (07 dt = 527,
a0 = g e ) 12 +

which can be derived from [@3)).
The remaining integral

2 1
(a+1,8) 2 7 (a,B)
/;; log <sin(19)) P, (cos(29))” dv (9)

can be estimated by O(%) as above. Putting everything together, this shows:

Theorem 4.7. The expected value of the logarithmic energy satisfies
Eoy [Exo] = Ir, (o) K5 (1)?
MNa+2)I'(a+6+2) 2
+ 0P ogn).

In terms of the number of points this gives

Eko(N) < Egry [Ex,]

T(a+2)T(a+f+ 1))

=Ik,(0)N? - N <log(N) + log ( T(B+1)

(4.7) D

—(a+ D) (@p(a+1) +(a+ 2))) +O(N'" D log N).

Remark 4.8. A different approach to the asymptotic study of integrals of the form
(@1 was used in [B0] and [I8]. There the integral was rewritten as a sum using
connection formulas and the orthogonality relations. The generating functions of
these expressions can then be expressed in terms of hypergeometric functions; in

some special cases there is a closed form expression.

By 29) and (ZI0)), the Green energy is closely related to the Riesz energy with
exponent s = D—2 = 2« (or the logarithmic energy for D = 2); the main difference
between the Green energy and this Riesz energy is that the integral of the Green

function vanishes. Inserting ([2.9]) into Theorem we have

Theorem 4.9. If a > 0, the expected value of the Green energy under the harmonic

ensemble is given by
3 L(B+1)?

da(2a + DM a+ 1)2T(a+ 5 + 2)?
In terms of the number of points N this gives

Ec(N) <Eay [Ec]

(48 (a+1? (Ta+2l(a+B+2)\* , = s
_4a(2a—|—1)< T(B+1) ) NI+ O(NER).

Eay [Eg] = n?P=2 4 O(nzD*S).
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If Q = RP?, then
Ec(N) < Eay [Ec]
(4.9)

= —g <log(N) — 14 27> +O(NzlogN).

4.3. Lower bounds for Riesz energy. In this section we develop lower bounds
for the Riesz and logarithmic energies using a method which originates from [54]
for the case of the sphere. This method has then been refined in [I7] to provide
matching asymptotic orders for the upper and lower bounds; a general version,
again for the sphere, is given in [I6] Theorem 6.4.4].

We present a slightly simplified proof for the lower bounds. For this purpose we
need some lemmas.

Lemma 4.10. If K(z,y) = g(cos(2¢(z,y))) is continuous and positive definite,
then
Ex(N) > GO)N? — g(1)N,

We recall that a function f : I — R is called completely monotone on an interval
Tifforalln >0
Yue:(=1)"f™(u) > 0.

Lemma 4.11. Let f be completely monotone on [0,00), and g(1 — 2u) = f(u)
for w € [0,1]. Then the coefficients g(n) as given in ([L4) are all non-negative for
n > 0.

Taking u = sin(d(x,y))?, and using ([22), we see that g is a function of
t

cos(29(x,y)). Moreover g(t) is absolutely monotonic on [—1,1] (i.e. all deriva-
tives of g are non-negative). The proof is then essentially the same as the proof
of [16, Theorem 5.2.14], changing Gegenbauer polynomials and weights to Jacobi
polynomials and weights.

Let f be completely monotone on (0, 00). From Taylor’s formula with the integral
form of the remainder term we obtain, for u > 0,

" ok k p(k) (_1)n+1 ° n p(n+1)
f(u)_;:%k!( D+ 6) + 22 /0 ¢ fD (w4 ) dt.

This observation was the main ingredient in [I7]. All summands are positive and
finite for § > 0 and u € [0,00). Furthermore, all summands are positive definite,
taking u = sin(J(z,y))? by Lemma EIT and Theorem 217

We apply Lemma to the function

n k
Fuugu) = 32 5 (-1 9+ 6) < f(u) -
k=0 "

(_1)n+1
n!

6
/ D) (4 4 1) dit,
0

with the inequality being an equality for u > 0, to obtain

Brc,(wn) =N? </ Flsin(9)?) v (9)

n g 3
(4.10) B ﬂ/ tn/ f(n-i—l) (t + sin(0)2) dp(eh) (19) dt)
0 0

n!

— NF, 5(0).
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We now apply the above observations to the functions

u=/? for s >0
fs(u) = 1] —
—3 log(u) for s =0.

Then the derivatives are given by

fs(k) (u) = (_1)kcs7kfs+2k(u)a

with
1 for k=0
Cs.ke = (%)k fors >0 and k>0
1(k—1)! fors=0 andk > 0.

Then ([@I0) becomes
EK (wN )

us
2

)
« ﬁ) G n+ )
/fs sin (¢ dZ/ / / T T sin(9)2)3 P dt
0

- N <f8(5)+5§ Z%ﬁ) .

k=1

The inner integral then computes as

s

2
() g .
/ dl/ (13) — (1 +t)—'§—7L—1 2F1 B + 17 2 +n+ 1 1 '
(t + sin(¥9)2)2tntl a+pB+2 1+t

From standard transformations for hypergeometric functions (see [43, Section 2.4.1])
we obtain the asymptotic equivalent as ¢t — 0

B+1,5+n+1| 1
a+B+2 |1+t
Fla+B+2)I(5 +n—a) a—i-n
r+nrE+n+1)
valid for n > o — 5. Thus we choose n as the smallest integer with this property
and obtain as § — O

/5 t"i dv(B) (1) it Do+ B+2)T(5 +n—a)eti=3
0 t + sin(9)2)2+n+l TB+OIE+n+ Dia+1-35)

(1 +t>F(

Choosing § = N— &+ gives
Theorem 4.12. Let 0 < s < D, then there is a constant Cs p > 0 such that
EKS(WN) 2 IKS(O')NQ — CS,DN1+%'

For s =0 there is a constant Cy p > 0 such that

1
EM@W)ZLQ@MW-gEngN—ChDN
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4.4. Lower bounds for the Green energy. In this section we compute lower

estimates for Green energy on each of the projective spaces. For RP? the lower
bound follows immediately from the lower bound on the logarithmic energy.

Theorem 4.13. There exists some constant Cg > 0 such that the Green energy of
every point configuration wy on RP?, with N > 2, satisfies

1
Eg(wn) = —§N10g(N) — CeN.
Proof. This follows immediately from Theorem and the fact that
G(Ia y) = Ko(l',y) - IKO (0)

on RP?. O

For the other spaces, we employ a method developed in [41l, Chapter VI, § 5],
which makes use of Lemma 2.20]

Theorem 4.14. If a =1/2 (i.e. Q= RP?) | the Green energy of any collection of
distinct points {x1,...,xn} C Q is bounded below by

Eg(wy) > —%w%N2_2/3 + O(N log(N)).

For oo > 1/2 (i.e. all projective spaces except RP? and RP?3),

Eg(wn) > —

1+« rB+1)
4o \T(a+p+2

)) N2=H 4 O(N?* ).

In order to prove Theorem [£.14], we need the following two lemmas. The proof
of the lemmas are given after the proof of Theorem [£.14]

Lemma 4.15. For d,¢,d >0, and ast — 0

o0 541
2t) = 6+1
> (oot emereat = G L (SEL) 4 oo
k=1

Lemma 4.16. For d >0, Y32 (2k + d) ™" e 2Ck+D* — O(log(t)), as t — 0.

Proof of Theorem 14l For some ¢t > 0 and any collection of distinct points
{z1,...,2n} CQ,

we get

N N
> Glaj,x) + N(N = 1)2t > > Goy(wj, 25).
Jj#i i
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Moreover from (2Z.I8) it follows

N N (oo} 72)\kt me
ZGzt(iji) :ZZ ZYM ) Yi,o(;)
i j#i k=1 Ak =1

M 2 N

Forallt >0 and z,y € Q2

ad mg aﬁ COS X
(.9) ZT (cos(20,9))) .0

PP (1)
therefore Goi(z, x) is equal to
§§5m+a+6+1(a+ﬁ+mmﬂa+nhf%Wmﬁwm
= dk(k+a+5+1) (B4 1)ik!
__ Tap
(4 1)2

2k+a+pB+1 P(k+a+ﬂ+1)F(k+a+1)678k(,€+a+ﬂ+1)t
—k(k+ta+p+1) Fk+1)T(k+8+1) '

Taking into account that

2k+a+B8+1 Tk+a+B8+1)I(k+a+1)
k(k+a+p+1) Fk+1I(k+B+1)

a+pB+1\*! 1
— 9 arrT 1 -
(k + 9 ) + 0O A
we obtain for 0 < t < 1, Ga(z, ) equals
~ 8 OZ+B+1 2a0—1 1
ey —8k(k+a+p+1)t -
e () (10 (%))

B ,ya’ﬂ€2(a+6+1) t e—2(2ac+o¢+6+1)2t (1 Lo <1>)
2204711“(04 + 1)2 Pt (2]€ + CY+B + 1)1—211 k .
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Applying Lemma T3] for « > 1/2,0 = 2a—1,c =2 and d = a+ + 1, we
obtain

2(a+p+1)%t o (o
G (2, ) =§(a n 1)2221;? (2§+3f‘ +0<t‘““/2)) +O(t7)
L(a)7a,8 —a —at1/2
=fa et 1+ 0() (7o + oot/
L(8+1)

Y+ O(tmtL/2),

“al(a+ B+ 1)2280+2

r(p+1)
T(a+B+2)

and applying (32), we get

1+a rpg+1)
4o \T'(a+p+2

Applying Lemma [T6] for « = 1/2,6 = 0,c¢ =2 and d = o + 8 + 1, we obtain

g€ e—2(2z+a+5+1)% 1
Got(x,x) = Va’il . Z _ (1 +0 (E)) .

(2k +a+B+1)72

By choosing t = % ( ) **' N~ in order to obtain a maximal lower bound

Eg(wn) > —

1
a-+1
)) N2 & 4 O(N?~ 7).

Due to Lemma E.16]
[e%¢] 2 1
2 :672(2m+a+5+1) to (E) = O(log(t))

k=1
Furthermore, applying Lemma .15

3 em2RatakpiD Tt — 9=3/24=1/2 /4 O(1).
k=1
Hence, we obtain

Gor(,2) = =28 __93/24=1/2 /7 4 O(log(t)).

F( +1)2
By choosing ¢t = % ( Fofi;i)z ) N~a+ with a = 1/2 and g = —1/2, we get
3
Bg(wy) 2 —{nsN*72/% + O(Nlog(N).

Proof of Lemma [413l Since

N A
k=1 1

is lower bounded by 6_2(C+d)2t(c +d) — e9/? (%)6/2 and upper bounded by

6_6/2 (£)5/2

yrs , we obtain

(ck + d)5 e—2(ck+d)*t _ /OO (cx + d)5 e—2(caz+d)’t 7o + O(t—6/2)
k=1 !

= / (cx + d)5 e 2eatd) gy 4 O(t=9/2).
0
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In the last equation we used the fact that

1
0< / (cx + d)‘S e~ 2(cat+d)’t g < e 9/2 (
0

0

5/2
W)

Substituting y by (cz 4 d)v/2t lead to the following equation

S (k4 ) e-Hekrare

k=1

Lo
%) dv2t 5
/ e - dy — / yle Y dy —|—(9(t_5/2)
0 0

( P r(5+1>+0(t—6/2).

(26) 7 2dy + O(t~%/?)

Proof of Lemma 16l The following sum

2k +d)~"
k=1

is lower bounded by 0 and upper bounded by Flde_

Z 2k+d)71 672(2k+d)2t
k=1

Let y = (2x + d)V/2t, then

(2w+d) t

o0 6_2
—d
/1 (2x + d) v

o—202k+d)%t _ /OO (2z + d)71 e=2@z+d)’t gy,

1

2(2+4)°t Therefore, we obtain

:/ 2z +d) " e 2D gy 4 O(1).
1

/ @e_yz(Q\/ﬂ)_ldy
2+d)v2t Y

1 [ 1
—/ —efyzdy
2 Jerayva Y

~T(0, (24 d)?2t)

4

( —log((2 + d)?2t)

o0

-3

k=1

2+d ))

=
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