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BUBBLING AND EXTINCTION FOR SOME FAST DIFFUSION
EQUATIONS IN BOUNDED DOMAINS

TIANLING JIN AND JINGANG XIONG

ABSTRACT. We study a Sobolev critical fast diffusion equation in bounded
domains with the Brézis-Nirenberg effect. We obtain extinction profiles of its
positive solutions, and show that the convergence rates of the relative error in
regular norms are at least polynomial. Exponential decay rates are proved for
generic domains. Our proof makes use of its regularity estimates, a curvature
type evolution equation, as well as blow up analysis. Results for Sobolev
subcritical fast diffusion equations are also obtained.

1. INTRODUCTION

Let Q be a bounded domain in R™, n > 3, with smooth boundary 0€2. We con-
sider the Cauchy-Dirichlet problem for the fast diffusion equation with the Sobolev
critical exponent

%uz_tg =Au+bu in Q x (0,00),
(1) u=0 on 9N x (0, 00),

u(,0)=wuyp >0 in £,
where A = E?:l 8‘9—; is the Laplace operator, ug is not identically zero, and

(2) b € [0,\1) is a constant

with A\; being the first eigenvalue of —A in Q with zero Dirichlet boundary condi-
tion. Hence, the operator —A —b is coercive on the Sobolev space H} (). The fast
diffusion equations arise in the modelling of gas-kinetics, plasmas, thin liquid film
dynamics driven by Van der Waals forces, and etc. If b = 0, this Sobolev critical
equation () can be viewed a unnormalized Yamabe flow with metrics degenerate
on the boundary.

The theory of existence and uniqueness of solutions to (I is well understood, see
Vizquez [A142]. If ug € L9(2) for some g > 2% then the solution will become
instantaneously positive in 2 and globally bounded. Moreover, the solution will
vanish in a finite time T* > 0. If we assume that ug € H () N LY(Q) for some ¢ >
-2n_then it follows from the work of Chen-DiBenedetto [I5], DiBenedetto-Kwong-

n—27

Vespri [23] and Jin-Xiong [29] that the solution is of Ci’f (2x(0,T*)). In particular,
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the solutions are classical. Therefore, when we investigate the asymptotic behavior
of nonnegative solutions to () as ¢t approaching to the extinction time T, there is
no loss of generality to consider classical (up to the boundary) solutions to (II).

When 242 is replaced by p € (1, 2£2) if n > 3, or p € (1,00) if n = 1,2, which
is a Sobolev subcritical exponent, the extinction behavior of solutions to the fast
diffusion equation

0

3) au” =Au in Q x (0,00),
u=0 on 99 x (0,00)
has been well-studied. By the scaling

@) ozt = (m)ﬁu(ag,ﬂ, = %m (TT_T)

where T™* is the extinction time, the equation ([3)) becomes

(5) %UP = Av + P in Q % (0700)7
v=20 onaQX(O;OO)'

Berryman-Holland [5] proved that the solution of (B]) converges to a stationary
solution ve, in Hg (£2) along a sequence of times. Feireisl-Simondon [26] proved the
full convergence in the C°(2) topology. Bonforte-Grillo-Vazquez [8] proved that
the relative error v(+,t) /v converges to 1 in L>(). Recently, Bonforte-Figalli [7]
proved the sharp exponential convergence of the relative error for generic domains
Q, which means that the domains €2 satisfy

(6)

For every nonnegative Hj solution v of — Av —v? = 0 in ©, the linearized
operator at v, that is L, :== —A — pvP~ !, has a trivial kernel in Hg ().

See Akagi [I] for another proof. The set of smooth domains satisfying (@) has
generic properties, see Saut-Temam [35].

The main advantage of the subcritical regime is the upper bound of solutions «
to @) proved in DiBenedetto-Kwong-Vespri [23]

(7) w(z,t) < Cd(z)(T* — )77  for t < T*,

where d(z) = dist(z,08?). The estimate (7)) implies that the function v defined
by (@), which satisfies (@), is uniformly bounded as t — oo, and consequently, has
uniform regularity estimates up to the boundary 9 by the work of [I5,231[29].

However, this uniform bound in general does not hold for () if p = Z—i‘g For
instance, it is the case if ) is star-shaped, since there is no stationary solution of
@) due to the Pohozaev identity. In this paper, we will show that the uniform
boundedness still holds for the equation () assuming b > 0 and n > 4. The role
of the positivity of b when n > 4 was first discovered in the seminal paper Brézis-
Nirenberg [12], and is similar to the role that the non-vanishing Weyl tensor and the
positive mass theorem play in the resolution of the Yamabe problem on compact
manifolds by Aubin [2] and Schoen [36].

Under the scaling

(8) oa,t) = <4(;4+_27)> uwr), t=""2m (TT_T) ,
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the equation ([l) becomes

0 n n
Sy = Av+ by viee in © x (0, 00),

9) ot
v=0 on 9N x (0,00).

We will show that every solution of (@) converges to a stationary solution, that is
a solution of

(10) Av+by4viz =0 inQ, v=0 ondQ,

with at least polynomial rates. Moreover, the convergence rate will be exponential
if the domain € satisfies the following condition:

. . n+2 .
For every nonnegative H} solution v of — Av —bv —v»-2 =0 in Q,

n+2 _a
pn—2

(11) the linearized operator at v, that is L, :== —A — b —

has a trivial kernel in HJ(Q).

n—2 ’

The set of smooth domains satisfying (Il) also has generic properties, see Saut-
Temam [35].

Theorem 1.1. Let n >4, and b > 0 satisfy @)). Let u be a classical nonnegative
solution of () with extinction time T* > 0. Let v be defined by ). Then there is
a nonzero stationary solution v of (@), and two positive constants 0 and C such

that
-t
M—1 <Ct™? forallt>1.
Voo c2(Q)
If Q satisfies [T), then there exist two positive constants v and C such that
1
‘M—l < Ce " forallt > 1.
Voo 02(5)

All the constants 0,~ and C depend only on n, b, and ug.

When n = 3, it was shown in Brézis-Nirenberg [12] that the situation for the
stationary equation (I0)) changes drastically from dimensions n > 4. The positivity
of b is not sufficient to give a minimal energy solution of (I0). Druet [24] showed
that the necessary and sufficient condition is the positivity of the regular part of the
Green’s function of —A — b at a diagonal point. There should be similar changes
for the parabolic equation (@) as well.

When b = 0, Sire-Wei-Zheng [38] recently proved the existence of some initial
data such that the solution of (@) blows up at finitely many points with an explicit
blow up rate as t — oo, using the gluing method for parabolic equations in the spirit
of Cortazar-del Pino-Musso [I8] and D4vila-del Pino-Wei [20]. This generalizes
and provides rigorous proof of a result of Galaktionov-King [27] for the radially
symmetric case, where the solution blows up at one point. A class of type II ancient
solutions to the Yamabe flow, which are rotationally symmetric and converge to
a tower of spheres as t — —oo, was constructed by Daskalopoulos-del Pino-Sesum
[19]. Bubble tower solutions for the energy critical heat equation were constructed
in del Pino-Musso-Wei [21]. Tt is conjectured in Sire-Wei-Zheng [38] that bubble
tower solutions to (@) with b = 0 also exist. Nevertheless, if it is the global case (€
replaced by R™), then it has been proved by del Pino-Sdez [22] that the solution
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of (@) for b = 0 with fast decay initial data will converge to a nontrivial stationary
solution, which is in fact a standard bubble.

To prove Theorem [[LT] we will adapt the blow up analysis of Struwe [39], Bahri-
Coron [3], Schwetlick-Struwe [37] and Brendle [9]. See also Chen-Xu [16] and Mayer
[32] for similar analysis of scalar curvature flows. Here, we define a curvature type
quantity R, and derive its equation along the parabolic equation ([@)). Due to the lack
of information of R on the boundary 0f2, extra work is needed to obtain estimates
for R. Here the optimal boundary regularity proved in our previous paper [29] is
crucial. Part of the blow up analysis in this paper remains valid when b = 0 or
n = 3. The condition n > 4 and b > 0 is used in the final step (i.e., Corollaries
and I7)) to rule out bubbles, which is in the same spirit of Brézis-Nirenberg [12]
in obtaining compactness of minimizing sequences.

Our proof of the polynomial decay rates in Theorem [[LT] can be applied to prove
the polynomial rate of the convergence of the relative error for the Sobolev subcriti-
cal fast diffusion equation () in all smooth domains. We also provide an alternative
proof the exponential convergence result of Bonforte-Figalli [7] for © satisfying (6]).

Theorem 1.2. Suppose p € (1, Z—J_rz) ifn>3,andpe€ (1,00) if n=1,2. Let u be
a classical nonnegative solution of [Bl) with extinction time T* > 0. Let v be defined
by @). Then there is a stationary solution vs of ([Bl), and two positive constants 0

and C such that

v(,t)

Voo

-1 <Ct™% forallt>1.

@

If Q satisfies (@), then there exist two positive constants v and C such that

o)

Voo

< Ce " forallt > 1.
Cc2(Q)

All the constants 0,y and C depend only on n,p,Q and ug.

All the rates 6 and ~ in both Theorem [[.T] and Theorem are not explicit. As
mentioned earlier, the sharp exponential convergence rate of the relative error for
(@) under the condition (@) was obtained by Bonforte-Figalli [7] (see also Akagi [1]
for a different method). We do not pursuit the sharpness of v in this paper.

We know from the work of Carlotto-Chodosh-Rubinstein [I4] that there exists
a Yamabe flow on S'(1/v/n —2) x S"71(1) such that it converges exactly at a
polynomial rate. Recently, Choi-McCann-Seis [I7] proved that for the solutions of
the fast diffusion equation (H), the relative error either decays exponentially with
the sharp rate or else decays algebraically at a rate 1/t or slower.

This paper is organized as follows. Sections 2HAl deal with the critical equation
[@). We first obtain certain integral bounds for solutions of this critical equation
in Section 2l Sections [Blis for the possible concentration phenomenon for its solu-
tions. In Section[d] we use blow up analysis to rule out such possible concentration
phenomenon. Section[lis devoted to the proof of the uniform boundedness and con-
vergence results in Theorem [Tl In Section [6] we consider the subcritical equation
) and prove Theorem
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2. INTEGRAL BOUNDS

For an open set 2, let Hg(£2) be the closure of C°(€) under the norm

1/2
ol = ( / |w|2dx> .

For convenience, we define

(12) fulli= (49 - 02 dx)m

and
(13) (u,v) = /Q(VUVU — buv) dz

be the associated inner product. Since

b
<1 - —> |Vu? dz < /(|Vu|2 — bu?)dw
A/ Ja Q

and we assumed b < A1, by the Sobolev inequality, there exists a constant K; > 0
such that

1/2
(14) el 2, g < K"l for amy u € H ().

Recall that from [29], we know that the solution u(z,t) of () is smooth in
t € (0,T*) for every z € Q, and dlu(-,t) € Cc (Q) for alll > 0 and all t € (0,T*).

Lemma 2.1. Let u be a solution of (), and T* be the extinction time of u. Then
for every 0 <t < T,
1

—(T* —t)% g/ w(z,t)n2de < C(T* — 1),
C 0

where C is a positive constant depending only on n,b,Q and ug.
Proof. If b = 0, the lemma was proved by [5] (noting that by our regularity result
in [29], the regularity assumptions in [5] are satisfied, and thus the calculations in

[4] are justified). The same proof applies if b € (0, A1) by using ([I4]). We sketch it
in the below for reader’s convenience.

Let )
2n o\ [[u(- )]
- = nd §(t) = — B OIT
f0 = ([otwn@ar) wa s -] e
Then q A A
ag(t) = _n——|—2$(t> < _n—+2Kb_1’

where we used (I4) in the last inequality. Then the first inequality of this lemma
follows by integrating the above inequality from ¢ to 7.
Making use of the equation (Il) and the same arguments in [5], we have

d 9 d

_ . < — <

(.07 <0 and Ss()<0
Hence, both |lu(-,?)|| and S(¢) are non-increasing in ¢. Since

2
u(e, )7 do =~ |lu(- D%,

dt
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then by integrating the above inequality from ¢ to T and using the monotonicity
of Ju(-,t)|| and S(t), we have

n 2
/ u(x,t)ff2 dz < n
Q n

This leads to the second inequality of this lemma. (I

2n
T — ¢ 1
n+2( )S(0)[[u(- )HLH{Q(Q)

5 (T = )lluC 1) <

Let v be as in (8). By Lemma [ZT], we have
1 n
(15) — < / v(:zc,t)nzT2 de < C
¢~ Ja
for all t > 0, where C'is a positive constant depending only on n, b, 2 and ug. Define

(16) Flo(t)) = /Q (IVela. 0 — oz 2 = "

It follows that F'(v(t)) is bounded from below for all £ > 0. By the equation of v
and integrating by parts,

d n
(17) L F((t) = —2/(Av+bv+v%§)aﬂ dz = —
Q
Hence, F'(v(t)) is non-increasing in ¢. Together with (I5), we have [[v(-,t)| () is
uniformly bounded. Moreover, there exists some constant Fi, such that

- v(ac,t)%) dz.

2(n+2)
n—2

/ v$|8tv\2dx <0.
Q

(18) Jim F(u(t)) = Foo.
Define
(19) R =v "2 (—Av—bv)
and
(20) M,(t) = / IR — 1|9+ 2 dz, ¢ > 1.
Q

In [29], we proved that R =1 — 22 % is C? up to the boundary 9. However, all
the estimates there for solutions of (@) are only locally uniform in ¢ € (0,00). We
shall prove some uniform estimates for all ¢ € [1,00) and M, (t) — 0 as t — co.

To do this, we will first use Moser’s iteration to obtain a uniform lower bound of
R as an intermediate step. So we need the following evolution equation of R and
integration by parts formula.

Lemma 2.2. Let g = vﬁgﬂat. Then

(i)
2n 2n 2n
(21) Opon—2 = g 2(R —1vn-2.
(i)
n

(22)  AR-1)="TIAR-1)+ (R (R ),

+ 2 n 4+ 2

where Ay is the Laplace-Beltrami operator of g.
(ili) For any f € H*(Q) and h € H* (),

(23) /hAgfdvolgz—/(ng,Vgh)gdvolg.
Q Q
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Proof. The equation (2I) follows immediately from (@) and ([I9). We also have
O = Zy(1 - R).

n+2
By the definition of R, we have
2 n n
QR—1)=" i 0™ 00 (A + by — v (A + B0

_ U—Z—fﬁ(l —R)(A +b)v — Zlgv_z_tg(A+b)(U(1 -R))

(A +b)(v(1 = R)).

n—2 _nt2
= — ]_ — T2
R-1DR -2

Let Ly = Ay — 4(’;—121)1%9 be the conformal Laplacian of g, where A is the Laplace-

Beltrami operator of the metric g and R, is the the scalar curvature of g. By the
conformal transformation law

Ly(v ') =v "3 Ap, Ve € CX(Q),

we have )
n— s e
ng = —Ly(l) = —v" "2 Av =R+ bv" =2
and

n—2
4(n—1)
=A4(1-R)-R(1-R).

=A,(1-R) - Ry(1—R)+bv 72(1-R)

Then, (22)) follows.
Finally,

/hAgfd’Uolg = / hv_%ai("}%v_ﬁaif)vn{nz dz
@ Q

= [ ho;(v?*0;f)dx = —/ v20; fO;h dx = — / (Vof,Vgh)gdvoly,
Q Q Q
where we used v = 0 on 912 in the third equality. O

We have the following Sobolev inequality regarding the metric g = vi2 Jflat:

Lemma 2.3. There holds

(/Q|f"_n2dUOZg) SKb/Q(|ng\§—|—’Rf2)dvolg
for any f € HY(Q), where Ky, is the constant in ([4).

Proof. Note that
V(f0)2 = IV + 2V + 20f Vv - VI,

/(f2|w|2 + 20V fVf)de = / (f3|Vo* + vVoV f?) dx
Q Q

:—/ vf?Avde

Q

:/(Rf%n% + b2 f?) da.
Q
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Hence,

/(\ng\3+7€f2)dvolg :/(v2|Vf\2+Rf2v%)dx:/(|V(fu)\2—b(f@)2)dx
Q Q Q

Therefore, the lemma follows from (I4]). O

For any tg > 0 and 7" > 0, let
VH(Q x (to,to +T)) = C%((to, to + T); L*(R)) N L?((to, to + T); H'(2)),
equipped with the norm

to+T
£ I3 oxtotosry =  SUP /f<x,t>2dvolg+ / / (Vg fl3+Rf?) dvolydt.
to<t<to+T JQ to Q

We have the following parabolic version of Sobolev inequality.

Lemma 2.4. For any f € V1(Q x (to,to +T)), we have

(// i

Proof. By Holder’s inequality and Lemma 23] we have

o= [ IsP1s
< (/Qf|f"2dfuolg)ny_lz(/Q|f|2dvolg)2

<Ko [ (9, f13+ RE) dvoly [ 177 dvol,)”
Q Q

Hence, by Young’s inequality

(L forsee)’ )

. n12 n+2
< K (/ (|ng\§ +Rf% dvolg) ( sup / f(z,t)? dvolg>
Q to<t<to+T JQ

< K7 N F I e cto,tor Ty -

n+2
) < Ky A1 oo+ -

a
= dvol,

Therefore, the proof is completed. |

With the Sobolev inequality in Lemma 24 we will apply Moser’s iterations to
the equation ([22)) to obtain a uniform lower bound of R.

Lemma 2.5. Fort > 1, we have
R—-1>-C,
where C' is a constant depending only on Q,n,b and vy.

Proof. Let T > 2, % < Ty < Ty <1, n(t) be a smooth cut-off function so that

n(t) =0 for all t < Tp, 0 < n(t) <1 fort e [Tz, T1], n(t) = 1 for all ¢ > Ty, and
') < w2 T . Denote ¢ = (1 — R)". By (22)), we have
n—2 4 4

01 -R) = T A (1= R) = — (1= R)* + ——(1-R).
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Let k > § —1 be a real number. Multiplying both sides of the inequality by n2pltk
and mtegrating by parts, we see that, for any 0 < s < T,

)(k+ 1)
2+k//928¢2+kdvol dt+((+2 k++2 // IV, 65 2 duol, dt

< 3+k,.2 o 2+k 2
< n—|—2/0/9¢ ndvolgdt+n+2/0/9¢ dvol,dt.

Note that using (21I]), we have

2+k/ / 20, > dvol ,dt
2+k/¢2+kn2dwl ’
2+k/ /¢2+k (277877+ —(1 - )772) dvol,dt
2+k/¢2+k¢n2 dvol ’

2+k 3+k, 2
2+k//(2¢ nowm + +2¢ )dvoldt

Note that the term n—_&(l — R)n? in the above comes from the derivative of the

volume form dvol, in ¢. Since k > % -1, L 2n o Furthermore,

) 24k n+2

/ Re*H? dvoly = — / (1=R)¢**** dvol,+ / 6> dvol, < / ¢* ' dvol,.
Q Q Q Q

It follows that

T
1765 121 e o1 < C(24+ ) / /Q G (P 4 9ymln) dvol,dt,

n+2

where C' > 0 depends only on n. Making use of Lemma 2.4 we have for all

v :=k+2> 242 that
TFD T
=) (L
< @7 dvol ,dt
</T1 / ) <T1 -1 ( T, Jo J
sup ¢ < C(n, Kp) / ¢n+2 dvol, dt) "+2,
1/2Ja

By the standard Moser’s iteration argument, we have
Qx[1,T]

2=
2=

where C(n, K3) > 0 depending only on n and K;. Thus,

1
sup ¢ < C(me)(/ $"*" dvol, dt) wh

Qx[1,7] 1/2

+C(n, K) / 6" dvol, dt) w2
1 Q

T
< Cn K)[R = umaeaijany + Con k) ([ [
1 Q

) n+2
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By Young’s inequality, we have

+2 n72 T +2
/ qb dvol dt) "< (sup @) (/ #* dvol, dt) "
Q 1

Qx[1,T]

<e sup ¢+C(e / /qb dvol, dt ,
Q

Qx[1,T]

for any small constant €. Therefore, by choosing a small e, we have

Nl

T
(24) sup ¢ < C(n, Kp) {”R — 1l zee(ax(1/2,1)) + (/ Mo dt)
1

Qx[1,T]
By (@) and the definition of R, we have
d 2(n —2
—F(v M

It follows that

(25) / Ma(t) dt < (’”2)( (0(0)) = Fau) < o0.

Moreover, it was proved in [29] that [|R — 1|z @x(1/2,1)) < C. Sending T'— oo in

©4)), we have
sup (1-R)T <C.
Qx[1,00)

Therefore, the proof is completed. O

Using this uniform lower bound of R, we can derive some useful differential
inequalities for M, defined in (20).
For ¢ > 1, using Lemma 2.2] we have
dM,
d¢

2
v 77,—”2 dz

0 o0
_1]9—2 il _ _ _1)4
q|R 1] (R-1) o (R-1) dvol, /Q(R 1) BN

- qn - / IR — 1|7 3(R — 1)A,(R — 1) dvol,

4 n
R — 1]9dvol - = R —19(R —1)dwal,.
2 [ R= vl + (0= 5) [ R=11R — 1) dvol,

Using Lemma [Z5] we have for ¢ > 1 that

/Q|R—1|Q(R—1)dvolg—/ﬂR—1|q+1dvolg‘:2/Q|R—1|Q(R—1)_dvolg
<CM,.

Using Lemma [Z2] we have

A(

_ q—1) 4
/Q\R—uq 2(73—1)Ag(72—1)duozg:——2/Q|vg\7z—1|3|_§dvolggo.

Therefore, for ¢ < § we have,
dM, 4 (ﬁ
dt n+2\2

where C' > 0 is a constant depending on q.

(26) — q) My <CM, fort>1,
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For ¢ > %, we first obtain from Lemma 2.3] that
/ R — 1[92(R = DA, (R — 1) dvol,
Q

4(q — 1 q
:—M/ \V9|R—1|5|3dvolg
q Q

n=2  4(g—1
< —BM g —i—M R|IR — 1|?dwol
n—2 q2 Q g
n=2  4(qg—1 4(qg—1
< + D [ (R-piR - 11 avet, + X2 D,
Q

n—2

where 8 > 0 is a constant depending on Kj; and ¢. Then, we have

dM, n=2 4 n n—2)(g—1
I A D TR, P

de n n+2

By the interpolation inequality and Young’s inequality we have

n—2 2(qt1)—mn n—2 2(qt1)—mn

g+1 < ManMq S eMpy T Cle)My T

By choosing a small €, we obtain

d n
(27) S My(t) + BM (1) < C(Mq(t) +Mq(t)1+z%n) for t > 1
for ¢ > %, where 3 and C are positive constants depending on g.
The differential inequalities (28] and (Z7]) will be used recursively to prove the

decay of M, for all ¢ > 1.

Proposition 2.6. For every 1 < g < oo, we have
tll)r?élo M,(t)=0.

Proof. By Hoélder’s inequality and (IH), we only need to consider ¢ > 2.

The idea of the proof will go recursively as follows. Note that if the right hand
sides of (26) and ([27)) are integrable in [1,00), then by integrating both sides, and
noticing that ni” (%
and thus can be dropped, we will have M (t) — 0 as ¢ — oco. Integrating again
including these two nonnegative terms will in return show that they are integrable.

This iteration shows the integrability and the limit of M1 or M an. from M,. The

— q) Mg41 with ¢ < n/2 and BM an_ ()= are nonnegative

starting point of this iteration is ¢ = 2, because of (2H). This gives us a desired
sequence {q;} for which the proposition holds. The conclusion for all ¢ is then
followed by Holder’s inequality and (I5)). The details of the proof are given in the
below.

Let us assume n > 4 first.

Case 1. 2<¢q < 3.
Since My € L'(0, ), we can pick t; — oo such that Ma(¢;) — 0 as j — co. By
[26) we have
d
&Mg(t) < CMs(t).

Integrating the above inequality we have

Mg(t)gMg(th—C/ Ma(s)ds fort > 1.
tj
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Hence, lim;_,oo Mo(t) = 0. If 2 < ¢ < 7, (26) we have
/ M;(t)dt < c(/ My (t) dt+M2(1)) < .
1 1

For any 2 < ¢ < min{3, 2}, we have M(t) < Ma(t)+Mjs(t). Hence, [~ M, (t)dt <
0o. We can repeat the argument for Mj to show that M, (t) — 0 ast — oo. If 3 <3
we can show that [ My < oo and My (t) — 0 as t — oo for all 3 < ¢ < min{4, %}
Repeating this argument in finite times, and using Holder’s inequality with (IH),
we then have M, € L*(1,00) and My(t) - 0 ast — oo forall 2 < ¢ < Z.

Case 2. ¢ > max{2, 5 }.
By (28] with ¢ = n/2, we have

(28) / M - dt < 00.

(n— 2)
Using (217) to have

Car, ) < oMy (1)

(Mq(t)% +Mq(t)%+ﬁ) for t > 1.

dt
Hence,
S n—2
H(M,(t)) < H(My(T)) +C/ My™ dt for 1 <T <t< o0
T
where
p 1
H(p):/ - ds.
0 s34 sntEn
Let )
n n
= = _ k=1.2..-.
q0 2(77,—2)7 gk _2Qk 1 )
Note that % + Zqo%n =1 and % 2q < 1 for all £k > 1. Hence, starting with

oo
[2]) that / My, (1%)71772 dt < oo, using similar arguments to those in Case [I, we
1

can recursively prove in the order of k = 0,1,2,--- that M, (t) = 0 as t — oo,
o

/ (qu (t)+M,, (1) 7= < 00, / Mg, ( 37 dt < 00, and Mg, (t) = Oas
1

t — 00. Hence, using Holder’s inequality with (IIEI), M,(t) — 0 for any ¢ > (n—22)

Finally, let us consider n = 3. By (1), we have

diMQ(t) < CMy(t)(1 + Ma(t)?).

Using (25), we can pick ¢; — oo such that My(¢;) — 0. Hence,
arctan Ms(t) < arctan Ms(t;) + C/ Mo (t) dt.
t;

It follows that lim; . arctan M3(t) = 0 and thus lim; ., M2(t) = 0. Hence,
/ Mg( )3 dt < oco. Since 6 > gg when n = 3, we can use the argument of

those in Case [2 to show that M, (¢t) — 0 for all ¢ > 6. By Holder inequality, we
conclude that M,(t) — 0 for all ¢ > 1. O
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Corollary 2.7. We have
A {[R = 1| poe () = 0.

Proof. Consider the equation of 1 — R as in the proof of Lemma

n—2 4
1-R)=2"2A,(1— (1 — = -
(1 -R) 2 g(1—R)+c(z, t)( R)+n—|—2( R),
where ¢(z,t) = —ﬁrz(l —R). This is a linear equation of 1 — R. We know from

the proof of Proposition that there exists a sufficiently large ¢ > 1 such that

/ M,(t)dt < oo.
1

This means that c(z,t) has very high integrability against dvol, in space-time.
Then we can apply the Moser’s iteration as in the proof of Lemma to obtain

1

o0 q

IR = L= @x(r,00)) < C ( M,(t) dt)

for all large T'. Hence, the corollary follows. (I

T-1

3. CONCENTRATION COMPACTNESS

The solution of (@) may blow up as ¢ — oo because of the critical exponent %
Nevertheless, we also know how the solutions may blow up.

Proposition 3.1. Let v be a solution of [@). For anyt, — oo, v = 00, v, =
v(+,t,) is a Palais-Smale sequence of the functional F given by ([06) in H}(Q).

Proof. We have already proved that v, is bounded in Hg(Q) and F(v,) — Fo as
v — 00. It remains to show the derivative of F' at v, tends to zero. Indeed, for any
¢ € H}(Q), we have

n+2

(dF(v,), @) = 2/ (—Av, —bv, — v, *)pdx
Q

nt2
= 2/ (R—1vy?pdx
Q

on 20 e
SZ( R — 1|»+2 vy 2 dx) ( [
Q Q

nt2
< C(M)M 2 (1) = |l 2 ()

n—2
2n 2n
n—2 d./lj

where we used Holder’s inequality and the Sobolev inequality. It follows from
Proposition 2.6] that dF'(v,) strongly converges to 0 in H~1(Q).
Therefore, the proof is completed. O

Proposition shows that the blow up points, if exist, will stay uniformly away
from the boundary 0f2.

Proposition 3.2. There exist two positive constants gy and C, depending on v(-, 1),
such that for all x € Q with d(x) := dist(z, ) < dg and t > 1,

v(z,t) < Cd(z).
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Proof. We are going to use the moving plane method as Han [28] did for the elliptic
case. By the Hopf Lemma, there exist pg > 0 and ag > 0 such that v(z — pe, 1) is
nondecreasing for 0 < p < pg, where z € 90, e € R" with |e| = 1, and (e, v(2)) > ap
with v(z) the unit out normal to 902 at z. If Q is strictly convex, using the moving
plane method we can conclude that v(z — pe,t) is nondecreasing for 0 < p < po,
and for all £ > 1. Therefore, we can find v > 0 and § > 0 such that for any fixed
t > 1, and any = € Q satisfying 0 < d(z) < 4, there exists a measurable set T,
with (i) meas(T'y) >, (ii) I'y C {z : d(2) > §/2}, and (iii) v(y,t) > v(z,t) for any
y € I'y. Actually, I';, can be taken to a piece of cone with vertex at x. It follows
that for any = € {z: 0 < d(z) < ¢}, we have

1
< —— ) dy <
v(z,t) < meas(TL) /sz(y, )dy <

where we used ([[3)) and Holder’s inequality. Namely, v(z,t) < C for (x,t) € {z :
0 < d(z) < 6} x[1,00). By the proof of Theorem 4.1 in [23], we have v(z,t) < Cd(x)
for (x,t) € {z:0 < d(z) < d} x [1,00).

For a general domain, one can first use a Kelvin transform near each boundary
point, and then apply the moving plane method. Pick any point P € 09 for
instance. Since we assume the boundary of the domain €2 is smooth, we may assume,
without loss of generality, that the unit ball B; contacts P from the exterior of
(i.e., By C Q¢ and P € 0By). Let w(x,t) be the Kelvin transform of v:

_ x
w(x,t) = |z|* v (W,t> .

¢
v

3

Then
n+2 n+4+2
Oywn=2 = Aw + blz| 2w +w»—=2 in Qp x (0,00)
w=0 ondp x (0,00),

where Qp is the image of  under the Kelvin transform. Since b > 0, bjz|~* is
nondecreasing along the — P direction. Applying the moving plane method we have
that w(-,t) is nondecreasing along the — P direction in a neighborhood (uniform in
t) of P. Since the L+ norm is invariant under the Kelvin transform, using the
above argument in the case of strictly convex domains, we conclude that w(-,t) is
bounded in a neighborhood of P independent of ¢ and so is v(-,t). It follows that
v(z,t) < Cd(z) for (z,t) € {z:0 < d(z) <} x [1,00) for some ¢ > 0.

Therefore, the proof is completed. O

For a € R™ and A € (0,00), let

n—2

(29) et = (Tme—an)

1+ A2z — al?

with ¢o = (n(n —2)) "7 . Then we have

_ _n+2
—Afm,\ = ;’;\2 in R"

and

__2n_ n
& =Y(8")z,
]Rn
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where S™ is the standard unit sphere in R**+1,

Jon IV + 22 a2 dvoly,

weHIE (o, Jul T voly,, ) T

2
n

Y(S") = @\S“

and |S”| is the area of S”. Define

(30) Ea)\(m) = Ea)\(l‘) - ha,)\(x);

where Ahg x(z) = 0 in Q and h, = &, \ on Q. By the maximum principle,
Eax > 01in © and hg \ > 0 in Q.

Proposition 3.3. Let v be a solution of @). For anyt, — oo, v — oo, after
passing to a subsequence if necessary, v, weakly converges to v, in HE(Q) and we
can find a nonnegative integer m and a sequence of m-tuplets (xzw,)\,’;)y)lgkgm,
(1:271,, o) € 2 x (0,00), with the following properities.

n+2
(1) The function v, € H}(Q) satisfies the equation —Avy — bus = v3%5 > in
Q.
(2) There hold, for all i # j,
T AL, — a5, e,
J,v @,V

and for all k, d(x}, ) > 00/2 with the constant 5o > 0 in Proposition [3.2]

Aewd(®y,) —= 00

as v — 0.
(3) We have
Vy — Voo — Zng)V,AZ‘U — 0
k=1
as v — 0.
(4) We have

2m

F(,) = F(us) + 22¥ (872 1 of1),
where o(1) = 0 as v — oo.

Proof. This proposition follows from Propositions B.Il and the compactness result
of Brézis-Coron [I0] and Struwe [39]. More precisely, the proposition except item 2
follows from Proposition 2.1 in Struwe [39]. By Proposition[8.2 d(z} ,) > do/2 with
the same 0p/2 > 0. Namely, the energy cannot concentrate at a fixed neighborhood
of the boundary. By Theorem 2 in Brézis-Coron [10] or Proposition 4 in Bahri-
Coron [3], we have, for all i # j,

* *
i,V 3,V * * * * (2
A" + A* + /\i,y>‘j,u|xi,u - Ij,u| — 00,
J,v 1,V
and for all £ and A} , = 0o as v — oo. This is item 2. O

A similar result for the harmonic map heat flow was proved by Qing-Tian [34].
The correction term h, x in ([B0) is small and can be controlled.
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Lemma 3.4. Let &, » and hq x be defined as in (B0). Suppose a € Q with d(a) >
6 >0 and X > 1. Then we have, for x € €,

n—2

|ha’)\($)| + |Vaha’)\($)| + A\V;ﬁa’)\(mﬂ < C(?’L,Q,(S))\_ 2,

A2 (z — n—2
Vafa,A(x) =(n-— 2)&;@% +0O\N 7)),
and
(n—2) 1—)\2|m—a|2 e
Viaban(z) = 3 +O(\"2),

28 M4 A2z — af?
where \O()\*";z )| < CA— T for some C' depending only on n,Q and §.

Proof. Since Ahg x(z) = 0in Q and h, \ = &, on 99, the estimate of h,_, follows
from the Poisson formula for the Laplace equation. Then,

Vafa,)\(x) - Vaga,)\(l') - Vaha,)\

~ A2 (z —a) n_2
= — 2 AT 5T 5 T2
(1= Do ogg 2 + OO F)
A(x —a) _n=2
= (n_2)§a’)‘—1+)\2|:1:—a|2 +O0(A ).
The estimate V&, x(x) can be obtained similarly. O

4. REFINED BLOW UP ANALYSIS

We continue from Proposition By the strong maximum principle, the non-
negative limit vy, either is positive in € or identically equals to zero. We will treat
these two cases separably in two subsections. We will adapt the refined blow up
analysis in Brendle [9] to the equation ().

4.1. The case v, = 0. First, we shall project v, to an m(n+2)-dimensional surface

in H} () generated by m-bubbles. For every v, let A, be the closed set of all m-
tuplets (zg, Ak, k) 1<k<m satisfying (zg, Ak, ax) € B (mzy) X [Ak—z”, 3A;”]x [%, g]

NF

kv
Choose an m-tuplet (zx,., Ak, Ok p)1<k<m € A, such that

m m
Uy — § :O‘kwfﬂck,u«\k,u Uy — E akéwkykk
k=1 k=1

By Proposition B3] Proposition and the definition of (zk,., Akw, Mk p)1<k<m,
we have, for all ¢ # j,

)\i v Aj v
39 vy
(32) Mo A

s

inf
(Th,Akrak)1<k<m €Ay

(31)

2
+ N Aju|Tin — 3507 — 00,

and for all k
(33) )\kvyd(l'kyl,) — 00
as v — o0o. In addition, d(zy ) > do/2 with same dy in Proposition B2 and

(34) Vy — Z akgmk,u)\k,v —0
k=1

as vV — 00.
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By the triangle inequality,

m m
E akgwk,lu/\k,u - E ngy,,;)\z
k=1 k=1

m m
- § aké-mk,uy)\k Uy — z :5902 LY
k=1 k=1

It follows that, for all 1 < k < m,
1 )\k:,u
New M

=o(1).

(35) |k, — 21 | = o(1) =1+40(1), ar,=1+0(1).

In particular, (zx,., Ak, Qkp)1<k<m IS an interior point of A,,.
In the sequel, we assume

(36) A1,u > )\271/ Ze 2 Am,lw
Let
(37) UI/ = Z ak,ugzk,,,,)\k,,,a Wy = Vy — UV'

Next, we shall estimate the orthogonal part w, of the above projection.

Lemma 4.1. We have for 1 <k <m,

n+2 7L+2
n—2
‘ Q gzk,vv)\k,uwy dx‘ + ‘ / gmk v

1= Nz — mp |2
Mo 1+ 2|2 — zp |2

wy, dm‘

’/£n+2 A2 (z — Thy) q ’< (1)(/‘ |2n2d )"212
w,dz| <o wy,|"—2 dz )
e us)\ku1+)\2|$_xky‘2 o

Proof. By the finite dimensional variational problem (3II) and (B3]), taking deriva-
tives in A,, we have

/ |:v(va,)\§xk‘y,)\k,y)ku - bva,)\gmkyu,)\k),,wu} dz =0
Q

and
/ |:V§Ik:,u7)\k,uvw1/ - ngk‘U7)\k,qu:| dz = 0,
Q
where Vo €z, n, = Vm,\{a,,\‘( N Nt Integrating by parts, using the
_ A A) =Tk, v Ak,v
equation of &, , Holder’s inequality and Lemma [3.4] the lemma follows. |

Note that the bubbles are non-degenerate, since we have the following well known
lemma (see (3.14) in Rey [33]).

Lemma 4.2. Let fa,)\ be defined in (29). Then there exists a constant ¢; > 0
depending only on n such that

(-e) [ VP22 [ G

for any ¢ € HL(R™) satisfying

4

&T (Va)\go,l)@ dz = 0.
R?L
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We have the following non-degeneracy estimates of the second variation of F for
Wy,

Lemma 4.3. For large v, we have

[ =00 (7w - iy

where ¢ > 0 is independent of v.

Proof. We assume w,, is not zero, otherwise there is nothing to prove. Define
w, = Hg—”” Suppose the lemma is not true. Then we can find a subsequence of

{w,} (still denoted by {w,}) satisfying

2
(38) lim 2 /Zfa&f,xkﬁiz 1.

V—}OO’]’L—

By (14),
(39) / 1B, |22 < K7 || = K.

By (B2) and (3d), we can find R, — oo, Rl,)\;i — 0 for all 1 <j <m, and

>\Z 14
(40) R, ()\ + @i, — 50]) = 00
for all 7 < j. Set
-1
Q= BRUA;}, (Ij,V) \ LJl B&,A;i (xw)

By B8) and ||w,|| = 1, we can find 1 < j < m such that
. e -2
VIEI;O o gmj,lly)\j,uwy >0

and

n+2
lim |V, |* — bd2) < lim * /5; 2wl
vV— 00 Qj . v—oo N — s 1/7
_n=2
Let @, (z) = A; ,* wu(z)0 + /\j_ix) Under this scaling, by using (@0), we know
that either BRVA;i(xij) will be disjoint with Uf;ll BRV)\; (x4,) or BRV)\; (i)
will shrink to a point for every 1 < ¢ < j — 1. By passing to a weak limit in

H} .(R™), and using the above two inequalities and Lemma ] we then obtain a

contradiction to Lemma
Therefore, Lemma [£.3] is proved. O

Corollary 4.4. For large v, we have

2
nt / = 3§(1—c)/(|wa|2—bw3)d:c,
Q Q

n—2

where ¢ > 0 is independent of v.



FAST DIFFUSION EQUATIONS IN BOUNDED DOMAINS 1305

Proof. 1t follows from Lemma [£3] Holder’s inequality, the Sobolev inequality (I4])

| o= foky,m

and the fact that

n
2

= o(1).

Now we can have an expansion of the Hamitonian F' defined in ([I6])

Proposition 4.5. When n > 4 and v is sufficiently large, we have

<ZF§MW,\“ +o(1 Z/fmmk +CY N
k=1

Proof. We shall need the following inequality

2n
n—2 m on X
>3 a4 S el e 3 (0 V ) T (0 M)

m
ag
> —
k=1 k=1 k<l k<l
am > 0, where ¢, ,, > 0 is a constant, and ay V a; = max(ag, a;)

for any aq,..., i
and ax A a; = min(ay,a;). This inequality can be proved using Lemma [A1] and

induction.
Using the inequality (&), we have

—_ 2n
[avo-w-"=2 [
Q n Q
_2 2n
/ ¢

2
) - Tk, w)\ku

< Z ai,u A\z(|vfmk:,usAk‘u ‘2 - bgmk,,,,)\k,l,
k k

23 o i [ (Vi Veayns =B,

(42)
i<j
IL+2 !L+2
/ 517 N ‘yé-xj,ux)\j,u:|
_4
— Cn,m Z/ gml viA LV fz] v, V) n=2 (gxi,uy)\i,u A fzj,u,)\j,u)2-
1<J
By the equation of &, , ,, and the definition of &, , », ,, we have
27L 2n
2 n—2 -z
v /Q(‘VEOCI\VJ\}@J bgmk vk, ,,) k v n o Tk, Nk,v
2 n

2n 2n

2 c 2 2n.n —2 T

< O‘k,v/ IV nunl” =g, —— / Ean i an, — Dok u/ SR
R™ n R™ ’

— n—2 —-2n 4 an
< [ Vel P [ - e, — DY)

2 2 2—n
- bo‘k,u/gﬁxk,u,xk,u +CAi

(43)
4 n n
< Pl = g (one = DY E)E +o(1) [ &, + 0N
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2n

where we used ay, =1+0(1), ai , — 2077 < 2 — 2 (ay, — 1)? and

_ _2n_ n
/n |V§wk,u,>\k,u|2 = an ;k_,f7>\k,1/ = Y(S")E

In addition,

n42 n+42

/ (Ve Ve =Moo ) —al? [0 €

_4 n+2

= Qi \/Q(_Afzi,luAi,u - bgmi,uvAi,l/ - av,nu2 Ty, )gmj vaAg,
n+2 71.+2
n—2
< C|Oél v 1‘ facz Y ,ugmj:’”)\j"/ +[2 ( 351,1/7)\1',u - xl VA i, )g:EJ viA J.v

<c|aw—1\/s" G OO+ X87)

z1 vy

(44)

n+2

2
<
“n-—-2

where C' > 0 is independent of v, and in the second inequality we used

nt2 n+2 _
n—2 n—2 n—2
A (gml‘y7>\7‘,,y 511 Ui i, )é-m] v\ j,v — C/ é‘z, s i, xz,u7)\i,y gm]‘,l/))‘j,v
—2
nt2 iz _n+42 =
< 2 n—2
C)\ gmz v o gmggu,)\j,u

A
2—nn—2

<OAZIAZ T E e

2
(no =PV EE +O( | €20 ) 008" +237),

3’/'1 v

<ONZ O A2
SCAL AN,
Combining ([@2)), (#3) and ([@4]), we have

Z ﬁx,w)\,w +o(1 /gwku,/\k,,+02/\
Z[ ( ;j,&,,fw”,”)z

i<j
_Cn,m/(gaci,u, i, \/fac] v Ju)"_ (nguv i, /\fw] vA ]V)2:|'
Q

Meanwhile, we have

n+2 2
O [ € mnn) = nm [[(Erren Vo) PP € P,
Q

_n42

2
SC‘( x”leA gzj”’ JV)

R™

_Cn,m/ (gm,,,, \/fz, VA Jy)" 2(5&0,,,, /\fz, VA Jy)2
+ C()\zz,un + A?,Vn)
<C ()\12,_," + )\f;”) for all large v,
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where we used ([[8) in the last inequality.
Therefore, the proof is completed. O

Corollary 4.6. Ifn >4 and b > 0 satisfying @), we have, for large v,
2 n
F(U,) < 2y (s")%.
n
Proof. By Proposition and Lemma [3.4]

n—2 ;2
F(Earnn.) = / (VP = P26, Yot [ €, do

2
Y (S™)® + C>\2 - b/ﬂﬁzk,y,x\k,u dz,

where C' > 0 is independent of v. Note that

/fi N 2 C)\J:z’ if n # 4,
Q T )\ 2\, if n=4.
Hence, if n > 4 and b > 0, for any large constant N we can find jy > 0 such that for

all j > jn there holds b fQ 531 DA 2 N )\?;". The corollary follows immediately
from Proposition ‘ O

4.2. The case v, > 0. In this case, we shall also project v, to a finite-dimensional
surface in H}(Q) generated by v, and m-bubbles. In order to understand the
new contribution from wv.,, we need to perform spectral analysis of the linearized
operator at v, as Brendle [9] did for the Yamabe flow on compact manifolds. Our
current Hg () setting is more close to that in Section 2.1 of Bonforte-Figalli [7].
Indeed, the analysis of [7] applies here with little change and the election of L below
is the same as k, in [7].

Let £2(Q) := {f fQ fPoi? < oo} be the Hilbert space with the inner product
= /o fgv 72 dz. Then the operator

f— [u;ﬁ(—A - b)]_l f

is a bounded linear compact symmetric operator mapping £2(€2) into itself. Using
the spectral theorem, there exists a sequence of H}(Q) functions {¢; : I € N} and a
sequence of positive real numbers {y; : I € N} such that 0 < pg < po < pz < --+ —
w,

—Ad¢ — boy = Mwo"o ¢ inQ, ¢ =0 ondQ,
and {¢; : | € N} forms an orthonormal basis of £2(Q2). In particular,

1 fori=j,
/ %7 ¢’L¢] = . j
Q 0 fori#j.

By the regularity theory of linear elliptic equations, ¢; € C¥rits () N C>=(Q) for
every [. By the equation of v, and the positivity of v.,, we know that u; = 1 and

2n_
¢1 = Voo(Jyvde ) TY/2. It is easy to check that {\/%(bl} is also an orthonormal
basis of H}(Q) with respect to the inner product (I3).
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Let L be the largest number such that

n+2
n—

w < foralll < L.

For f € LP(Q)), p > 1, we denote by II the projection operator

L 4
Hfzf—é(/gfqbidm)voo Z

It is clear that II(LP(Q?)) = {f € LP(R") : [, f¢s = 0, i = 1,2,---, L}. Hence,
TI(LP(2)) is a closed subspace of L”(Q), and thus, is a Banach space with the
inherited LP norm.

We have several estimates regarding this projection.

Lemma 4.7. For every 1 < p < oo, we can find a constant C depending only on
n,b,Q,p and v such that

nzf‘

+C sup ‘/ ¢zf‘

Lr(Q) 1<I<L
for all f € W2P(Q) N ngP(Q).

Proof. Suppose that this is not true. Then there exists a sequence of functions
fr € W2P(Q) N W, () such that || fi|| sy = 1 for all &, and

n-I-

_4
hm HAfk—l-bfk—l- 2ka —|— lim sup ‘/vggnglfk‘ =0.
Q

k—oo1<i<L
If p > 1, then by the W?2P estimates, we have I fellw2r) < C. If p =1, by the
estimates of Brézis-Strauss [13], || fx|lw1.a() < C for some ¢ > 1. Therefore, by
_a_

the compactness, we obtain an f such that ||f||zr0) = 1, [, v&% * ¢ fx = 0 for all
1<I<L,and

9 _a_
Af +bf + Z—fzugz;zf —0

in the distribution sense. Multiplying ¢; and integrating by parts, we have

n+ 2 A
<#z—n_2)/ﬂ ¢1fre = 0.

a4
Hence, fQ vas S fr = 0 for all [ > L. Meanwhile, from the elliptic regularity, we
know that f € L°°(Q). Hence, f € £2(Q), and thus, f = 0, which is a contradiction.
(Il

Lemma 4.8. There exists a constant C depending only on n,b,Q,p and ve, Such
that

(i)

n+2 -4
fll a2 < v 2 f H nint2y +C sup }/ e 2¢lf’
| ||L"—2(Q) 2°%° ) L n%+4 (Q) 1<I<L
n(n+2) 1, n(nt2)

fO?“ all f (S W “n2¥a (Q) N VVO7 n244 (Q)
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(i)
n+2 i
”fHLl(“)SCHH(AJ["’bf-Fmv&) f)‘

L C s ‘/ = ‘
LY(Q) 1<l£L ouf

for all f € W2H(Q) N Wy ().

Proof. Given Lemma [ the proof is the same as that of Lemma 6.3 in [9]. We
include it for reader’s convenience. By the definition of II, we have for f € W2P(2)N
Wy P (Q) that

n+2

_4
Af+bf+ ——=v 2 f
n—2

4 L
(Af+bf+n+2? +Z( ></f¢z 2d:c> 2@-.
=1

Hence,

n+

vE fllzaa)

+2

< ||IT
I —

(28 e e +C Sup ’/ ¢lf’~

The assertion (ii) follows from the above inequality with p = 1 and Lemma [£7]
n(n+2)

For the assertion (i), by choosing p = =57

Lemma [£7] we have

n+ 2
Y o 2fH n(n+2)
— [ n2+4a (Q)

n+2 4 A
<ITHAS +5f + 525022 ) g +C sw | [ 02%61]

2 L n%ia () 1<I<L

in the above inequality and using

and

Hf|| n(nt2)

n244 (Q)

= 2f‘

n(n+2) +C sup ‘/ 3 Q(blf‘.

L n?+4 (Q) 1<I<L

By the WP regulamty theory for the Laplace equation and the Sobolev embedding
n(n+2)
W2 i < Liee , we have

n O n(n
1Al ntz @ = I W
n —|— 2 —
<CHAf—|—bf+ 2fH n(n+2) +0Hf‘ n(nt2) .
n2+a (Q) n +4 ()
Then the assertion (i) is followed by combining these three inequalities. O
Lemma 4.9. There exists §; > 0 such that for every z = (z1,...,21) € RY with

3n—2

2| < 61, there exists &, € Cy" 7 (Q) satisfying 1/2 < &, /vee <2 in Q,

4

/’Uélo2(§z—voo)¢)ldl':zl, I=1,...,L,
Q

n+2

(45) (AL, + b6 +6777) =0.
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Furthermore, the map z — &, is real analytic and 6‘971&(0) = Voo, 6%152 (0) = ¢y for
2<I<L.

Proof. Let &, = (1+ 21)vs0 + EZLZQ 21091 + h, where

heH :=span{i,...,or}+
and the “1” is with respect to the inner product ([[3)). By a direct computation,

(AL + b, +€57)
L a4 nt2 L nt2 a4
= (A+b)E. - ; (/Q(A + b)ﬁz@)v&*?(bz +&77 - ; (/sz"*?qﬁz)vé{?(bz

nt2 L nt2 _4_
—(A+b)htere — Z( ;*2@)@;52@ —: G(z,h).
1=1 79
For any p > n, we claim that there exists a small constant § > 0 such that

G {lz| <} x {”huwzz}(gz)mWOLP(Q) <0} — II(LP())

is analytic. Indeed, let ®(z,h) = &,, Lu = Au + bu + w53, Then we have
G =1l o L o . Obviously, the linear maps ¢ and II are analytic. By Lemma 5.3
of Feireisl-Simondon [26], £ is also analytic in some small neighborhood of v, in
W2P(Q) N Wy P (Q).

Note that G(0,0) = 0 and

L
nt2( ot e e
Gh(0,0)QO—(A—i—b)(p—l-m (Uoo 50_;(/““00 ‘P¢Z)Uoo ¢l>

Since G4, (0,0) is coercive on HE () NH, then G, (0,0) : W22(Q) N Wy P (Q) NH —
II(LP(R2)) is invertible, and both G1,(0,0) and (G (0,0))~! are continuous. By the
Implicit Function Theorem we can find h(z) € W2P(Q) N WyP(Q) NH such that
G(z,h(z)) = 0 and h is analytic in z, see, e.g., Section 3.3B of Berger [4]. The
regularity of h(z)(-) follows from elliptic regularity theory for the linear elliptic
equation G(z,h) = 0 in Q and h = 0 on 99Q. Since h(0) = 0, and 0 = G,(0,0) +
G1(0,0)0.h(0) = G1(0,0)0,h(0), we have 0,h(0) = 0. It follows that %fz(()) =
Voo and 8%152(0) = ¢y for 2 <[ < L. Therefore, the proof is completed. |

The difference of the energy at £, and v,, can be controlled as follows.

Lemma 4.10. There exists a real number v € (0,1) depending only on n,b,Q and
Voo SUch that
n+2

1+
F(£.) = F(veo) <2 sup \/(A§z+b§z+§;*)¢ldx
1<i<rL'Jo

~

if z is sufficiently small.

Proof. Since z — &, is real analytic by Lemma 9, and F(-) is also real analytic
by Lemma 5.3 of [26], then the function z — F(&,) is real analytic. Using the
Lojasiewicz inequality (see Théoréme 4 of [30] or Proposition 1 of [3I] on page 92),

we have
14y

0
[F(€:) = Flvse)] < sup| 5= F (&)
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if z is sufficiently small, where v € (0, 1) depends only on n, b, 2 and v, but is not
explicit. By a direct computation, we have

9 _ 2 96 nt2
6_ZZF(£Z) - _Z/Q(Afz + bgz + fz )82’[ dx = 2/9(Afz + bfz + fz )¢l dx.

Therefore, the proof is completed. |

For every v, as in the beginning of Section 1] let A, be the closed set of all m-
o - AL 3A

tuplets (2, Ak, 0k )1<k<m satisfying (zg, Ak, o) € B%(x,’;ﬂ,)x[ b By [%, %]

kv

. L . .
Let d; > 0 be the constant in LemmaB.9and Bj, is the open ball in R” centered at

.. . . —L
origin with radius d;. Choose an element (z,, (Tk,, Ak,vs Q) i1<k<m) € Bs, X Ay
such that

m
Uy =Eoy = Y Okkan e
(46) h=0
= inf
(2,(zk Ak, 0k) 1<k <m ) EBg, X Ay
Similar to 32)-34), we have
Aiw | Ajw

2
N + N + Ai’ij’V|xi’y — X" — 00,
],V 1,V

m
Uy — fz - Z akﬁxk,/\k
k=0

(47)

and for all k&
(48) )\k’yd(l‘k’,,) — 0

as v — oo. In addition, d(zy,) > §/2, and

(49) -0

m
Uy — gzu - Zakfwk,ua)\k,u
k=1

as v — o0.
By the triangle inequality,

m m
€z, — Voo + Z ey A Zﬁx;wkz,u
k=1 k=1

< + = o(1).

m
Uy — fzy - Z akgxk‘uy)‘k),l/
k=1

It follows that, for all 1 < k& < m,

m
A R LR
k=1

1 Aew
(50) |zl =o(1), |wxp =i, | =o0(l)1s— T35 =1+0(1), ar,=1+o(l).
' Ak,u Akt/

. —L . . . .
In particular, (z,, (Zr,u, Ak,vs Qv )1<k<m) € Bs, X A, is an interior point.
In the sequel, we assume

(51) )‘1,1/ > )\2,1/ > 2 )\m,lw
Let
m
(52) UV = é.zu + Zak,yé‘ﬂfk,wkk,u7 Wy = Vy — UV.

k=1
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Lemma 4.11. We have for 1 <1< L,

(53) ’/ 2 drw, dx‘ <o / |w, | dz,

and for 1 <k <m,
nt2 nt2 1= Nz — 2|2
‘/g(wk Ak, u)w”dx‘+’/£(uu,/\k u)1+)\2|x_xky|2w dx‘

nt2 N(z — 2p,) 20 ST
’/gsz7AkV 1+)\2|x_xku|2wydx’ §0(1)</Q|wl/|"—2 dl’)

Proof. Let ¢ = 72-&-. By (B0), we have |$1—vscllc2() = o(1) and [|g1—¢1 |2 () =
o(1) for I = 2,..., L. By the definition of (z,, (Zk,u, Ak,vs Ok, )1<k<m), We have

/V(ngva - b(ngwy =0.

Hence,

H /Q”é?(blwu dz = /Q ( —Ag¢p — b¢z)wy dx
= /Q (A((lzl — 1) + by — ¢l))wu dz.

Since p; > 0, then we can conclude (B3]). The proof of (B4) is the same as that of
Lemma A1 O

Now we can show the non-degeneracy estimates of the second variation of F' for
Wy,

Lemma 4.12. For large v, we have

n+2 = —
L6 o e 200 [T - e

n—2

where ¢ > 0 is mdependent of V.

Proof. We assume w, is not zero, otherwise there is nothing to prove. Define
w, = H‘u”)—”” Suppose the lemma is not true. Then we can find a subsequence of

{w,} (still denoted by {w,}) satisfying
L onH2 [ Cneh
(55) ulggo n—2 /Q (02" + Zgwk,f,kk,p)wv 2 1.
k=1
By (@),

(56) / [

By {T) and (&1I), we can find R, — oo, R)\ ,—0forall<j<m,and

>\zv
R,

K | = Ky

(57) ()\ + @iy — zj0]) = 00

for all ¢ < j. Set
j—1

Qj = BRUA;}, (xjﬂ/) \ U B&,A;i (33W)

i=1
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By ([B5) and ||w, | = 1, there are two cases:
(i) We can find 1 < j < m such that

4

: e ~2
Jim [ €50, >0
and 5
n + _4
lim Vi, |? — biw?) < @2,
v=r00 Jo. (| V| u)—n_Q fﬁﬂjwkju v
7,V
(i)
_a_
lim [ v 2w >0
V—r0Q0 Q
and
. _ _ n+2 s
lim |V, |* — bw?) < / vas 22
Voo SO\, n—2Jq

In the first case, we can obtain a contradiction similar to that in the proof of
Lemma A3l

In the latter case, after passing to subsequence we suppose w, — W in H} as
v — oo. It follows that

_4
(58) / v w% > 0
Q

and
2 4
(59) /(\VmP ~pa?) < F /vgg?w?.
Q n—2Jq
By (B3), we further have
(60) / "2~¢l—0 fori=1,...,L.
Q
Combining (B9)) and (@), @ has to be identically zero, which contradicts (G8]).
Therefore, Lemma is proved. |

Corollary 4.13. For large v, we have

2 _4
nt /Uw2 < (1—c)/(|VwV|2—bw3)dx,
n—2 QO QO
where ¢ > 0 is independent of v.

Proof. Tt follows from Lemma .12} Holder’s inequality, the Sobolev inequality (4]
and the fact that

4
/Q o oz Z@z; || =0,

O

The following two lemmas are estimates of v, — &, in LLE‘(Q) and L'(9),
respectively.

Lemma 4.14. For large v, we have

n+2

2 +
o = &1 o SOl (R =I5, +OZAM,

where C' > 0 is independent of v.
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Proof. From (I9]), we have

n+2 n+2

Av, +bv, 0,72 = (1= R(t,))vs 2.

Combining with (), we obtain

n+2 4
H(A(UV - fzy) + b(UV - EZV) + _ 21];0 (UV - 521/))
= ”+2 i ats
(61) = 1((1 = R(t)v m< L=k )0 - )
Z_tg n+2 =
+ &2, f? ( —&.,) — v )

Apply (i) of Lemma L to v, — £, , we obtain

O P,
=R (€57 0T ) - &)
S C 1 - R t 'U: n(n+2) + C H . UC?(; UV - gzu n(n+2
LW(Q) LJan(Q)
:',-tQ n + 2 n+2
+C gzl, : 2 ( gz,,) - l/ n(n+2)
’I’L - L nZ+a (Q)
+C sup / 3 2<15z( -&.)]-
1<I<L |JQ
Using the estimates for all a,b > 0 that
(62)
n 2 n
an—irg—I—n+2a%(b—a)—bﬂ_irg < Cam© D4Clb— a|" 2
n —
we obtain
otz n42 A ot
&, ? 4 o 52 : (’U,, - fz,,) -y’ n(n+2)
- L e+ (Q)

=¢ H|UV - fzu‘min(%a) + vy —

n(n+2)
[ n2+a (Q)

n+
C v, — &z, ‘mm( 2)+|U _ﬁzu‘" :

n(n+2)
L no+4 (UL Bayay,, (Tk,0))

-

71.(72L+2) )
L no+4a (Q\U;gnleN/Ak,V(wku/))

where N is a large real number to be chosen later. Using Hélder’s inequality, we
have

”|Uu — &, MG 4y, — €, |75 || agan
L on+4 (UL Byay, (Tk,0))
m (n—2)2 in(nt2 o n+2
<CY (NA) 5 o, = &0, D) o, — g |5
L7+2 (Q)
k=1
m (n—2)2
S Z(N/)\k )2(n+2)

b
Il
—
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and
nt2
Hlvv fzu|mm(" 2:2) + |UV &2 nlpt2)
L no+4 (Q\URL, Bryay, ,, (Tk,0)
< [llve = e D o, — g 7|,
L2 (UL B/ay, ,, (Tk,0))
Mo = €l 23
Since
Vy — _2n_
H v €ZV||L77’2_2(Q\U,IICHZIBN//\]C,V(I’CJ’))
m
Z O‘kwgwk,u,)\k,u +wy
2n_
k=1 Ln=2 (Q\U Brya,, ,, (@k,0)
< a + ||w 2n_
;kwmhmquMWwﬂwnnyn @)
< CN~"2 4 o(1),
we have
n+2 n+ 2 n+2
n—2
fzu n — 2 ( gzu) vy Lﬂwgﬁl @
i (n—2)? —2
< O 3TN M) 00 CNTF 4 N2 o(1) oy = &l s
k=1
Also
L
(63) sup / 03 2 Pi(v, — &)
1<i<L |Ja
_a_ m
= sup / Vs i ( Z O‘kJ/gwk,u,)\k,u + wl/)
1<i<L|Ja —1
T 2on
<C Z /\ka + 0(1)||wl,||L1(Q)
k=1
M 2m
<SCY NZ +o(l) ||y — &, — Zak s e
k=1 LY(Q)
m
(64) <

CY N Ho() oy — &l -
k

Putting these facts together, we have

0w = a1, 23,

nt2 m (n—2)2
<C H(l — R(t,))vs 2 . +C Z(N//\’W’) 2(n¥2)
L7+2(Q) k=1
_n=2 2 - 2-n
FONTF + N2t o(D) o =&, g )+ CY NI
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By choosing N sufficiently large, we obtain

n+2 (n—2)2
o = €l 3 ) < 0H<1 Rei | +cz Nl
from which the conclusion follows. O
Lemma 4.15. For large v, we have
o = e luxey < Ol (R0 = DI, +0 D AT

where C' > 0 is independent of v.
Proof. Using (€1]), and applying (ii) of Lemma 8 to v, — &, , we obtain
vy — &, ”Ll(Q)

n+2

<C H(l —R(t,))vy?

L)

+CH<;f ) -6

L)
ZtQ n+ 'IL+2
clleE + M 2 0, - e - ol
L'(Q)
4
+0 L”&‘2¢l<vv—sz> |

It follows from (62) that

+2 +2
n_2 n_|_2 n

g’;” 2 ( 521,) - ’Ul:L_2
- LY(©)
_ min(2%2,2) _ nt?
<o - &, o - € FR
max(0,1—272) nt2 min(l,%) Z_tz
< Cllo =&ty [l =&l FE ] T Ol =l
0,155 n (1.252) ;#2
< oy — & ™) o, — €., L,Lié“(‘;) +C oy — &, "

77,2
n

1
= 2C vy — fzuHLl(Q) +C v — &, (Q)
where we used Holder’s inequality in the second inequality and the Young inequality

in the last inequality. Combining (64]), we have

||’U,, =&, ”Ll Q)

nt2
<CH<1— R +o(1) oy — £ liren
L1(Q)
o el + Ol — 6 P2, O3 AT
a v~ Sz, 1 v Zy n_ v o
5 LY(Q) L2 o) 2 k,

Then the conclusion follows from Lemma .14 a
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Using the above two lemmas, we can continue to estimate F'(€,,) — F(vso) from

Lemma 10

Proposition 4.16. For all large v, we have

F(E.,) - F(ua) < C < | i)

where v € (0,1) is the one in Lemma EI0L

52 (14) )
n— 2> + C Z )\ ( +'Y)
Proof. Tt follows from integration by parts that
n42
[ @+ 06, +6550ds
Q

nt2 _a_
/ (AUU + bu, + U1772 )d)l dx + 1223 / Ugo72 ¢l(vu - gz,,) dx
Q

n+2
/d)l =& de

nt2 n+2
_ /(1 CR())vi 2 dyda + m/ T (v, — £, da — / Gi(vs ? — €8 ?)da.
Q
Using the pointwise estimate
n+2 n+g = n+2
lug ™ = &7 < ngﬂu lv, =&, |+ Clo, =&, |72,
we have
n+2
sup | [ (8¢ + b6 + €55 )orda]
1<I<L
n+2 nt2
< C(1=R(ty))vw* om +C v, =&z, ||L1(Q) +C vy, =&, I n+2
L7+2(Q) 2(Q)
n+2 m
< C|(1=R(t,))vs L 4O R - ||, +CY N2
L7+2 (Q) Ln+2(Q) k=1
n+2
<O\ =Rt || L. +OZA,” :
L7FZ(Q)

where we used Lemma [.14] and Lemma 418 in the second inequality, and Propo-
sition in the last inequality.
Then the conclusion follows from Lemma .10 |

Corollary 4.17. If n > 4 and b > 0 satisfying @), we have

2m g 2a\ B ()
F(U,) < F(ve) + —Y(S")"2 4+ C (/ IR(t,) — 1lmv:"‘> :
n Q
Proof. Let U, = > kg M-

U = [ 1V, + TP - bee, + 07 - 22 [ 6+ D

n42 __

= F(gzu) + F(Uu) + 2/Q(V§ZVVUV - bngUu - ngu)

-2 ~ " nt2 2n n
) ((5@ +0,)% - U, € - ) |
n Q n —
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‘We have

~ ~ n+2 __
‘ /Q (Ve VU, —be, 0, —£570,)

== ATy
/Q (A(gzy - Uoo) + b(§2u - Uoo) + 52; - ’Ugoi )UV)

<o(1)> N2
k

1

By Lemma [AT] there exists ¢ > 0, depending only on n such that

fz,, + ﬁv = - _527;72 U, — fzn;z -Un=—2 > ~ n42
( ) n—2 k., (U2, ife, <U..

4
o2 nt2 o 2n ~ on {6522 (Uy)27 if EZV > Uz/n

Since v /2 < &, < 2000, and

A nt2 1 ni2

n—2 n—2
_— >\ 27 R >c\ 7,
/z|<\/)\_1 (1+)‘2$|2> B /|y<1 (1+ |y|2> B

we have
~ | 2n 2n  nE2 25~ on " 2o
(Ez,, + UV)"72 - mfz,, U, — 2, Un—2 ) > CZ )\kz .
@ - k=1

Then, the conclusion follows from Proposition .16 and Corollary O

5. CONVERGENCE

Using the estimates in Corollaries [£4] and T3] we have the following estimate
of F(v,) — Fy for any sequence of times {t, : v € N}.

Proposition 5.1. Let n > 4, and b > 0 satisfy [@)). Let {t, : v € N} be a sequence
of times such that t, — 0o as v — oo. Then, we can find a real number v € (0,1)
and a constant C > 0 such that, after passing to a subsequence, we have

2n
ntz 2

—
v

on \ 52 (147)
F(v,) - Foo <C </Q R(t,) - 1 )

for all integers v in that subsequence, where Fo, is the one defined in ([I8). Note
that v and C may depend on the sequence {t, : v € N}.
Proof. Tt follows from ([I8]) that F(ve) = Fso. Recall that U, = v, — w,. We have

F(UV) - F(Ul/)

—92 2n 2n
= /(Uun’z —uy )+ 2/(Vv,,Vw,, —b,w,) — / (|Vw, |* — bw?)
Q Q Q

n

n—2 R = 2 2
U2 = 2)+2 | Rov 2w, — | (|[Vw,|* —bw))
Q Q Q

n—2 2n, . 2p 2E2 n(n+2) 4
/Q(Uun 2_7)1/ 2+n_27)1/ 2wu_ (7(7/_2)2)[]1/ 211)3)

n+2 2 4
+ 2/ (R —1Dv) *w, — / <|wa|2 — bw? — nt ,}“’_ng) .
Q n—2
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Using the pointwise estimate

_2n 2n n nt2 (n + 2)
U]/’L72 _ Vn 2 anz y n n—2, .2
’ v + o 21) w 7( — 2) wl,’
27 n 2 n 2
= U (#0210, - O D
2 (n—2)?
< CUlrln'lx{Q N4_2—1}|wy|min{ 2N 3} + C|’UJV| 3N
it follows that
/ Un—nQ _,072—n2 + 2n vﬁ_ﬁw _ (n+2) n 2w2
v v n—2" Y (n—2)2 v

<C/ max{O’,L 3 | V|min{”2T"2,3}+C/ |’LU1, 2
Q

<C(/ 271)

By Holder inequality and Cauchy inequality, we have

/Q(R—l) =" <C(/ R — 1|70 2) - (/ = )

n—2 n+42

SE( |wy|%> ’ +C(5)< R—lmvﬁ'_2) ’
Q Q

Finally, by Corollaries [4.4] and £.13] we have

2 n

/ |wa|2 2 nt v </ |'LUV| : >
-2
Since / \w,,\% — 0, we have, by choosing ¢ being small, that
Q
n— 2’2}
) e ( / R -1
o ([ 1)
n42

2n 2n_ "

<cC (/ IR — 1|mv;2>

By Corollary [£17] the proof is completed. O

n— 2’2}

nf

3
H
N

on 2n n
5,2
n-+2 'Uy

Flv,) — <c<

Then we can show the estimate for all large time.

Corollary 5.2. There exist real numbers v € (0,1) and to > 0 such that

2E2 (147)

F(v(t)) — Fa < (/Q IR — 1|72 0(z, t) 72 dx)

for all t > tg.
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Proof. Suppose this is not true. Then, there exists a sequence of times {t, : v € N}
such that t, > v and
(1)

2n

Flo(t,)) — Fa > (/Q R(t) — 1|72 0(x, t,)7 dx)

for all v € N. By applying Proposition [5.1] to this sequence {¢, : v € N}, there
exists an infinite subset I C N, a real number « € (0,1) and C > 0 such that

) 2 (0t
F(t,) - Fx <C (/ |R(t,) — 1|" 2 v(x,t,) "2 dx)
Q
for all v € I. Thus, we have
. . 2 (a—3)
1<C < |R(t,) — 1|»+2v(x, t,) -2 daj)
Q
for all v € I. However, from Proposition 2.6, we have
2 (a—1)
. 2n_ 2n_ 2n v
lim (/ [R(t,) — 1|"+2v(x,t, )2 dx) =0.
V—00 Q
We have reached a contradiction. O

Now we can use a differential inequality of F' to obtain a decay estimate.

Proposition 5.3. There exist @ > 0 and C' > 0 such that for all T > 1, there holds
(oo}
/ My(t)?dt < CcT7?,
T

where My is defined in (20).
Proof. 1t follows from Corollary [£.2] Holder’s inequality, and (IH) that

nt2
1
5 (1) 1iqy

f%z(x,ﬂﬁmidf) < CMy (1)

0< Fo(t)) — Fao < (/Q|R—1

It follows that
%(F(v(t)) —Fx) = —2(:—;22)%@) < —C(F(u(t)) — Fxo) ™.

Hence,
d - 1-
SE@®) = F) 7 = 01— >0
It follows that "
F(u(t)) — Foo < Ct 11

for sufficiently large t. Then we have

2T 2 o
My(s)Y?ds | <T My(s)ds
T T

< BEST(R (D) - F(u(21))
< P2 T(P((T)) - Fuo)

<CT T,
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where we used the monotonicity of F'. It follows that

(65)
') foe) ok+1p -
/ My(t)!/? dt = / My(t)/2dt < 07775 3 2k < o7,
T k=0"2"T =
This finishes the proof. 0

We are ready to show the uniform boundedness, and uniform higher order esti-
mates.

Proposition 5.4. For any € > 0, there exists Ty > 0 such that

(66) lo(-,t) — v(-, To)|] <e forallt>Tp.

L%(Q)
Consequently, there exists C' > 0 depending only n,b, ) and ug such that
(67) v(x,t) <C  in Q forallt > 1.
Proof. For b > a > 1, using the pointwise estimate

[0(2,b) — v(@,a)| 72 < |u(z,b)72 —v(z, )72,

we have

1/2
([ 1eed —steal ) < ([ o - oo Pa)
Q Q

< (/Q (/b |at(v(x,t)ﬁ)dt)2dx> -
g/ab (/Q |at(v(x,t)ﬁ)2dx)l/2 at

< C/ My ()2 dt

1/2

<Ca™",

where we used Minkowski’s integral inequality in the third inequality, and Propo-
sition 5.3 in the last inequality. Hence, for any € > 0, there exists Ty > 0 such that
([66]) holds.

To show the L bound in (&), we need to use the following Brézis-Kato [11]
estimate (see also Lemma B.3 in Appendix B of Struwe [40]): there exists 6 > 0
depending only on n and € such that if v € Hg () is a weak solution of

—Av=cv+cv inQ,

where ||¢1] y < d and ¢ € LP(R2) for some p > %, then there exist C' > 0 and

L3 (Q
q> % depending only on n,d,p,Q and ||c2| zr(q) such that
vl ey < Cllvllrz(o)-

Let Ty > 0 be the one in (66) with some ¢ < §/2 that (QE)ﬁ < 4/2. By
Proposition 2.6, there exists 71 > 0 such that M(t)» < §/2 for all t > Ty. Let
T2 = IIlaX(T’O7 Tl),

U={zeQ:|v(x,t) —v(z,T2)| > Ingazmxv(-,Tg)}
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and xy be the characteristic function of U. Then for ¢t > T5, we have

4

om0l gy = (ol g )
_4
_mwzwmrﬂm+w«w—wﬂwmﬁamwﬂ
< (o To) - (U5 o 0) = o, o) sy )7
_4
< (ost) = 0 Ty g+ 00 = 0 T )75
< (2e)7—2
<4/2,

where we used Chebyshev’s inequality in the third inequality, and (G8]) in the fourth
inequality. From the definition of R in (I9]), we have

(69) —Av=bv+Rv? = Viv+ Vv in Q, v=0 ondQ,

where V; = (R — 1)vﬁ +vizyy and Va = (1- XU)Uﬁ +b. Then Vo € L*™®(Q)
and

IVill 5 ) < M(t)3 +

v Xl g ) S 0/2+6/2 =10

for all t > T5. Then by the Brézis-Kato estimate, there exist ¢ > ” and C' > 0
such that

[0l Loy < Cllvllrz@) < C,
where we used Holder’s inequality and (&) in the last inequality. Now V; belongs
to L for some p > 4, and then the standard Moser’s iteration will lead to (€Z). O
Theorem 5.5. There exists C > 0 depending only n,b,Q and ug such that

(70) lv(-, )| niz <O forallt>1.

2(Q)
Proof. By using (@), it follows from Proposition 6.2 in [23] (more precisely, its
proof) that

1
6d(x) <wv(,t) <Cd(z) forallzeQ, t>1,
where d(x) := dist(z, 0€2). Then (Q) follows from Theorem 5.1 in [29]. O
Let us conclude this section with the proof of Theorem [l

Proof of Theorem [Tl It follows from Proposition (.4l Theorem and (IB) that
there exists a nonzero stationary solution v, of (@) such that

A [ 2) = voo [l s @) = 0
From (68), we know that there exist C > 0 and 6 > 0 such that
||7)('7 )

Using (70) and Gagliardo interpolation inequalities (see, e.g., (12)—(13) in Blanchet-
Bonforte-Dolbeault-Grillo-Vazquez [0]), we have

<Ct™? forallt>1.

=2 () =

[0(8) = Vool ey < Ct0 forall £ > 1
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with a possibly different 6. Since v(-,t) = v, = 0 on 92, we have for all x € Q that

[0(-1) = Vool (@) d()
d(x)/C

v(2,t) — Voo ()
Voo ()

< Cllo(-,) = voollen gy < Ct°
for all t > 1. That is,

<Ct™? forallt>1.
L ()

Using (70) again, we have
U('a t)

Voo

<C forallt>1.
R @)

Then by interpolation inequalities, we have

o)

Voo

(71) <Ct™? forallt>1.

c2(Q)

Now let us assume that ) satisfies the condition (IIJ). Then there exists C' > 0
such that for all ¢ € H} satisfying

2 _4_
“Ap—bp— i o= f inQ,
n—2
there holds
(72) el a0 < Cllfllz2@)-

Here, the C depends only on n, b, Q2 and v,,. This estimate can be proved as follows.
First, it follows Theorem 6 in Section 6.2.3 of Evans [25] that there exists C' > 0
such that ||| z2(0) < C|fllz2(q)- Secondly, multiplying ¢ to its equation and
integrating by part, it leads to (T2).

On one hand, using the equation of v.,, we have

F(u() - P
= [ (9o = b = 2o ) o

n — 2 2n
—/ <|Vvoo|2 — b — —vgo*?) dz
Q n
n+2

— 2/Q (VUOOV(U(~,t) — Voo) — bUso (V(+, 1) — Veo) — 035 2 (v (-, ) — ’Uoo)> dx

= / IV(0(-1) = vo0)]? = b(v(-, 1) — voo)? d:
Q

—n_Q/Q(v(-,t)%—vé%— 2n (u(-,t)—voo))dx

n n—2

< Olfv(-,t) = voo 1 2y-
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On the other hand, using the equation of v, we have
n+2
[Av(-,t) + bo(- 1) + (- 1) "2 |2

AW ) = v00) + (0 ) — 100) + ()T — 0 2| o

n+2 -4
H t) — Voo) + b(v(-,t) — Vo) + 2voo2(v(~,t)—voo)

n- L2(Q)

n+t2 2 _4_
o, #E =07 = PS04 1) — )
n-2 12(@)
1 max(0, 745 —1) min(2, 72
ZEII (1) = Vool () = C' ||veo 2 (1) — g [P
L2(Q)

—_

||v( t) — ”0°||H(}(Q) —o(L)|lv(-t) — UOOHH(}(Q) for large t
2 EHU('J) - /Uoo”Hé(Q) for large t,

where we used ([2) in the second inequality. The constant C' depends only on
n, b, Q and ug. Combining these two inequalities together, we have

F(u(t)) = Foo < [|A0(,8) + bo(-,8) + v, 1) 73|22 ) = CMa(t).
It follows that

d 2(n—2)

GEE®) — o) = ==I =DM (t) < ~C(F(u(t) - F),

and thus,
F(v(t)) — Foo < Ce™ "
for some C' > 0,~ > 0. Hence, the proof of (6] will give

/ My ()2 dt < Ce .
T

From (68), we obtain that

. -7t
o 8) = vl 2, ) < Ce,

Then the proof of (1)) gives

ot
(73) M -1 < Ce™ M forallt>1.
Yoo c2(@)
This finishes the proof of Theorem [I1] a

6. SUBCRITICAL CASE

In this last section, we consider the Sobolev subcritical case (H), and prove The-
orem The proof is similar to that of Theorem 11

Proof of Theorem [[2 First, we know from Proposition 6.2 in [23] that
1
Ed(a:) <wv(,t) <Cd(z) forallze, t>1.

Secondly, it follows from Theorem 1.1 in [26] and Theorem 5.1 in [29] that there
exists a nonzero stationary solution vy, of (@) such that

Jm o) = voc s @y = 0-
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Let

F(v(t)) = /Q <Vv(x,t)|2 - p—?— 1v(x,t)p+1> dz,

0
R:—v_pszl—p tv,
v

Mq(t):/Q|R—1|qvp+1dx,

where ¢ > 1. Note that
d 2
4 o) = —2/ (Av + )0y = —2p/ O20P—t = — 2 My (1),
dt Q Q P
Hence F(v(-,t)) deceases to F'(vs) as t — co. Furthermore,
dF(v) = —2Av — 20P = 2(R — 1)vP.
Hence,
IdF (0(-, )220y < CMa(8)"/2.
Then it follows from Proposition 6.1 in [26] that there exist C' > 0,75 > 0,7 > 0
such that for all ¢t > Tj, we have

F(u(t) — F(vse) < ClIAF (v(-, 1)1, < CMa(t) 5
Therefore, similar to the proof of Proposition 3] there exist 6 € (0,1) and C' > 0
such that for all 7" > 1, there holds
/ My(t)Y?dt < cT—°.
T

Then it follows from the proof of (G8]) that
(74) 0( 1) — vsolzmt () < c/ Ma(s)/2 ds < C1".

t
Using Theorem 5.1 in [29] (which is the regularity estimate) and interpolation
inequalities, we have

[0(-8) = voollgrgmy < Ct™7 for all ¢ > 1.

Since v(+,t) = voo = 0 on 09, we have for all € Q that

t —
V(@) = veol@) | ) — Voollongy < Ct0 forall ¢ > 1.

Voo (2)
That is,
ot
M—1 <Ct™? forallt>1.
Yoo Lo=(Q)
Using Theorem 5.1 in [29] again, we have
ot
M <C forallt>1.
Voo |lo1+2 ()

Then by interpolation inequalities, we have

v(-1)

Voo

<Ct™? forallt>1,
c2(9Q)

(75) —1

with a possibly different 6.
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Now let us assume that € satisfies the condition (@). Similar to (72), there exists
C > 0 such that for all ¢ € H{ satisfying

—Agp —pvgo_lgo =f in €,
there holds
(76) lellza) < Cllfllzz@)-
As before, on one hand, using the equation of v, we have
F(o(t) = Fao < Clo(-1) = vool 1 -

On the other hand, using the equation of v.,, we have

||A’U('7 t) + ’U(', t)p||L2(Q)

> [[A@( ) = veo) +p0E (W) = V00| 12

— v, )P = vB, — pB (vl t) — Uoo)HLz(Q)

1 max(0,p—2 min(2,

> 6||U(‘7t) - ’UooHHé(Q) -C Hvooa 7 )‘v('7t) - 'Uool @) L2(Q)
1

> Gllv( ) = veollmy (@) = oW [o(8) = voollry () for large ¢
1

> 6||v(.’t) — UOOHHol(Q) for large t,

where we used (@) in the second inequality. The constant C depends only on
n, p, 2 and ug. Combining these two inequalities together, we have

F(u(t)) = Foo < CAv(-,t) +0(-, )P 20y < CMa(t).

It follows that

GF0) = Fo) = —Ma(t) < ~C(F(u(t) = Fro),

and thus,
F(v(t)) — Fo < Ce™ "
for some C' > 0,7 > 0. Hence, the proof of (Gl will give

/ My ()2 dt < Ce .
T

From (74)), we obtain that
[0(-,) = Voo || Lo+1(0) < Ce™
Then the proof of (78) gives

Vo

(77) -1 < Ce 7 forallt>1.

@

This finishes the proof of Theorem O
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APPENDIX A. BUBBLES INTERACTIONS

In the end of our proof of Proposition 5] we need to calculate and compare the
following two quantities:

2 w32
)\11/ )\21/
L = : : dz,
! /]Rn <1+/\iy|m—x1,,jz> <1+/\§,V|x—$2,u 2)
A A ’
Y N T
? /{ T4+ A7 |z — 21,2 L+ X3, |z — 2o, |?

n—2

)\11/ )\21/
. , I
{<1+A%,V|x—m1y|2) 1+A3,y|w—xz,u2} )

We want to show that under (32)), there holds
(78) L/ =0(1) asv— oco.

Recall that Ay, > A2 ..

If 1, = x2,, then using the change of variables: y = Ao, o and A = A1, /A2,
we have

n+2 n

A = 1 72
I = d
! /ﬂgn(umy?) <1+|y|2) Y
fort o) (ret) ™ (o)
= _— _— ’y
wi<a-t Jasigpi<r Sz ) \1+A2fy[? 1+ [yl

< OAF"

n—2
2

<A

2,v

and

A 2 A n—2
IZ_/RH{(1+A2y|2>v(1+1|y2)} {(1+A2|y|2)A(1+1|y|2)} v
[ a i) ()
= Ji<ayvm \1+ A%[g2 ) \T+ [P Y

2
> 227nA27n/ (%) dy
lsl<vA \1+[2]

> cA? " log A (sincen >4 and A > 1)
> AT AP In(Ar /M)

Since A1, /A2, — o0, we have (78).
If %1, # 22, then we use the following change of variables:

X Y T2,y — Tl
)\1,V = >\1,V|I2,V - xl,y|7 )\2,1/ - AQ,V“TQ,V — x17y|, e, = —_—
|x2,u — Tl
Then

n+2 n—2

1—1:/ S\1,11 - 5\2,1/ 7
re \ 1+ X2 JoP 1+, le—alP)
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By ([B2), we know that

A A .
~1’V + ~2’V + )\LV)\QW — 00.
>\2,V 1,v

Recall that A\, > Ay, for all v = 1,2,.... Hence, if {5\17V} is bounded, then

- 5
A2, — 0 and :\1‘ — 0.
2,v

n—2

Case A. 5\27,, > 1. Then 5\171, — o0, and thus

n+2
~ > ~
I, = / >\1,V )\2,1/ dz
1 — [~ - -
B \1+ A2, [af? 1423, e — e
nt2 n—2

+/ —5\1”’ i Aoy - dz
R™\ By 4 1+)\%’V|LL‘|2 1+)\%’V‘$—6V‘2
2-n . 2-n

<CANZ NG

Case B. Otherwise. Then
I < A2 / _ de <CA 2 A2 .
B R7 1+)\%7V|x|2 ) s

For I, we have
}2

5 -
I :/ ( ~1’V ) V ( = A2
e |+, o) 1503, o — e
~ n—2
A2,y
2, )} dz.

(e Y (
14+ 22 |22 1+ X3, |z — ey 2

Let € > 0 be sufficiently small. The constant ¢ in the below will be independent

of e.
Case A. 5\27V > 1. Then 5\171, — 00. We split it into two cases:

Case Al. 5\2’,, > 55\1,,,. Then for v large,
~ 2 ~ n—2
I, > / —)\Z’V . —)\1,1/ dzx
T IBisen) (1A T— e L+ A7, |2
1 2

> cP;”S\?;"/ {7} dz

2,0 M, Bay e 1+ |22
> cA3, AL (Indsy) ifn >4

> 05\37,”5&;" In(e);,) ifn> 4.
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Case A2. 1< 5\27,, < 55\17,,. Then for v large,

:\ 2 :\ n—2
Lz / T VT (@
Bi1/2\Baz 1+ )‘2,u|‘1j - 6,,| 1+ Al,u‘x|

> c;\gi;\%;"/ |lz|*72" da
Bi/2\Ba s
> ci\g;”f\f—ﬂ Ine| ifn>4.

Case B. 5\2,1, < 1. Then % — 00. We split it into two cases.
2

Rz

Case B1. 5\1,,,5\2,1, > ¢~ Then 5\1,1, — 00. We have

5\ 2 5\ n—2
Bl/Q\BQ\/E 1+)‘2,u|$_eV|2 1+/\1,u“r|2

> cj\gl,j\f;”/ |24~ dx
Bi/2\Ba s
> 05\3;253;”| Ine| ifn>4.

Case B2. 5\1,,,5\2,1, < e~ !. Then for large v,

~ ) -
e C/ ):121/ 2 ~2)\27U 2 dx
N ovrerewsew) 1+ A7, || 1430 — e

)\1,1/

2
> A\l 2 — 2L L dz (since A2 |z —e,|? <3
2 T A%,u|x|2} e Mol me 9

> AT A In( A /Aey) if >4
Therefore, ((8) holds.
The following calculus lemma was used.
Lemma A.1. Forp>2,0<¢e <1, we have
(1+€)P > 1+ 6P + pe+ cpe?
and
(1+e)P>1+eP +peP~ !+ cpe

for some ¢, > 0 independent of €.
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