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GENERAL LAW OF ITERATED LOGARITHM FOR MARKOV
PROCESSES: LIMINF LAWS

SOOBIN CHO, PANKI KIM, AND JAEHUN LEE

ABSTRACT. Continuing from Cho, Kim, and Lee [General Law of iterated log-
arithm for Markov processes: Limsup law, arXiv:2102,01917v3], in this pa-
per, we discuss general criteria and forms of liminf laws of iterated logarithm
(LIL) for continuous-time Markov processes. Under some minimal assump-
tions, which are weaker than those in Cho et al., we establish liminf LIL at
zero (at infinity, respectively) in general metric measure spaces. In particular,
our assumptions for liminf law of LIL at zero and the form of liminf LIL are
truly local so that we can cover highly space-inhomogenous cases. Our results
cover all examples in Cho et al. including random conductance models with
long range jumps. Moreover, we show that the general form of liminf law of
LIL at zero holds for a large class of jump processes whose jumping measures
have logarithmic tails and Feller processes with symbols of varying order which
are not covered before.

1. INTRODUCTION AND GENERAL RESULT

Let Y := (Y;)s>0 be a strictly S-stable process on R with 0 < 3 < 2, in the sense
of [31] Definition 13.1]. Assume that none of the one-dimensional projections of YV’
is a subordinator, and Y has no drift when § =1 (namely, 7 = 0 in [3I] (14.16)]).
Then Y satisfies the following Chung-type liminf LIL: There exists a constants
C € (0,00) such that

. Supys<¢ |Y5|
(1) t—0 l(lrg;;.nfﬂoo) (t/log|logt])/8
See, e.g. [31) Sections 47-48].

The liminf LIL () was established for random walks on Z by Chung [I4] un-
der the assumption that their i.i.d. increments have a finite third moment and
expectation zero. The liminf LIL in [I4] was improved to a finite second moment
assumption by Jain and Pruitt [23]. For some related results, we refer to [T7,24,[35].
Chung also showed the large time result of () for a Brownian motion in R. The
liminf LIL has been extended to non-Cauchy S-stable processes on R? with 3 < d
by Taylor [33], increasing random walks and subordinators by Fristedt and Pruitt
[18], and symmetric Lévy processes in R by Dupuis [16]. Then Wee [34] succeeded
in obtaining liminf LILs for numerous non-symmetric Lévy processes in R. See also
[1L5] and the references therein. Recently, Knopova and Schilling [27] extended

=C as.
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liminf LIL at zero to non-symmetric Lévy-type processes in R. Also, very recently,
the second named author, jointly with Kumagai and Wang [25], extended liminf
LIL to symmetric mixed stable-like Feller processes on metric measure spaces.

The purpose of this paper is to understand asymptotic behaviors of a given
Markov process by establishing liminf law of iterated logarithms for both near zero
and near infinity under some minimal assumptions. In particular, we introduce
a new but general version of it. See Theorem Our assumptions are weak
enough so that our results cover a lot of Markov processes including jump processes
with diffusion part, jump processes with small jumps of slowly varying intensity,
some non-symmetric processes, processes with singular jumping kernels and random
conductance models with long range jumps. See the examples in Sections PHA and
the references therein. In particular, the class of Markov processes considered in
this paper extends the results of [25]. Moreover, metric measure spaces in this paper
can be random, disconnected and highly space-inhomogeneous (see Definition [[H).

Throughout this section, Section Bl and Appendix [0 we assume that (M,d, u)
is a locally compact separable metric measure space where p is a positive Radon
measure on M with full support. We add a cemetery point 0 to M and denote My =
M U {0}. We consider a Borel standard Markov process X = (Q, F;, Xy, 04, >
0;P*, x € Mpy) on My with the lifetime ¢ := inf{¢t > 0 : X; = 0}. Here (0)i>0 is
the shift operator with respect to X which is defined as X;(0; w) = Xsy4(w) for all
t,s > 0. Since X is a Borel standard process, X has a Lévy system in the sense of
[3 Theorem 1.1]. In this paper, we always assume that X admits a Lévy system of
the form (J(z,-),ds) so that for any z € M, ¢ > 0 and nonnegative Borel function
F on M x Mg vanishing on the diagonal,

EZ{ZF(XS_,XS)} =E? Uot /MBF(XS,y)J(XS,dy)ds .

s<t

The measure J(x,dy) on My is called the Lévy measure of the process X. Here we
emphasize that the killing term J(z,d) is included in the Lévy measure.

For z € M and r € (0,00|, set B(z,r) :={y € M : d(z,y) < r} and V(z,r) :=
w(B(z,r)) with the convention B(z,00) = M. For a subset U C M, we denote by
dy(x) the distance between x and M \ U, namely,

du(x) =inf{d(x,y) :ye M\U}, ze€M.
We fix a base point 0 € M and define
d(z) =d(z,0)+1, x€ M.
Since d(z) > 1, the map v +— d(z)" is nondecreasing on (0, c0).
For a Borel set D C M, we denote
7p :=inf{t > 0: X, € My \ D}

for the first exit time of X from D.

We are now ready to introduce our assumptions. Our assumptions are given
in terms of mean exit times, tails of Lévy measures and survival probabilities on
balls. Our assumptions are weaker than those in [I2], see Lemmas [6:4] and in
Appendix [6l

Here are our assumptions for liminf LIL at zero. Let U C M be an open subset
of M.
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There exist constants Rg > 0, Cy € (0,1), C1,C2 > 1, C; >0, 3 < i <7 such
that for every x € U and 0 <1 < Ry A (Cody(x)),

(A1) Cl_l]Ey[TB(y,,,)] S E*[7g(am] < CiEY[Tpy,m] for ally € B(z,r),

(Az) }Lr)% Em[TB(w,T)} =0, E* [TB(JJJ‘)] < CoE” [TB(w7r/2)]a
Cs
(A3) J(z, My \ Bz, 1)) € o,
E* [TB(I,’I‘)]

(A4) Cye@5m < P* (TB(QW) > nIE””[TB(w,T)]) < Cge ©™ foralln > 1.

Next, we give assumptions for liminf LIL at infinity.
There exist constants Roo > 1, v € (0,1), £ > 1, C; > 1, Cy > 1, C; > 0,
3 < i <7 such that for every x € M and r > Rood(z)",

(Bl) Cl_lEo[TB(O,T)] < Ex[TB(w,T)} < Ol]EO[TB(ow)L

(B2) 2EO[TB(O7S/5)] < EO[TB((LS)] < CQEO[TB(O,S/Q)] for all s > Rooa
Cs

B3 J(x, My \ B(z,r)) < ——,

(B3) (z, Mo \ B(,r)) B Trpm]

(B4) Che O5m < p* (TB(QW) > nIE””[TB(w,T)]) < Cge 9 for alln > 1.

We recall the following figure from [12, Figure 1] which shows the ranges of r in
our conditions.

F1GURE 1. Range of r in local conditions

Remark 1.1.

(i) Note that, like [12], we impose conditions at infinity (BIl), (B3) and (B4) only
for r > Rood(2)? (resp. (B2) only for s > Ro, = Rsod(0)V). By considering such
weak assumptions at infinity, our LILs cover some random conductance models.
See Section [3

(i) The assumptions (A3) and (B3) are quite mild and natural. Let x € U.
Suppose ([A2) holds for U and for 0 < r < Ry A (Codu (z)),

J(y, My \ B(z,7)) > cJ(x,Mp \ B(x,r)) forall y € B(z,r/2).
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Then, by the Lévy system, we have that for 0 < r < Ry A (Cody(x)),

TB(w,r/2)
/ / J (X5, dy)ds
0 Ma\B(z,r)

> cE* [Tz, /)] (2, Moy \ B(z, 7)) > ¢ Cy'E*[1p (]I (2, Ms \ B(z,r)).

1>P9(X € My \ B(z,r)) =E*

TB(z,r/2)

(iii) The exact constant 2 in (B2) is unimportant. One can replace it with any
constant C' > 1. Indeed, suppose that there exist constants R, > 1, ¢/ > 1 and
C € (1,2) such that

(BT) OEO[TB(O7S/K/)] < EO[TB(O,S)] forall x € M, s > Ri)o

Set k := min{n > 2:C" > 2}, £ := ("% and Ry, = R._¢'*~!. Then, using (B2))
k-times, we get that for every x € M and s > R,

2IEO[TB(O,SM)] < CkEO[TB(o,s/ﬁ”‘)}
< CkilEo[TB(o,s/E’kfl)] <. < C]EO[TB(O,S/K/)] < EO[TB(O,S)]'

Thus, (B2) holds constants Ro > 1 and ¢ > 1.
(iv) The first inequality in (B2) implies that lim, o E°[7p(, )] = co. Hence,
under (BIl) and (B2), we have lim, o E*[7p(, ] = oo for all 2 € M.

From now on, whenever conditions (A1) -(A3) are assumed with Ry > 0 for an
open set U, we let ¢(x,r) be a function defined on U x (0, Ry) satisfying the following
properties: v — ¢(x,r) is increasing for oll x € U and there is a constant C > 1
such that
(2)

CT'E* [t5(am]) < ¢z, 1) < CE®[rp(sn] for all z €U, 0 <r < Ry A (Cody()).

Also, whenever conditions (BI)—(B3) are assumed with Ry, > 1 and v € (0,1),
we let ¢(r) be any function on M x (0,00) satisfying @) for all x € M and r >
Rood(z)?, with ¢(r) instead of ¢(x,r).

Then by condition ([A2), we see that there exist constants 83 > 0 and Cy > 1
such that

B2
(3) o, 7) < Cy (t> forallz e U, 0 < s <1 < Ry A (Coby(x)),

o(z, s) s
and by (B2), there exist constants 31,82 > 0 and Cyy > 1 > Cp, > 0 such that
B1 B2
r o(r) r
4 Y <2 (X)) foranr> v,
(4) CL(S> < 9 _CU(S> or all 7 > s > Ro.d(z)

Now, we give our results in full generality. Our first result is the liminf law of
LIL at zero. Note that we do not put any extra assumptions on our metric measure
space such as volume doubling property.

Theorem 1.2. Suppose that (AI)—(B4) hold for an open subset U C M. Then,
there are constants as > ay > 0 such that for all x € U, there exists a constant
ay € la1,az] satisfying

) fming 25 Po<oze X))

= P*-a.s.
=0 t/log |logt| e s
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Note that in Theorem[[2] r — ¢(z,r) for z € U can be slowly varying at zero so
that we can cover jump processes whose jumping measures have logarithmic tails.
When ¢(z, ) is a mixed polynomial type near zero (i.e., both @) and (@) hold), we
recover the classical form of the liminf LIL at zero.

We denote ¢~ (x,t) := sup{r > 0: ¢(z,r) < t} for the right continuous inverse
of ¢($, )

Corollary 1.3. Suppose that (AIl)-([A4) hold for an open subset U C M and there
exist constants 51, Cr, > 0 such that

o, 7)
)

Then, there are constants as > ay > 0 such that for all x € U, there exists a
constant a, € [ay, as] satisfying

b1
ZCL(£> forallz €U, 0 <s <r < RyA(Cody(z)).

d(z, X -
(7) lim i SPosese A0 X o e
t—0 ¢~ 1(x,t/log|logt|)

Our second result is the liminf law of LIL at infinity.

Theorem 1.4. Suppose that (BI)-(B4) hold. Then, there are constants by > by > 0
such that

P SUPg<s<t d(i[:, XS)
8 1 f =
(8) s ¢~1(t/loglogt)

The lim inf in (&) may not be deterministic. In [12], we have obtained a zero-one
law for shift-invariant events under volume doubling assumptions and near diagonal
lower heat kernel estimates (see Proposition [54]). Using the same zero-one law, in
this paper we also establish the deterministic limit in liminf law.

We recall the following versions of volume doubling property from our previous
paper [12].

€ [by, ba], PY-a.s. Vx,y € M.

Definition 1.5.

(i) For an open set U C M and R € (0,00], we say that the interior volume
doubling and reverse doubling property VRD R{)(U ) holds if there exist constants
Cyv €(0,1),d2 > di >0and C, > ¢, > 0such that forallz € Uand 0 < s <r <
Ry A (Cvdy (),

4 V(x,r) 7 92
- < < - .
) u (s) ~ V(x,s) < Cu <5>
(ii) For R, > 1 and v € (0, 1), we say that a weak volume doubling and reverse

doubling property at infinity VRD (v) holds if there exist constants dy > d; > 0
and C,, > ¢, > 0 such that (@) holds for all z € M and r > s > R/ _d(x)".

For an open set D C M, let X be the part process of X defined as X :=
X150 +0 1, <4y Then X, is a Borel standard process on D. See, e.g. [8 Sec-
tion 3.3]. Let (PP)¢>0 be the semigroup associated with X2, namely, PP f(z) :=
E*[f(X[)]. We call a Borel measurable function p? : (0,00) x D x D — [0, o] the
heat kernel (transition density) of (PP)¢>o (or XP) if the followings hold:

(i) PP f(x) = [Pz, y)f(y)u(dy) for all ¢ > 0, z € D and f € L>®(D; p).

(i) pP(t+s,z,y) = [ pP(t,2,2)p" (s, 2z,y)u(dz) for all t,s > 0 and 2,y € D.
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We simply write P; for PM and p(t,z,y) for pM(t,z,y).
We now consider the following near diagonal lower heat kernel estimates:

There exist constants R, > 1, v,n € (0,1), ¢, > 0 such that for all x € M and
r> R d(x)?, the heat kernel pP@™) (t,z,y) of XB®") ezists and

(B4+) pB(x’T)(qé(m"),y, z) > for all y,z € B(x,nzr).

Cx
V(z,r)

Under (BI) and VRD®> (v), the above condition (B4E) is stronger than (BZ).
See Proposition [[.9l

Remark 1.6. The standard version of near diagonal lower estimates on heat kernels
(without the restriction r > R.d(x)V) has been studied a lot. In particular, in
[10] and [11], it is shown that, for a large class of symmetric Hunt processes, the
standard version of near diagonal lower heat kernel estimates can be obtained under
(B2) and a Holder-type regularity of the corresponding harmonic functions. See
[10, Proposition 4.9] and its proof.

Corollary 1.7. Suppose that VRD = (v) holds. If (BI), (B2), (B3) and (BLL)
hold, then there exists a constant bo € (0,00) such that

. SUPge gt d(T, Xs)
10 | f = =b PY-q.5. V M.
(10) gaty ¢~1(t/loglogt) < ¢.8. VI,Y €

Remark 1.8.

(1) Once we prove that the liminf LILs (&) and (@) hold true with ¢(x,r) =
E*[TB(,r], by Blumenthal’s zero-one law, they hold true with general ¢ satisfying
(@) after redefining constants a1, as, a1, as by C~tay, Cay, C~'ay, C as, respectively,
with the constant C' > 1 in (). Similarly, thanks to the zero-one law given in
Proposition (5.4, it suffices to prove Theorem [[.4] and Corollary [[.7 with a particular
function ¢(r) := E°[15(o,m]-

(2) Using the zero-one law in Proposition 54| again, we see that the liminf LIL
(I0) remains true even if the function ¢, which comes from condition (B4, is

replaced by any function 5 comparable to ¢.

Let us also consider the following counterpart of (B4=L]):
For a given open set U C M, there exist constants Ry >0, C),n € (0,1) and ¢, >0
such that for all z € U and 0< r < Ry A (Chdy (), the heat kernel pP @) (t, 2, y)
of XB@™) exists and

(Adt) P 0w ),y 2) 2 s forall y,z € Bl )

Proposition 1.9.
(i) Suppose that VRD g, (U) holds. If (A2) and (A4L]) hold, then (B4) holds with
some Ro > 0 and Cy € (0,1).

(ii) Suppose that VRD™ (v) holds. If (B2) and (BAL) hold, then (BI) holds
with some Ry > 1.
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Proof. (i) By following the proof of [12], Proposition 4.3(i)] and using ¢(x, r) instead
of ¢(r) therein, we can deduce that there exist constants Ry, cq,c3 > 0, ¢; > 1 and
Co € (0,1) such that for all z € U, 0 < e17 < Ry A (Cody(x)) and n > 1,

e 2" < P* (TB(x,r) > nE” [TB(w,clr)](xv Clr)) <e o

By taking Ry small enough if needed, we may assume that (A2) holds with Ry = R;.
Using (@), it follows that for all x € U, 0 < r < Ry A (Cody(z)) and n > 1,

€™ <P (T = nd(z, 7)) <P (Tp(ar) = no(x,r))
<P (1R > ¢ P CG o (a, err)) < e—caler 2Oy n=1),

(ii) Analogously, we can deduce the result by following the proof of [12, Proposition
4.3(i)]. O

The rest of the paper is organized as follows. In Sections BH4l we show that the
conditions (AT)-(A4), (BI)-(B4) and (B4H) can be checked for important classes
of Markov jump processes, which may be non-symmetric and space-inhomogeneous.
Thus we can apply our main theorems to get explicit liminf LILs for them.

More precisely, in Section] we consider general (non-symmetric) Feller processes
on R? with C%°(R?) contained in their domain of generators and introduce some
local assumptions (see (OI)-([OZ)). Under these assumptions, we establish liminf
LIL at zero for Feller processes on R?. Then, combining results in this paper and
[12], we present concrete examples of non-symmetric Feller processes and Feller
processes with singular Lévy measures for which both liminf LILs and limsup LILs
hold. In the remainder of Section [2] we give another assumption (see (S)), which
can be checked directly from the symbols of Feller processes. As a consequence,
we show that liminf LILs at zero holds for Feller processes with symbols of varying
order.

Section B] revisits [12] Section 3] and discusses liminf LILs for the random con-
ductance model with long range jumps studied in [6L[7]. Our conditions at infinity
are motivated by the random conductance model therein.

In Section [4] we deal with subordinate processes and symmetric Hunt processes
whose tail of the Lévy measure decays in (mixed) polynomial order. We assume
that there is a Hunt process Z enjoying sub-Gaussian heat kernel estimates. Then
we show that general liminf LIL holds true for every subordinate process of Z if
the corresponding subordinator is not a compound Poisson process. In particular,
we get liminf LILs for jump processes with low intensity of small jumps such as
geometric stable processes. Using local stability theorems obtained in [12], we also
get liminf LIL for symmetric Hunt processes associated with a regular Dirichlet
form.

Section [l is devoted to the proofs of our main theorems. We follow the well-
known arguments in [I6, Chapter 3], [27, Theorem 2] and [25] Theorem 3.7]. But
non-trivial modifications are required since we allow our processes and state spaces
to be highly space-inhomogeneous. The paper ends with Appendix[@which contains
some comparisons between conditions of the current paper and [12] and a simple
lemma about lower heat kernel estimates for Dirichlet heat kernel.

Notations. Values of capital letters with subscripts C;, ¢ = 0,1,2,... are fixed
throughout the paper both at zero and at infinity. Lower case letters with subscripts
a;, ¢, 1 =0,1,2,... denote positive real constants and are fixed in each statement
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and proof, and the labeling of these constants starts anew in each proof. We use
the symbol “:=" to denote a definition, which is read as “is defined to be.” Recall
that a A b := min{a,b} and a V b := max{a,b}. We denote by A the closure
of A. We extend a function f defined on M to My by setting f(9) = 0. The
notation f(x) < g(r) means that there exist constants c; > ¢; > 0 such that
c1g(z) < f(z) < cag(x) for specified range of x. For D C M, denote by C.(D) the
space of all continuous functions with compact support in D.

2. LIL FoR FELLER PROCESSES ON R

Throughout this section, we assume that X is a Feller process on R? with gen-
erator (£,D(L)) such that C°(R?) C D(L). Tt is well known that the generator
L restricted to C°(R?) is a pseudo-differential operator, which has the following
representation (see [15]):

Lule) = ~(2m) ¢ [ @@9(a¢) [ Ouys, we CFE,
Rd Rd
where the function ¢ : R? x R? — C, which is called the symbol of X (or L), enjoys

the following Lévy-Khinchine formula

a(x,€) = o(x) —i(b(x), &) + (&, a(x)8) + /R w1 R O (0, d2)
Here (c(z),b(z),a(x),v(z,dz))cra is a family of the Lévy characteristics, that is,
c:R? — [0,00) and b : RY — R? are measurable functions, a : R? — R4*? is a
nonnegative definite matrix-valued function, and v(z, dz) is a nonnegative, o-finite
kernel on R? x B(R?\ {0}) such that fRd\{o}(l A|z|?)v(z,dz) < oo for every x € RY.
Throughout this section, we always assume that c(x) is identically zero so that X
has no killing inside.
Define for 2 € R% and r > 0,

-1
(11) O(z,7r) = ( sup Req(m,f)) .
lgl<1/r

For example, if functions o : R? — (0,2) and v : RY — (=2, 00) satisfy vy(x) >
—a(r) for all z € R% then the function g(x,€&) = |¢€]*® (log(1 + €))7 is a
symbol (see Lemma 2) and we obtain ®(z,r) = 7*®) (log(1 + 1/r))~7®),

Here are our assumptions on the Feller process X. Let U C R? be an open
subset.

There exist constants Ry,eq > 0, 3¢ > 1, C; € (0,1), 8 < i < 11 such that for
every x € U and &€ € R? with 1/|¢| < Ro A (Csdyr(x)), the following hold

(01) lirr(l) ®(z,7) =0 (or, equivalently, either a(z) # 0 or v(z, R?) = c0),
T
(02) Sup ‘Re q(z,€') = Cy|Img(, )],
g'<lg
(03) i RQQ(y7§) 2 C’10 sup Re q(y7§)7
lz—y|<1/1¢| lz—y|<1/1¢|
(04) P (5(Xy — 2, 2) < —| Xy —x]) > Cpy forall 2] =1

and 0 < ¢ < g9®(z, Ry A (Csdy (2))).
Under (1), the probability that the process X starting from x € U stays at
x for a positive amount time is zero. ([0O2) is not only a local formulation of the
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sector condition but also a weaker version of it since we take the supremum in the
left-hand side. (O3] and ([O4]) give a weak spatial homogeneity of the process in U.
Similar conditions have appeared in [27] (see (A2)—(A3) therein) where small time
Chung-type LILs for one-dimensional Lévy-type processes were studied.

Remark 2.1. When d = 1, (O4) is equivalent to P*(X; —z > 0) € [C11,1— C44] for
all z € U and t < ®(z, Ry A (Csdy(2))). Thus, if d =1 and X is symmetric, then
(O4) holds with C; = 1/2.

Following [30], we set for 2 € R? and r > 0,

Mz, r) = iHa(x)” —|—/ ﬁ N1 v(z,dz)
2 ra \ 72 e
where |a(z)|| := supgepa, <1 (§;a(z)§). The function h frequently appears in

maximal inequalities for Lévy-type processes. See, e.g. [16,27].
The following result is well-known. We give a full proof for the reader’s conve-
nience.

Lemma 2.2. There exists a constant C1o > 1 depending only on the dimension d
such that

sup Re q(z,&) < 2h(x,r) < Cra sup Re q(x,&) for all x € RY r > 0.
[§1<1/r 1/(2r)<[gI<1/r

In particular, it holds that

1 Cr2 d
12 — <P < Il R 0.
(12) ) = (x,r) < iz, 7) forall x € R r >

Proof. Using the inequality 1 — cosy < y? A2 for y € R, we get that for all z € R?
and r > 0,

1
sup Req(,€) < —fla(@)| + sup / (1 — cos (z, &) ) (a, dz) < 2h(x, 7).
l¢]<1/r r |€1<1/r JRE

Next, it is clear that supy /g, <jej<1/» Req(x,€) > 77 ?||a(z)||. Moreover, using
Tonelli’s theorem and the inequality 1 — cosy > y?/4 for |y| < 1, we get that for
all z € R and r > 0,

sup Req(z,&) > a1 / Req(z, p/r)dp
1/(2r)<[€]<1/r 1/2<|pl<1

> 01/ / (1 —cos(z,p/r))dpv(z,dz)
re J1/2<)p<1
2 2
>c / %/ Mdpu(:c,dz)-{-/ / (1—cos(z/r, p))dpv(z,dz)
lzl<r T2 J1/2<)p/<1 4 lz|>r J1/2<p<1

2 2
> 01/ (% A 1) v(z,dz) inf / Maip/\/ (1 —cos(y,p))dp | .
RA\ T yerd, [yl=1 \J1/2<|p|<1 4 1/2<|pl<1

Let e; := (1,0,...,0) € R%. By symmetry, we see that for all y € R? with |y| = 1,

1
/ <y,p>2dp2/ <el,p>2d021—6/ dp
1/2<]|p|<1 1/2<|p|<1, (e1.p) >|pl/2 1/2<]|p|<1, (e1,p)>|pl/2

:cz
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and

/ (1 —cos(y,p))dp = inf (1 — cosaley, p))dp
1/2<|p|<1 a>1J1/2<p|<1

a>1

1/2 1/2
> 2 inf / / (1 = cosapy)dpdp; > c3 inf / (1 —cosapy)dp;.
0 pERI-1 |5]<1/2 a>1Jo

Since limg,— o0 fol/Q(l—cos ap1)dp; = 1/2, it holds that inf,~; fol/Q(l—cos apy)dpy >
0. Therefore, using the inequality a Vb > (a + b)/2 for a,b € R, we get that
SUP1 /(27)<|¢|<1/r R€Q(7,§) > cah(x,7) and finish the proof. O

Recall that @ is defined in (). It is clear that s?h(x,s) < r2h(z,r) for all
z € RYand 0 < s < r. Thus, by ([[2), there exists a constant C}; > 0 depending
only on d such that
O(z,7)
(z,5)
Lemma 2.3. Suppose that (Q3) holds for an open subset U C R®. Then there
exists a constant Cy3 € (0,1) such that

inf  ®(y,r)>Cis sup P(y,r) forall x €U, 0<4r < RyA (Csdy(x)).

|z—y|<2r |z—y|<2r

Proof. By ([3), Lemma and (O3)), we get that for all z € U and 0 < 4r <
Ro A (Csdu (),

(13)

2
SC’&(Z) forallz € RY, 0< s <.
s

i

-1
inf  ®(y,r) >¢; inf ( sup RGQ(y’f))

le—y|<2r le—y|<2r \ 1/(4r)<|€|<1/(2r)

=c inf inf Regq(y,&) '>cC in sup Req(y, &)t
L any a1/ on) fomia e 4O O 200 TR o—y|<2r (©:8)

>Co Req(y,§) ' >c2Cio sup  @(z,7).

sup inf
|lz—y|<2r 1/(4r)<[gI<1/(2r) |z—y|<2r

O

As an application of our Theorem [[.2] we obtain the following LIL for Feller pro-
cesses. See [27, Theorem 2] for a one-dimensional result under similar assumptions.

Theorem 2.4. Let X be a Feller process on R with symbol q. Suppose that (OT)—
(OQ4)) hold for an open subset U C Re. Then, there are constants as > a; > 0 such
that for all x € U, there exists a constant a, € |ay,as] satisfying
O(z, supgegey |[Xs —
(14) lim inf ( Pocsst | D = ay, P*-a.s.
t—0 t/log | logt|

Moreover, if there exist constants 81, Ct > 0 such that

(15)

B/
(b 1
@Ei:g 202(2) forallz € U, 0 <s<r < RygA(Csdy(z)),
then there are constants as > a1 > 0 such that for all x € U, there exists a constant
a, € [a1,as] satisfying
SUPp<s<t d(z, X5) ~

16 lim inf = Uy, P¥-q.s.
(16) g O—1(x,t/log|logt|) “ -3
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Remark 2.5. Let ® be any function on U x (0,1) such that ®(z,r) =< ®(z,r) for
x € U and r € (0,1). Thanks to Blumenthal’s zero-one law, the liminf LILs (I4)
and (I6) hold true with ® instead of ®. Cf. Remark

To prove Theorem [2.4] we need the following two lemmas.

The first one is a consequence of [4, Section 5]. Since we only put assumptions
on the symbol ¢ locally, we carefully check the ranges of variables in the proof of
Lemma

Lemma 2.6. Suppose that (O)), ([O2) and (Q3) hold for an open subset U C RY.
Then there exist constants C14,C15 > 0 and Ci16 > 1 such that for all x € U,
0< 88%7‘ < Ro A (Csdy(x)), w e B(x,r) and t > 0,

Ciat

1 pv <t) <
( 7) (TB(w,r) —_ ) —_ (I)(x’r),

1 Pv >t) < — 1
(18) (TBw,ry > 1) < exp( B(z,7) + ),
and
(19) C’l_ﬁlfl)(x,r) < ]E“’[TB(U,,T)] < Ci6P(z, 1),

where Co, C1o and Cho are constants in (O2)), (O3)) and Lemma respectively.

Proof. Fix x € U. Let ro := Ry A (Csdy(x)) and k := 2C12/Cy > 2. Note that for
all 0 < 4kr < 79 and w € B(zx, 2r), by the triangle inequality,
Csdy(w) > Cs(dy(x) —r) > ro — 2r > 3kr.
Hence, by Lemma 221 and (O2)), it holds that for all 0 < 4kr < r¢ and w € B(z,r),
(20)
R 2kr su » Regq(w, 209k
sp sup _ReUB:E) - 2kr SUPle</n a(w§) _ 205kr _
1/(akr) < |g|<1/2kr) |ly—w|<r [§]Tm q(y, €)| — Cra supjgj<1 (k) Mmg(w, §)| — Cia
Using (O3)), Lemma and the monotone property of ®, we get that for all
0 < 4kr < ro and w € B(z,r),

(21)
sup inf  Regq(y,§)
1/(4kr)<|€|<1/(2kr) ly—w|<3r
. Cio
> sup inf Req(y,£)>Co sup  Reg(z,6)> 20 (z,7).
1/(4kr)<|€]<1/(2kr) ly—[<dr 1/(4kr)<|€]<1/(2kr) Chz

On the other hand, by Lemma 22 and (O3), we also get that for all 0 < 4r < rg
and w € B(z,r),

c
sup  sup Req(y,§) <Crp  sup sup Req(y7§)§0—12<1>(af,r)‘1~
ly—wl<r g<1/r 1/@r)<IEI<1/r ly—w|<r 10

Moreover, we get from Lemma 23] and (O2) that for all 0 < 4kr < ro and w €
B(z,r),

1 Ci3 —
swp sup - [Img(y,€)| < &= sup - sup [Req(y,§)| < H=0(z,r) 7
ly—wl<r 4/ro<lé|<1/r 9 ly—zl<2r [gl<1/r 0
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Using the triangle inequality several times, ([O2) in the second inequality, the in-
equality |a —sinal < |a|? for a € R in the third, Lemma [Z2 in the fourth, and the
monotone property of ® and Lemma 23] in the last, we get that for all y,¢ € R?
such that |y — x| < 2r and |£] < 4/,

[ Tm q(y, &)
7o/¢| rolé| . 4 .
< 4 |Imq W@“— < 4 sin (z, r0|€§>—s1n<z,§>>u(y,dz)
To|€\ 7“0|€\ 4 . .
< oy, 4/r) /|<m/4 g s e g vl )

! /z|<ro/4 ) = sim (2. )|ty ) + (—ﬂ i 1> /z>m/4y(y’dz)

1 _ 16 16
<2 (325 ) [ Pulde) + 200 R B0/ )
9 o 7o lz|<ro/4

< cl<I>(y,4/r0)_1 < o ®(z, r)_l.

Therefore, we deduce that for all 0 < 4kr < rg and w € B(z,r),

sup  sup |q(y,€)] < sup (sup Req(y,§)+  sup  [Img(y,&)|
ly—w|<r |€]<1/r ly—w|<r \[g|<1/r 4/ro<|€|<1/r

(22) + sup [y, €)1) < cs®(a,r)
1€1<4/ro

Finally, by @20), @2I) and (22)), we obtain the results from [4, Theorem 5.1,
Corollary 5.3 and Theorem 5.9]. O

Lemma 2.7. Suppose that ([OI)~(O4)) hold for an open subset U C R%. Then (A4
holds for U.

Proof. To prove the lemma, we mainly follow the strategy of [I9, Proposition 5.2].
Choose any x € U and set 9 := Ry A (Csdy(z)). For all w € B(z,r¢/8), since
du(w) > dy(x) —ro/8 > duy(x)/5, we get from Lemma 23] and (I3) that

(23) ®(w, Ry A (Csdy (w))) > ®(w,70/5) > Ci3®(x,70/5) > c1P(z,70),

where the constant ¢; > 0 is independent of x.
Let > 0 be such that (8C12/Co)r < ro. By (@), (19 and ([3J), there is a
constant €1 € (0, c189/C16) independent of = and r such that for all w € B(z,r/2),

(24) Pw(TB(w,r/%) < Ele[TB(z,r)]) < CV11/27

where g, 2, C1; and C are the constants in (Q4)) and [IJ). Set to := e1E”[15(5,]
and for k > 0,

Sk

r
:—{ sup ‘Xu*tho|<Ey %<X(k+1)t0 thkato> *|X(k+1)t0 th0||tho|}~

ktg<u<(k+1)tg
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Note that a? — ab+ b*> < 1 for 0 < a,b < 1. Using this inequality, we get that for
any y, z € R? satisfying |y| < r/2, |2| < r/(2%) and s(y, z) < —|y||2],

2
[y + 2 = [yl + |2 + 20y, 2) < [yl + |2 = —yll2]

4 r? 2y 2 2]\ 2 2y x|z
(-2 2 ()
(oA L (Y

2 2 x2 \2)°

Hence, for any n > 1, on the event ﬂZ;éSk, we have Xy, € B(Xo,r/2) for all
0 < k < n. By the Markov property, it follows that for all n > 1,

p* (TB(m7r) Znto) >Pp* ( ﬂz;é Sk) =P'E { ﬂz;& Sk | ]:(n—l)to:|
=P (PXo-00 (S) ) P (M3 S )

pe(so) B (g sz 2 (|t Pe(s)

> inf
weEB(z,r/2)

For any w € B(z,r/2), since eg®(w, Ry A (Csdy(w))) > c160C16 E¥ [Tp(sm] > to
by ([23) and (IJ)), using (O4) and [24), we get that
P (So) > 1 =P (5(Xs, —w,w) > =X, — wl|w]) = P (Tp(w,r/5) < to) > Cr1/2.
It follows that for all n > 1,
P (TB(er) > ME*[Tp(am]) = P* (B = ney o) > (Crr/2) /=L
On the other hand, by (I8)) and [IJ)), we get that for all n > 1,
P*(TR(er) = NE*[T(pm]) < e(C13/Crointl,

The proof is complete. O

Proof of Theorem 24l With a redefined Ry, in view of ([IJ), we get (ATl from
Lemma 23], (A2) from (Ol) and ([I3), (A3) from Lemma 2] and (AZ)) from Lemma
271 Then by the proof of Theorem [[L2] one can see that (67]) holds for all x € U
with ®(z, -) instead of ¢(x, ). Hence, by Blumenthal’s zero-one law, we deduce ([I4]).
Moreover, if ([I3) also holds true, then we arrive at (I6]) by a similar argument to
that in the proof of Corollary [[3l We omit details here. ]

We now give concrete examples of Feller processes which satisfy both liminf LIL
at zero and limsup LIL at zero with help from the paper [12]. In the following two
examples, we use conditions Tail, E and NDL introduced in [12]. See Definitions
in Appendix for their definitions.

Example 2.8 (Non-symmetric Feller processes). Let v be a nonincreasing non-
negative function on (0,00) satisfying [~ (r*~! A 1) (r)dr < co. Define for
r >0,

g(r)—l//|z>ry(|z|)dz and ’H(r)_l//Rd ('j—;m> v(|2])dz.
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Then H < G, H is increasing and H(r)/H(s) < (r/s)? for all 0 < s < r. We assume
that there exist constants 0 < 51 < 8o < 2 and ¢, ¢o > 0 such that

B1 B2
(25) 1 (t> < Air) <c <t> forall 0 <s<r<1.
5

Let J(z) be a nonnegative function on R? comparable to v(|z]) and x(z,z) be a
Borel function on R? x R? such that for some constants a1, az, a3 > 0 and 8 € (0, 1),

(26) a1 < K(z,2) <ay and |k(z,2) —k(y, 2)| < aslz—y|? forall z,y,z € R

In this example, we always suppose that one of the following assumptions holds
true:

(P1) (23) holds with 8, > 1,
(P2) (28) holds with 83 < 1,

(P3) J(z) = J(—2) and k(x, 2) = k(z, —z) for all 2,z € R%.

In each case when (P1), (P2) and (P3) holds, respectively, we consider the operator

Jea (flx 4+ 2)= f(@)=1,<1 (2, Vf(2)))k(z, 2)J(|2])dz, if (P1) holds;
Lrf(x):= fRd (f(z+2)—f(2))k(z, 2)J(|2])dz, if (P2) holds;
3 Joa (flx+2)+f(z — 2)=2f(2))k(z, 2) ] (|2])dz if (P3) holds.

According to [20, Theorem 1.3 and Remark 1.5, if [26) and one of (P1)-(P3)
hold, then there exists a Feller process X on R? whose infinitesimal generator is
an extension of (L%, C2(R%)). Indeed, the process X is the unique solution to
the martingale problem for (£*, C>°(R?)). By Lemma and (26]), since J(z) is
comparable to v(]z|), the symbol ¢ of X satisfies that

(27) sup Re q(z,&) < 1/H(r) for z € R, r > 0.
lgl<1/r

Below, we check that X satisfies conditions (OT)—([O4]) for U = R<.

First, we note that, by @3) and @), [p.rk(z,2)J(2)dz > ¢ [pav(|z])dz =
clim, o 1/H(r) = oo for all z € R%. Hence, (O] holds for U = R9.

When (P3) holds, the symbol ¢(x,€) is a real number for all x,¢ so that (O2)
for U = R? immediately follows. We now check (O2) for the cases (P2) and (P3)
separately.

Suppose (P1) holds. Using the triangle inequality, Taylor expansion for the sine
function and (23), since x is bounded above, J(z) is comparable to v(]z|). Since
v(|2])dz is a Lévy measure on R? and 81 > 1, we get that for all z € R? and ¢ € R?
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with [£] > 1,

[Img(z,8)| =

/ ((z,§>1{‘z|§1} —sin(z,@)n(x,z)J(z)dz
R4\ {0}

‘/|<1 —sin(z,&))k(x, 2)J (2)dz

/|>1 sin(z, &) k(x, 2)J(z)dz

3
< /|Z|<1 (3] A(IZII&D)V(IZI)dZ+02/ v(|2)dz

|z|>1

S02/ (I=11)” (IZI)dZ+02|§|/ |2[*v(|2])dz + c5
|1<1/1¢] 1/l¢1<|1<1

o G ca)é] + esH(1) Ca__ (ca + csM(1))[€]

— H(1/[ED) H(1) THA/ED)  alélP A/
cs

B 7'1(1/|§\)

Suppose (P2) holds. Using (23]), since x is bounded above, J(z) is comparable to
v(]z]). Using this fact and B2 < 1, we see that for all x € R? and ¢ € R? with
€l =1,

Img(z,¢)| =

/ sin(z, &) k(x, 2)J(2)dz
R\ {0}

< cole] / e (J2])dz + co / v(l2l)dz
|z|<1/|€] |z|>1/]€]

2—n+1 d
<C6T;/"/g<|z|<2"+1/|f (‘ZDZJF (1/|£|)
—n+1 coce e 1ing
2 2
<CGZH 2=/ (1/|5\ H(L/[E]) Z NETEIE) (1/|§\)
_ C7
COHA/lE])

Therefore, by ([27), we deduce that (O2)) always holds true for U = R

(O3)) immediately follows from the fact that x(z, z) is bounded above and below
by positive constants. For (O4), we see from [20, (84)] that the heat kernel p(¢, z,y)
of X satisfies that for all t <1 and z,y € R? with |z —y| < H1(2),

p(tz,y) > esH (1)~
It follows that for all t < 1, # € R? and 2z € R? with |z| = 1,

P®(2(X; — x,2) < —|X; —z|) > p(t,z, y)dy

/B(LHI ) {y:2(y—=z,2) <—[y—=|}

> e (1) / dy
B(z,H=1(t))N{y:2(y—z,z) <—|y—x|}

= 08/ dy = cg.
B(0,1)n{y:2(y,2) <—|y|}

Therefore, ([O4)) holds true for U = R? and s = 2.
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Now, using (28] and 27), we conclude from Theorem 2.4 and Remark that
the liminf LIL at zero () holds true with U = R? and ®~!(x,t/log | log t|) replaced
by H~1(t/log|logt|).

To obtain a limsup LIL at zero for the Feller process X, we also assume that
U, (G,7,¢) (in Definition 63]) holds for some v > 0 and ry,¢ € (0,1). Here,
we emphasize that ¥ may not be smaller than 2. By (6], Tails(G,R?) and
Tailo (H, R?, <) (in Definition [6.2(i)) hold. Moreover, by [20, Theorem 1.2(4) and
Lemma 4.11] and our Lemma 6.5, NDLg/ (H,R?) (in Definition B.2(iii)) holds for
some R}, > 0. Therefore, using (25]), we deduce that for all z € R?, the limsup LIL
at zero given in [I2, Theorem 1.11(i-ii)] holds true for X with functions ¢ = H and
Yv=g. O

In Example 2.9, we directly check that conditions (Adl)-(A4), (BI)-(B3) and
(B4F)) hold.

Example 2.9 (Singular Lévy measure). Let a € (0,2), d > 2 and

R; := {(21,...,24) ER: 2, = 0if j # i}
for 1 < i < d. Denote by €', 1 < i < d the standard unit vectors in R<. Define a
kernel J(z,y) on R? x R by

b —y|T1le if y— d_ R;
(28) J(I, y) — (.’[, y)|£€ y| ) Iy 1' € szl \ {O}a
0, otherwise,

where b(x,y) is a symmetric function on R? x R? that is bounded between two
positive constants. Using this kernel, define a symmetric form (€, F) on L?(R%; dx)
as

E(u,v) = /Rd (i /R(u(x +elr) —u(z))(v(z + e'r) — v(x))J (2, z + eiT)dT) dx,
i=1

F={ue L;(Rd;da:) | €(u,u) < oo}

According to [36), Theorem 3.9 and Corollary 4.15], the above form (€, F) is a

regular Dirichlet form and the associated Hunt process X is a strong Feller process

in R?. Below, we get liminf and limsup LILs for X, both at zero and at infinity.
From the definition (28]), we see that Tail, (r®, R?) holds true. Indeed, for all x €

d i 1
RY and r > 0, Jp@me @ dy) = 320 [l s, J(@a+7et)dr < d f o7 1=adqr
= cr~“. By [36] Proposition 4.4 and the proof of Theorem 4.6], there exist ¢1,co > 0
such that for all € R%, r,¢t > 0 and n € N,

(29) P (7B, <t) <citr™® and  P*(Tp(gr) > conr®) < 27"
By [36], Proposition 4.18], there exist ¢z, ¢4 > 0 such that
(30)  p(t,z,y) > cst= Y forall t >0, x,y € R? with |z — y| < cqt'/e.

It follows that for all x € R%\ {0} and ¢ > 0,
(31)

P (2(X, —z,z) < —| X, —||z]) 203t_d/0‘/ dy > czes(d),

Ay—z,x) <—ly—z|lz], [y—z|<cgtt/@

for a constant ¢5(d) > 0 which only depends on the dimension d.
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Now, by using the first inequality in (29) and (31), one can repeat the proof of
Lemma 27 and deduce that for all z € R?, r > 0 and n € N,

(32) P*(TB(z,r) > cenr®) > cre” ="

with some c¢g,c7,cg > 0. From the latter inequality in ([29) and ([B2), we get that
E®[7g(z,m] = r* for z € R? and r > 0, and conditions (Ad)) with U = R? and (B4)
hold true. Consequently, all conditions (AT)-([A3) (with U = R?) and (BI)-(B3)
are satisfied since we already checked that Taily, (r®, RY) holds true. Moreover,
using Holder continuity of the heat kernel given in [36, Corollary 4.19] and (30,
one can repeat the proof of [12] Proposition 4.15] and deduce that the zero-one law
for shift-invariant events stated in Proposition [5.4] holds true.

Eventually, from Corollaries [L3] and [[L7] and Remark [[.]] we conclude that for
all 7,y € R?, both liminf LILs () and (I0) hold with ¢(x,r) = ¢(r) = r®. Also, we
conclude from [I2] Theorems 1.11-1.12] that the limsup LILs [I2] (1.12) and (1.15)]
hold with ¢(r) = r*. O

Using the local symmetrization introduced in [32], we obtain a sufficient condition
for ([O4) in terms of the symbol g(-,£). We introduce the following condition:

(S) C2°(RY) is an operator core for (£, D(L)), i.e. L|¢oe rey = L, and there exist
constants Ry, Ag € (0,1), Ko > 1 and ¢r,, ¢y > 0 such that the following conditions
hold for every z € U:

(i) There exists an increasing function g(z,-) and constants 0 < a(z) < B(x)

such that
1 1 1
33 - < )
(33) A <a<z> ﬁ(z)) 21d
a(z) B(z)
r g(x,r) r
- < < - >
(34) CL(S) S S CU<S> for all r>s>1/(Ro A (Aodu(x)))
and

(35)
Ky 'g(a, [€]) < Req(w,€) < Kog(x, [¢]) for all € € RY, |€] > 1/(Ro A (Aobu(2)))-
(ii) For every 0 < r < Rg A (Aody(x)), there exists a Feller process Y = Y&
with symbol gy (-, €) such that

(36) () q(y,€) = 2Reqy (y,€/2) for all y € Bz, 7) and & € RY,

(b) Ko'* Anf Reqy(z,) < Reqy(y,§) < Ko sup Reqy(z,)

z|<r |z—z|<r
(37) for all y € R\ B(z,r) and € € RY, €] > 1/(Ro A (Aody (2))).

The condition (S) looks complicated but it is quite straightforward to check
when some concrete form of ¢(x, ) is given. See Examples 2.13] and 2141

Remark 2.10. The assumption that C°(R?) is an operator core for (£, D(L)) is
equivalent to the well-posedness of the martingale problem for (—q(-, D), C2°(R%)).
See [32, Proposition 4.6].
Lemma 2.11. Suppose that BB) holds. Then there exists a constant K1 > 1 such
that
Kt
O(x,r)

K,

O(x,r)

<g(z,1/r) < for all x €U and 0 < 2r < Ro A (Aodu(z)).
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Proof. Using ([B5), Lemma[2.2] and the monotonicity of g, we get that for all z € U
and 0 < 2r < Rg A (Apdy (),

——— > sup Regq(x, &) > K; ' g(x,1/r
q)(.’lf,’l") El=1/r ( ) 0 ( /)

and

<C sup Req(z, &) < Cr1oKog(x,1/7).
B(x,r) = 1enig <y (7:8) = Crafogle, L)

]

Proposition 2.12. Suppose that (O3) and (S) hold. Then (O)), (O2) and ([O4)
hold.

Proof. The first inequality in ([B4]) implies that lim,_, . g(x,r) = oo for all x € U.
Hence, we get ([OI) from Lemma 2I1l (O2) is obvious because g(x,€) is real for
all z € U and ¢ € RY by (B6). Thus it remains to prove ([O4).

Fix 29 € U and set ro := 8 1(Ry A (Apdyr(wp)). Let mo € (0,1) be a constant
which will be chosen later. Pick any 0 < ¢; < no®(zg,70) and then define r; =
® (g, my 't1) € (0,70). Let Y = Y#0:2"1 he a Feller process on R? satisfying (36)
and 1) with = xo and r = 2r;. Denote by Y’ an independent copy of Y and set
VS = 1(Y; 4+ 2Y] — /). Then according to [32, Lemma 2.8], Y* is a Feller process
with symbol 2Re gy (-, £/2) and its characteristic function A¢(y,§) := EY [e"<ytsfy’5>]
is nonnegative for every t > 0 and y, ¢ € R%.

Since the martingale problem for (—q(-, D),C(R%)) is well-posed (Remark
[2Z.10)), by [22, Theorem 5.1], the stopped martingale problem for (—¢(-, D), C°(R%))
and B(xg,2r;) is also well-posed. Therefore, by constructing X and Y in the same
probability space, we may assume that X, and Y, have the same distribution for
0 < 5 < TB(zg,ry) under P¥. Then using (7)), we get that for all z € R? with
2| =1,

(38) pro (2<th — 9, 2) < —| Xy, — x0|)
> B0 (VS — 20, € —[Y — a0l 1 < 7o)
> P2 (Y = 20,2) < = |V — o)) = P (Tpagm) < 1)
> B (2(Y,] — o, 2) <~V — 0l) — Crano.

For simplicity, we denote « for a(zo) and S for B(z¢). Using (B7), B5), (B4,
B4)), and Lemmas 21T and [Z3] we get that for all v < 2rq,

(39)
1
inf inf Regy(z,§) > — inf inf Regy(z,
z€R? [€|=1/u w(=6) Ko zeB(w0,2r1) |¢[=1/u av(#¢)
1
> 9(2,2/u)

— inf
2K02 z€B(xo,271)

cr, 2r1\ ¢ . cr, 2r1\ ¢ . 1
— | — f 1 > — f
2Kg < u ) ZEB%IZL’lo,QTl)g(Z7 /rl) - 2K02K1 < u > 263%20,2’)"1) @(27711)

crCis (2r1 “ 1 _ G (2n an_o
2K3K1 u (P(J,'()J’l) 2K§K1 u tl '

Y

Y
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In particular, we have

2 —
i inf,cpe Re gy (z,€) > el U
oo log(1+[¢])

wsb log(1+1/u)
Thus, by [32, Theorem 1.2] and the Fourier inversion theorem, Y¥ has a transition

density function pg(t, x,y) which is given by

R

By [32, Theorem 2.7] and ([39), we see that for all y € RY,

Ips(t1, o0, 0) — ps(ti, zo, zo + ¥)|

<m0 A (oo g < 2m) ol [ I (o, )¢

<)yl [ el (= inf Rea(.6) )

_ t1 .
e ([ deder [ e (< it Reav(:.6) )i
HE j€l>ng /ot e
oo
<ecaly| (no(dﬂ)/aﬁ(dﬂ) + /—w B s%exp ( - 037707‘?8a)ds>.
Using the inequality e < r"s™" for all s,7 > 0, we obtain

/ s?exp ( — 03n0r?sa)ds < 047)0_(d+2)/ar1_(d+2) / s 2ds
7,

—1/a_—1
o 1

_ C5na(d+1)/arf(d+1)'

Therefore, we deduce that
(40) |ps(t1,x0,x0) — ps(t1, o, o + y)| < 06|y\na(d+1)/ar;(d+1) for all y € R,

On the other hand, similar to (39), using 7)), B3), B4), B4) and Lemmas ZTT]
and 23], we get that for all u < 2rq,

sup sup 2Reqy(2,&/2) < Ki sup  g(z,1/u)
z€R4 [§]=1/u z€B(xo,2r1)

B
< kK (T—1> sup  g(z,1/r1)
u z€B(x0,211)

2 T1 A 1
< cUK0K1<—> sup 3
u z€B(zo,271) (Z,’I"1)
< cvK2K, <r_1>ﬁ 1 _ cvK2K, <r_1>ﬁ@
- Cis u (I)(.’L'o,Tl) Cis u i1 ’

Put ¢; := cUK§K1/C’13 > 1. By taking 19 small enough, we may assume 4c7ng < 1.
Then by the second display in [32, p.3265], it holds that for all 27! < |¢] <
(4e7mo) ~HPrit,

Re )y, (20,€) > 1 — 2t sup 2Reqy (2,£/2) > 1 — 2emort €7 > 271
z€R4
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Since ¢, (20, &) > 0 for every ¢ € R?, it follows that

- - —d/B —
ps(t,0,20) = (2m) 7 [ 271dg > gy Vi,
2717«;1<‘§|<(4C77]0)71/ﬁrl—1

Combining with (AT), we obtain that for all y € R with |y| <2~ cg "egng YT/ |

d/ﬂrl—d o d

_ _ —d _ _ —d _
ps(ti, zo, o +y) > csny 2 108770 /67"1 =2 108770 /ﬂrl .

Therefore, it holds that for every z € R? with |z| =1,
P (2(Y,; —o, 2) <Yy — o)

>

ps(ti, o, xo + y)dy
/z<y,z><y|, ly|<2-1eg tegng /AT 0

22’108775d/ﬁ7‘fd/ dy

— —d d+1
2(y,2) <—yl, ly|<2=teg Legng /AT o

—1.  —d/B_—d(o—1 -1  —d/B+(d+1)/a_  \d
=2""cgn /ﬁrld(Q L5 estg [reen/ ) / ay
2(y,z)<—[yl, ly|<1

2 a—
— con{ @ DA/a=1/B)

and hence by (B8],
P™ (2(Xy, — @0, 2) < —| Xy, — @o|) = n0(comy AU am1/8) Cla).

Note that the above constants ¢g and Cj4 are independent of xy and t;. By (33),
1—(d® +d)(1/a — 1/B) > c1p for some c19 > 0 independent of zo and t;. Taking
no smaller than (27 'cg/Cy4)/ 10, we arrive at the result. O

Below, we give two concrete examples. In the following examples, we assume
that U C R%, d > 1, is an open set and C°(R?) is an operator core for the generator
of the Feller process X.

Example 2.13 (Symbols of varying order). Suppose that there are Holder con-
tinuous functions o : U — (0,2) and v : U — (—1,1) such that inf ey a(z) > 0,
a(x)/24 v(z) €[0,1] for all z € U, and that

q(z,€) = |£*® (log(1 + [¢))"™) for all z €U, £ € R%

By Holder continuities of a(x) and y(x), there exist constants ¢; > 0 and 6 €
(0,1] such that |a(x) — a(y)| + |v(z) — v(y)| < c1]z — y|? for all 2,y € U. Since
lim, 0 rar’ = lim, o (log(1 + 1/7"))*”9 = 1, we see that for all 2 € U and & € R?
with 7 := 1/[¢] < 1 A by (z),

in|f< Req(y, &) >r"*@ (log(1+1/r))"@ inf re@=2W)(log(1 + 1/r))7 @@
T—Y|IST

|z—y|<r

\
0 6
Z,r—oc(w) (log(l + 1/r))7($)rc1r (log(l + 1/7'))_017‘

> car™ @) (log(1 + 1/r))"(®)
and

sup Req(y, &) <@ (log(1 + 1/r)@ =" (log(1 + 1/r))=""

|z—y|<r

< eyr=* log(1 + 1/r))7 ).
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Hence, ([O3) holds.
Now, we check that (S) is fulfilled. Define g(x,r) = r*®)(log(1 + r))*®) for
x € U, r > 0. Since for any € > 0, there is a constant ¢4 = ¢4(¢) > 0 such that

log(1+ )
log(1+ s)
one can see that g(x,-) satisfies (S)(i).
Next, fix any 29 € U and 0 < 2r < 1 A §y(zo). Let a : RY — (0,2] and
5 : R — (—1,1) be Hélder continuous functions such that (i) for every x € B(z,7),
7) = a(x) and F(x) = y(z) and (ii) for every z € R?\ B(wz,r), a(r)/2+7(x) €
[0,1] and for all u > 16,

£
SC4<E> forall r>s>1,
s

N

—_

= inf w®®(log(14u)) W <u®® (log(14u))™® <2 sup  u™¥) (log(14u))"™).
2 ly—mo|<r ly—zo|<r
According to [28, Theorem 3.3 and Extension 3.13], there exists a Feller process Y
on R? having the symbol gy (z, &) = 25®)~1|¢|%®) (log(1 4 2|¢]))7*). Hence (S)(ii)
holds.

Note that ®(z,r) = r*@ (log(1 + 1/r))~"® for x € U and r > 0 in this case.
Hence,

—1
(a1) lim Oz, t/log|logt|)

— v(=)
1 7 Tog {751/ (log | log £])—1/a®) = afx) for all z € U.

Finally, since infyep a(y) A 271 < a(z)"®) < 2 for all z € U, using Proposition
212, Theorem 24l and (#l), we conclude that there are constants as > a3 > 0 such
that for all z € U, there exists a constant a, € [a1, az] such that

(42) lim inf supg o< [Xs — |

=a,, Pas.
i50" 1172 log t}1(®)/2() (log [ log £]) 172 e

Let ST~ :={y € R?: |y| = 1} and e; = e;(d), 1 < i < d denote the standard
basis of R%.

Example 2.14 (Cylindrical stable-like processes). Suppose that d > 2 and there
exists a Holder continuous function o : U — (0,2) with inf ey a(x) > 0 such that

d
= 1&[*®) forall z € U and § = (&,..., &) € R
i=1
Note that for every x € U, the Lévy measure v(z, dz) is a stable kernel of the form

a( )2&(;3) (1+a /2 —1l—a(z
v(z,A) = ST — e / /s\,d 1 A(ro)r )25{6

where I'(z fo u*"te "du is the gamma function and (e} is a Dirac measure
on {e;}. Slnce 1€19@) < g(z,€) < d|¢]*®) forallz € U and € € Rd, using the Holder
continuity of a, one can see that ([O3) holds as in Example Clearly, (S)(i)
holds with g(z,r) = r*®). Choose any zp € U and 0 < 2r < 1 A dy(zg), and let

:R? — (0,2) be a Holder continuous function such that for every z € B(zg, ),
&(:E) = a(z) and for every z € R\ B(xo,r),

1
= inf w®W <@ <2 sup u®®) for all u > 16.
2 ly=wol<r ly—zo|<r
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According to [26] Theorem 3.1], since the measure Zle d{e,) ON S4-1 is nondegen-
erate in the sense of [26, (M1)], there exists a Feller process Y on R¢ having the
symbol gy (z, &) = 28(=)~1 2?21 |€:1%(®). Thus, (S)(ii) is satisfied.

Finally , using Proposition[2.121and Theorem 2.4 again, we get a similar equation
to @) and we can deduce that for all x € U, the LIL (@2]) holds with v = 0.

3. LiMINF LILS AT INFINITY FOR RANDOM CONDUCTANCE MODEL WITH LONG
RANGE JUMPS

In [IZ, Section 3], we have obtained limsup LILs at infinity for random con-
ductance models with long range jumps using results in [6,[7]. In this section, we
give liminf LILs at infinity for such models. We repeat the setting of the random
conductance models in [12] Section 3] here for the readers’ convenience.

Let G = (L, EL) be a locally finite connected infinite undirected graph, where IL
is the set of vertices, and FEy, the set of edges. For x,y € L, we denote by d(z,y)
the graph distance, namely, the length of the shortest path joining z and y. Let p,
be the counting measure on L. We assume that for some constant d > 0,

(43) pe(B(z, 7)) < rd for x €L, r > 10.

A random conductance 1 = (3 : z,y € L) on L is a family of nonnegative
random variables defined on some probability space (2, F,P) such that 7,, = 0
and 7y = Ny, for all z,y € L. We set v, := ZyGL ey for € L and denote by
E the expectation with respect to P. For each w € 2, the variable speed random
walk (VSRW) X« = (X¥ ¢t > 0;P% 2 € L) (associated with n) is defined as the
symmetric Markov process on L with L?(LL, y1.)-generator

Vi) =) neyW)(fy) - f@), @€l

yeL

and the constant speed random walk (CSRW) Y¥ = (Y, t > 0;PZ, 2 € L) (associ-
ated with 1) is the symmetric Markov process on L with L?(L, v)-generator

2f@) =v, (@)Y nay(@)(f(y) - flx), z€L.

y€eL
Let o € (0,2) and 1 be a random conductance on L. With the constant d > 0 in
@), we write wyy = Nylz — y|?Te for 2,y € L so that

w w
nxx:wwxzo and nxy(w): | xy( ) x;éy, 33,y€]]-«-

z =yl
Suppose that d > 4 — 2a,
sup P(wgy =0)= sup P, =0)<1/2,
z,y€L,x#y z,y€l,xz#y
and

sup  (E[w?,] + Elwg/1y,,50y]) < o0
z,y€L,z#y

with some constants

d+2,, d+1 4 g dr?
d d—2q MC 47 Tg
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When we consider the CSRW Y%, we also assume that there exist constants mo >
my > 0 such that for P-a.s. w,

Ney(w) >0 forallz,ye L,z #y and m; < Z Ney(w) < mg for allz € L.
yeL,y#x

According to the proof of [I2], Theorem 3.1], for P-a.s. w, there are constants v €
(0,1) independent of w and r1(w), r2(w) > 1 such that conditions Tail™ ) (re v)
and NDL™®)(# ¢) (in Definitions B2) hold for both X* and Y“. Then, since
VRD'®(v) holds by [@3), using Lemma B.4(ii), we conclude from Corollary 7]
that there exist constants 0 < a; < as < oo such that for P-a.s. w, there exist
as(w), aq(w) € [a1,az] so that for all x,y € L,

lim inf SUPg<s<t d(z, X¢)

=a3(w), limin SPo<s<t .Y
t—oo tl/e(loglogt)—1/ ’

t—oo t1/(loglogt)—1/a

=a4(w), PY-as.

Moreover, when « € (0, 1), the above LILs still hold true for d > 2 — 2q, if p >
max{(d+2)/d,(d+1)/(2 — 2a)} and ¢ > (d + 2)/d, by the proof for the second
part of [I2] Theorem 3.1].

4. LiMINF LILS FOR SUBORDINATE PROCESSES AND SYMMETRIC HUNT
PROCESSES

In this section, we give liminf LILs for subordinate processes and symmetric
Hunt processes. See [12, Section 2] for detailed descriptions and limsup LILs for
such processes.

Recall that (M, d, u) is a locally compact separable metric space with a positive
Radon measure p on M with full support. Let R := sup, ,en d(y,2) and F' be an
increasing and continuous function on (0,00) such that for some constants o >
1 > 1 and ¢p,cy > 0,

71 72
(44) cr, (E> < F(R) < CU<E) forall0<r < R < R.
r F(r) r

We assume that VRD (M) and the chain condition Chp (M) (see [I2, Definition
1.2]) hold. We also assume that there exists a conservative Hunt process Z =
(Zsy,t > 0; P, 2 € M) on M whose heat kernel ¢(¢, x,y) (with respect to p) exists
and satisfies the following estimates: There are constants Ry < R and ¢q,¢2,¢53 >0
such that for all ¢t € (0, F(R;)) and =,y € M,

(45)
C1 Co
T < . E— _
Ve F1(0) Y r(d@y)<ty < qt,z,y) < Ve, F1(0) exp (— csFi(d(z,y),t)),

t
where the function Fj is defined by Fi(r,t) := sup (i - —)
ss0 \s  F(s)

Let S = (S¢)¢>0 be a subordinator independent of Z. We denote by ¢; the
Laplace exponent of S. Then it is well known that there exist a constant b > 0 and
a Borel measure v on (0, 00) satisfying [~ (1 A u)v(du) < oo such that

$1(N) == —logE[e=*%1] = bA +/( )(1 —e MYu(du), > 0.
0,00

We assume either b # 0 or v((0,00)) = cc.
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Let X = (X})t>0 be the subordinate process defined by X; := Zg,. Define

1 2e
= S F) and II(r) = A(F (), ) for r > 0.
Then ® and II are nondecreasing and ®(r) < II(r) for all » > 0. Moreover, since
we have assumed that either b # 0 or v((0,00)) = oo, by (@), we have that
lim, o ®(r) = 0 and that

o(r)
D(s)
See [12, Subsection 2.1].

By @) and [12] Lemmas A.2 and A.3(i)], using Lemma [6.4(i), we see that

conditions (ATl)-(A4) hold for U = M and that the function ¢(z,r) := ®(r) satisfies
@) for 0 < r < 1. Therefore, we get from Theorem and Corollary [[L3] that

o(r)

Y2
(46) <cy (Z> forall0 < r < R < R.
s

Theorem 4.1. There are constants as > ay > 0 such that for all x € M, there
exists a constant a, € lay,as] satisfying

‘I>( SUP) <t d(zx, XS))
t/log | logt|
Moreover, if ¢1 satisfies lower scaling property L'(¢1, 81,¢1) (see Definition in
Appendiz) for some B1,c1 > 0, then there are constants ay > ay > 0 such that for
all x € M, there exists a constant a,, € [ay,as] satisfying

sup0<s§t d(I, XS) o~

4 lim inf — 4., Pas.
“8) M 1t/ g Togtl) ~ v

= ag, P*-a.s.

(47) lim inf
t—0

Here, we point out that our liminf LIL M) covers the cases when ¢; is slowly
varying at infinity. Therefore, the general liminf LIL 1) can be applicable to
some jump processes with low intensity of small jumps such as geometric 2a-stable
processes on R? (0 < o < 1), namely, a Lévy process on R? with the characteristic
exponent log(1 + [£]2).

To get liminf LILs at infinity, we also assume that constants R = R, = oo
in @) and {3, and Li(¢1,B1,c1) (see Definition 63 in Appendix [l hold for
some f1,¢1 > 0. Then by [12, Lemma A.4(ii)] and Lemma [6:4(ii), the function
od(x,r) = ®(r) satisfies @) for » > 1 and (B4H) holds true. Since conditions
(BI)—(B3) hold by [12| Lemmas A.2 and A.3(i)], we deduce from Corollary [T that

Theorem 4.2. Suppose that @) and [A5) hold true with R = Ry = oo, and ¢,
satisfies the lower scaling property Ly (é1, f1,¢1) for some B1,¢1 > 0, i.e.,

ziggzcl(g)ﬁl forall s<r<l1.

Then, there exists a constant bo, such that for all x,y € M,

(49) lim i SPosee @ Xs) PY-q.s,
t=oo  ®~1(t/loglogt) ~

Similar results hold for symmetric Hunt processes considered in [12], Subsection
2.2]. More precisely, let X be a Hunt process on M associated with a regular
Dirichlet form (€%, FX) of the form [12, (2.21)] satisfying [12, Assumption L]. With
the function ®; defined in [12] (2.22)] and open subset U of M in [12] Assumption
L], using [12, (B.7), Propositions B.1 and B.13 and Lemma B.8] and our Lemma
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[6.4] we can deduce that the function ¢(z,r) := ®1(r) satisfies [2)) for 0 < r < 1, and
conditions (AI)-(A3) and (AZF]) hold for U = U. Moreover, when the constants
R =R, = cc in (@) and (@5), the function ¢(z,r) := ®,(r) satisfies (@) for r > 1,
and conditions (BI)—(B3) and (B4%) hold. Therefore, we conclude from Corollaries
and [[7] that the liminf LIL at zero (@8] holds for x € U with the function @,
instead of @, and if we also assume R = R; = oo in (@) and (45), then the liminf
LIL at infinity (49]) holds with the function ®; instead of ®.

5. PROOF OF MAIN THEOREMS

Recall that we always assume that ¢(x,r) (and ¢(r)) satisfies ().

Proposition B[ii) follows from [I2, Proposition 4.9(ii) and Corollary 4.10].
Moreover, when r — ¢(x,r) is comparable with a strictly increasing continuous
function on (0, 00) independent of x € U, the inequality (B0) of Proposition B.IKi)
is obtained in [12, Proposition 4.9(i)] with # = 1. But since we allow ¢(z,r) to
depend on the space variable z here, we need some significant modifications in the
proof for the next proposition.

Proposition 5.1.

(i) Suppose that (Ad)), (A2) and (A3) hold. Then there exist constants 6 € (0,1]
and ¢ > 0 such that for allz € U, 0 <r < 371 (Ro A (Cody())) and t > 0,

0
t

50 P* <t < .
(50) (ran <0< (5

(i) Suppose that (BI), (B2) and ([B3) hold. Let vy € (v,1). Then there exist
constants ¢ > 0 and Ry > Roo such that (&) holds with 6 = 1 and ¢(r) instead of
¢(x,7) for all z € M, v > Ryd(x)" and t > ¢(2r?/V1). Moreover, X is conserva-
tive, that is, P*(( = o00) =1 for allx € M.

Before giving the proof of Proposition Bl we present some lemmas which will
be used in the proof of Proposition BILi).

For p > 0, let X(») be a Borel standard Markov process on M obtained from X
by suppressing all jumps with jump size bigger than p so that the Lévy measure
J) (2, dy) of XP) is J)(x, A) = J(x, ANB(x, p)) for every measurable set A C M.
Then the original process X can be constructed from X (») by Meyer’s construction.
See [29] and [2], Section 3] for details.

Denote Tl()p) =1inf{t > 0: Xt(p) € My \ D} for the first exit time of X from
D. We first generalize [12] Lemma 4.7(i)].

Lemma 5.2. Suppose that (Adl), (A2) and (A3) hold. Then, there exist constants
6 €(0,1) and Ky > 0 such that for all z € U and 0 < p < 37! (Rg A (Cody(w))),

Ky
B e (- g rin)| 16
( Em[TB(;EW)] B(x,p))

Proof. Let z € U and 0 < p < 37'(Ro A (Cody(x))), and denote ¢(z,r) =
E*[Tp(z,m]. We follow the proof of [12, Lemma 4.7(i)]. By (AI) and (A2), we

have

sup ]EZTB(w,p) < sup EZTB(ZQ;J) < sup ]EZTB(Z,p) < 021/}(‘Ta p)
2B (w,p) =€B(a,p) 2€B(a,p)
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Thus, by the same argument as that of [12] (4.17)], there exist constants cs,cs > 0
such that

C4t
51 P*(TB(z.,) > 1) > c3 — , t>0.
(51) (TB(w,p) > 1) > c3 )
Moreover, by following the proof for [12, (4.18)], using (AJl), one can deduce that
2 P* e () < ot
(52) (TB@.p) > 1) = P (T, > H)| < W) t>0.

,p
Let 6 = ¢3/3, K1 = (¢4 +¢5)0 1 log(67 1) and t, = d¢(z,p)/(ca + ¢5). Then by
(BI) and (52),

P(rit ) S tp) =1 =P (Tp(ay) > tp) + P (Tp(ay) > t,) — P2 (TH) ) > 1)
(ca +c5)t,
¥(z, p)
Hence, by the choice of K7, we get that

. K1 (p x K1 () (p)
_ < — : <
. {eXp ( Y(x, p) TB(w)) SET exp < U(z, p) TB(IVP)) TB(e.p) =

Kltp z (. _(p) 0K,
+exp ( B M) <P (T Sto) Toxp ( e tos

<1-36+ =1-26.

>§1—25+5:1—5.
0

Unlike [12, Lemma 4.8(i)], we only get some polynomial bounds in the next
lemma. But it is enough to prove Proposition .11

Lemma 5.3. Suppose that (AT)), (A2) and (A3) hold. Then, there exist constants
a1,01 > 0 such that for allz € U and 0 < p <r < 3_1(R0 A (CoéU(:E))),

C1 K4 P\
(53) E* |:exp ( — W—Tg)()m?r))} <a (; ,

[TB(x,p)}

where C1 > 0 and Ky > 0 are constants in (Adl) and Lemma respectively.

Proof. By taking a; larger than 6% in (53)), we may assume that 6p < r without loss
of generality. Fix z € U and 0 < 6p < r < 371 (R A (Codu/(z))), and let 1(z, s) =
E*[TB(a,s)] for s > 0. Let A = C1K1/v¢(x, p), 70 = Tép()w ry U(z) = E [e=?™] and
B = B(z,(2¥ = 1)p) and by = sup u(y), k>1.
YyEBy
Fix any ¢’ € (0,0) where § € (0,1) is the constant in Lemma [5.2] For each k > 1,
let 2z, € By, be a point such that u(zg) > (1 — §' )by, and 74 := Tép()zk (25—1)p)"
jump sizes of X(¥) are at most p, it holds that either Xﬁf) € B(zy,2%p) C Byyy or
X,(-f) = 0. Therefore by the strong Markov property, we have that for all & > 1,

Since

(1= 0"y < ulzp) =E*[e; 79 < (] = E*[e e M0 <7y < (]

(54) = E*[e M BN [ ]; 7y < 1 < (] < b B [e ],
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Let ng € N be such that (270 —1)p < r/3 < (2701 —1)p. Using the monotonicity
of s = t(z,s), (Ad) and Lemma 5.2 since 2z, € By, we get that for k < ny,

CiK
AT ) 1451 (p)
e ) < o (= G G )

2 K (p)
= {e)‘p (= G = e <10

Combining with (&4l), we conclude that

1-94 1—-8\™ 1—8\™
“(:”)Sblé1—5/b2§"'§(1—6’) b"”lg(l—é’)

o log 1=% /log 2
<1 5 3_P 1—5 .
—1-6 \r

O

Proof of Proposition 5.1l (i) It suffices to prove the case when ¢(x,7) = E*[75(4,]
in view of (). We follow the proof of [12] Proposition 4.9(i)], but with non-trivial
modifications.

Choose any z € U, 0 < r < 37! (Rg A (Cody(x))) and ¢ > 0. Let 8 and Cy
be the constants from @). If ¢t > C;'472%2¢(x,r), then by taking ¢ larger than
Cy4?P2 | [B0) holds true. Thus, we assume that ¢ < 0514’25%(35,7‘).

Set p := r(Cyt/¢p(x,r))/(252) Then p € [¢p~ (x,t),r/4). Indeed, since we have
assumed t < Cp;'472%2¢(x,7), by @), it holds that

rfd>p > (67 (2, 0)/r) " = 1267 (@, 0) 2 > 67 ().
Using ([B) and (A7), we see that for every z € B(z,2r),
B2 B2 B2 B2 B B2
(55) 1 < CU2 (t) < ClCUQ <£> < ClCU2 (t) )
¢(z,0) = ¢(z,2r) \p ¢(x,2r) \p ¢(x,r) \p

Define Ji(z,dy) = J(x,dy)1{,<d(z,y)<r/ay and Jo(z,dy) = J(x,dy)1iqey)>r/4}-
Then we get from (A3) and (BI) that

03 C1 T P2
56 sup Ji(z,My) < sup < (—) .
( ) z€B(x,r) 1( ) z€B(x,r) ¢(Z’p) ¢(x’T) P
We also get from (A3), [B) and (AJ)) that
03 C3CU452 C2
(57) sup  Ja(2,Mp) < sup ————= < sup < :
z€B(z,r) 2€B(z,r) ¢(Zv T/4) z€B(z,r) 925('27 7‘) ¢(‘T7 7‘)

As in [12], we let Y! := X() Y2 be a Markov process obtained from Y by
attaching jumps coming from Ji(z,dy), and Y3 be a Markov process obtained
from Y2 by attaching jumps coming from J;(x,dy). For n > 1, denote by T} and
T2 the time at which n-th extra jump attached to Y'! and Y?2, respectively. Let
TB(w,r) = nf{u > 0: Y2 € My \ B(z,r)}. By Meyer’s construction, the law of
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(Y3 :s < 7p) is the same as that of (X, : s < 75). Therefore, it holds that

P* (TB(LEJ‘) < t) =P (;B(;mr) < t)
=P*(Ty <T@ <t Toan <TL) +PY(TE < Tper < 1)
(58) + P (T St T <Ty NTY) =11 + Ir + I5.

Let Z1, Z5 and Z3 be i.i.d. exponential random variables with rate parameter 1.
From Meyer’s construction, using (B6) and (B7)), respectively, we get that

cit r\ P2 c2t? r 2P
h=PEE (E) 2D+ 2) S G (E)

I <P(

and
C2 t C2 t

o) 2 %) S gy

On the event {7z, < t, TB(zr) < T} AT?}, using the triangle inequality, we see
that

3 3 3 3
(59) T S d(l‘7 Y”N'B(ac,r)) S d(x, Y?B(z,r) /\Tllf) + d(Y;B(z,r) /\/111177 Y;B(x,r)/\Tll)
3 3
+ d(Y?B(wv"')/\Tll ’ Y;—B(mﬂ‘) )
r

<d(@, Y2 o) +d(YE V2 )+ T

T8z, AT’ “ TB(a,r)
In the last inequality above, we used the fact that the jump size of Y at time T}

is at most r/4. Denote by 0Y" the shift operator with respect to Y3. In view of
Meyer’s construction, using the strong Markov property, we obtain from (B3)) that

I; < P* (d(x, y3

?B(z

,T)/\Tllf) > 7'/3, ;B(I,’l") S t7 ?B(m’r) < T21 A T12)

T 3 3 ~ ~ 1 2
+ P (d(Y;B(x,r)/\Tll ’ Y?B(z,r)) > T/37 TB(z,’r’) S t’ TB(m,T) < T2 A Tl)
<Pp* (7-](;()96774/3) < ’7’:3(%7«) <t, ’7’:3(%7«) < T21 A Tf)
3 ~ ~
+ P (71(3?))/3 r/3) © 9§B(M>AT11 < Tz <t T < To A Tf)

s 1
TB(.’L‘,T‘)/\Tl

<2 sup P? (71(3;)()@7«/3) <t).
z€B(x,5r/4)

In the second inequality above, we used the fact that Y;BB( AT € B(z,r +r/4).
x,r 1
Therefore, we obtain from Markov inequality, (55]) and Lemma B3] that

ChiKit CiK
I3 <2 sup EZ{GXP( — - —— Téﬂ(i ﬂg)”
z€B(x,5r/4) ¢(Zap) ¢(2,p) ’

B2
cst r 1K, )
< 2exp ( (—) ) sup E? |:eXp (— o
¢z, r) \p €B(x,5r/4) ¢(z,p) BEr/3)

= C“<§)91 oP <¢<05,t ) (E)B )
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where 61, C1, Ky > 0 are the constants in (53). Finally, since ¢ < Cl}l(b(x,r), we
deduce from the definition of p and (E8) that

cit’ ¢x,r)
¢(z,r)* Cut

cot Cyt 01/(262) cst o(x,r) 1/2
+¢@am‘*@<¢@am) f“p<¢unﬂ( cut> >
(G0 + et o, Cut \™O

ST g@n ¢ Q(W%ﬂ)

o\ (@82)700)/(282)
< _ .
_%<M%ﬂ>

(ii) The result follows from [12] Proposition 4.9(ii) and Corollary 4.10]. O

]P)I(TB(QZ,’I‘) S t) S

An event G is called shift-invariant if G is a tail event (i.e. N0 (X s > t)-
measurable), and PY(G) = PY(G o 6,) for all y € M and ¢t > 0.

The following zero-one law for shift-invariant events is established in [12, Propo-
sition 4.15].

Proposition 5.4. Suppose that VRD™ (v) holds. If (BI), (B2), (B3) and (BIT)
hold, then for every shift-invariant G, it holds either P*(G) = 0 for all z € M or

else P*(G) =1 for all z € M.

Now, we are ready to prove our main results in Section [I}

Proof of Theorem [L2l In view of Remark [ it suffices to prove the case when
¢(x,7) = E*[T(5,)]. We claim that there exist constants g» > g1 > 0 such that for
allz e U,

. TB(x,r)
60 lim su
(60 P30P 9w ) log | log (. 7
We follow the main idea of the proof in [25] Theorem 3.7] and will prove upper

and lower bound of the limsup behavior in (B0) separately.
Pick x € U. Let C7; > 0 be the constant in (Ad)). We set

— —n TB(x,r) 2e
ly=¢"(z,e and A,:= sup > —
o ) {ln+1§7“§ln ¢(z,7)log |log (z,7)| — Cr

Since lim,_, ¢(z,r) = 0 by ([A2)), we have lim,,_, I, = 0. Then using (A4), we get
that for all n large enough,

I € [q1,42), P*-a.s.

}, n > 3.

2e
P?(A,) < P* (TB(z,ln) > a¢($7ln+1)10g | log ¢($,ln+1)|>

2 TB(z,ln) 210gn> o o
<P > < Cge™™n™“.
- (as(x,ln) -G )
Thus, Y2 ;P¥(A,) < co. Then by the Borel-Cantelli lemma, the upper bound in
©0) holds with g2 = 2¢/CY.

Now, we prove the lower bound in (60). Let C;,C5 be the constants in (AJ]) and

(A4), and set

rp = qs—l(gc,e_”z) and  u, :=

¢(x,75)log | log ¢(x, 7))
8C1Cs

, n>3.
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We also define for n > 3,
E,o={ sup d@X)2r), Fo={ sw  dXy., X)="m}

0<s<up41 Un+1<8<Unp

-
G, = { sup d(z, Xs) > 2Tn}, H, = ﬂi’;nGk = { sup B(2ri) < 1}.
0<s<un n<k<2n U

Note that G,, C E,, U F,, for all n > 3 by the triangle inequality. Thus, we have
(61) H, C M2, (Ex U (Fp \ Ex)) C (UiZ, Ex) U (N%, (Fx \ Ex)).
By Proposition [B.Ii), we have that for all large enough &,

6
T T Uk 41 _
(62) P*(Ex) =P* (T, < uks1) < Cl<¢(x,rk)) = coe 2% (log(k + 1))°.

Next, by (Al and (A4), we have that for all k large enough and z € B(xz,ry),

log k
(63) PZ(TB(Z’T,C) > uy) > P? (TB(z,rk) > %) > C4€7C5]<J71/4
5

>1—exp ( — C4€7C5]<i71/4)

and hence
(64)
P*( sup  d(z,Xs) >715) <1 —P¥(Tpn) > w) < exp (— Cye k714,
0<s<Up —Uk41

Thus, using the Markov property, we get that for all n large enough,

P (%, (Fi \ Ex)) <E"P*( i, Fi, Xu;,y € B(x,75), n<j <2n|Fu,,,)

ng(mignH Fk,XujHGB(x,rj), n+1§j§2n) sup ]P’z( sup d(z,Xs) Zrn)
2€B(x,mn) 0<s<up—upt1
< eoxp (= Cae™ n V) ETP (M, 41 Fry Xujpy € Bz,ry), n+1<j <20 Fu,,s)
(65)
2n 2
<. <L H exp (— C4e_c5k_1/4) < (- Cye™C5 (2n)_1/4) < exp(—czn®/1),
k=n k

3

n

Therefore, by combining the above with (6Il) and (62]), we get that for all n large
enough,

P*(Hy) < > P*(Ey) +P* (M, (Fi \ Ex))

k=n
< o720 (n + 1) (log(2n + 1))? + exp( —esn®/4),
which yields Y . P*(H,) < co. By the Borel-Cantelli lemma, it follows that
(66) P* (lim sup TB(@2r) >1)=1.
k—o0 U
Since limy_, o 7 = 0 and
< o(x,2r) log | log ¢ (x, 2ry)|
- 23+52 C1C5Cy

for all k large enough by ([B]), we conclude from (G0 that the lower bound in (G0)
holds.

Uk
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Now, we claim that for all x € U, it holds that

(67) f e G50 d(a, X))
=0 t/log|logt|

€ [eilqgl,ql 1, P*-a.s.

Note that once we prove (67), the proof is finished thanks to Blumenthal’s zero-one
law. Also, since ¢; and ¢o in ([@7) can be chosen by C' and the constants ¢; and go
with respect to E*[7p(, ], Remark IEI is also verified.

Here, we show (617). Recall that l,,:==¢~1(z,e™"). Set t,:=¢(x,1,) log|log ¢(z,1,)|
= e ™logn. Choose any 6 > 0. By (IBIII) for P*-a.s. w, there exists N = N(w) such
that 75(5,,) < (g2 + 9)t, for all n > N. Thus, by (), it holds that for P*-a.s. w,

lim inf gzﬁ(x, SUPo<s<t dz, X )) >lim inf inf qS(x, SUPo<s<t dz, X ))
50 t/log | log | n—00 t€[(g2+0)tn,(a2+6)tn—1] t/log |logt|

¢($, Sup0<SS(Q2+5)tn d(i[,', Xs))

>lim inf
~ nooo (g2 +0)t,—1/log|log(ga + 0)tn_1]
b(x,1,)
> lim inf
e T 8)e- D log(n — 1)/ logn
!
e(g2 +9)

On the other hand, we also get from (60]) that for P*-a.s. w, there exists a decreasing
sequence (7 )p>1 = (Tn(w))n>1 converging to zero such that

B (@) = (@1 — 8)d(x, ) log | log ¢(w, )| =: t5,n  for all n > 1.
It follows that P*-a.s.,

¢(@, supg o< d(z, X5)) (z, SUPg < o<7;,, UL, X))

lim inf <lim inf — —
=0 t/log |logt| n—co ts.n/log|logts.nl
<liminf = d(@;7n)
n=o0 £5.,/log|logts |
. ¢(z,7n) log | log t5.| 1
=lim inf — = .
n—oo (q1—0)¢(x, ) log|log ¢(x, )|  q1— 6
Since § can be arbitrarily small, we obtain (67]). The proof is complete. O

Proof of Corollary [[3 Using @) and (@), we can see from (67) that there exist
constants ¢y > ¢; > 0 such that for all z € U,
lim inf sup d(x X))/ (x,t/log |logt|) € [c1,ca, P¥-a.s.

t—0

Then using Blumenthal’s zero-one law again, we obtain the result. |

Proof of Theorem [L4 By (@), it suffices to prove the theorem with ¢(r)
= E°[TB(o,r)]. We follow the proof of Theorem with some modifications. To
obtain the desired result, by repeating the arguments for obtaining (7)) and using
), it is enough to show that there exist constants g4 > g3 > 0 such that for all
r,y € M,

(68) lim sup TB(@)

roee 0(r)loglog ¢(r) € (93, 94]; PY-a.s.
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By (@) and the monotone property of ¢(r), we have that, for all x,y € M, since
d(z,y) < oo,

. TB(x,r) . TB(y,r+d(z,y))
limsup ————————— < limsup
r—oo  @(1)loglog ¢(r)

r—oo  @(1)loglog ¢(r)

. TB(y,2r)
< 2220 limsu
- v r_wop o(2r)loglog ¢(2r)

and

r
lim sup Blz.r)

r—oo @(1)loglog ¢(r)

. TB(y,r—d(z,y))
> limsup —————>=—
r—oo  @(r)loglog o(r)
—Ba =17 TB(y.r/2)
> 2782~ im su .
= v P 9r/2) loglog 6(r/2)
Thus, to get ([G3), it is enough to prove that for all y € M,

. r — —
(69) llTI,ILSOlip W S [QﬂQOUq:;, 2 B2CU1Q4L PY-a.s.

Let y € M. With the constant C7 in (B4)), we define

— n e TB(y,r) 2e
lnfgéle and A, = sup —7—}, n > 3.
(") L B S logloga(r) G

Note that lim,_,e I, = 0o by (B2) (see Remark [I{iv)). Hence, I,, > Rsod(y)" for
all n large enough. Then by (B4]), we get that for all n large enough,
A <P (7 - > 2 e() loglog ¢(i)
n) = B(y7l”+1) - 07 n g g n
Y (TB(EJ”“) > 210g”> < CyeCrn 2.
A(lnt1) Cr

Using the Borel-Cantelli lemma, we deduce that the upper bound in (69) holds
true.

To prove the lower bound, we set

n)logl n
my, = (;5’1(6”2) and s, = (m )S(Z’glgigﬁ(m ), n >3,
where C1, C5s are the constants in (BIl) and (B4). We also let

E, ::{O sup d(y,Xs)Zmn}, E, ::{

sup  d(Xs, 4, Xs) > mn}7

<s<sn—1 Sp—1<8<sp

~ . T . ~2n oo TB(y,2ms)

G, = { sup d(y, Xs) > an}, H, =", G = sup ——— < 1.
0<s<sp,

n<k<2n Sk

Then for all n, én C En U ﬁn by the triangle inequality so that ffn C (Ui’;nﬁk) U
(M, (Fi \ Ex)).
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First, using Proposition BI[(ii) (with v;1 = /v < 1) and @) twice, we get that
for all n large enough,

Jo
- —1+ ¢(2my
PY(E,) < P* (TB(Lm") < sp_1+ ¢(2m7\{5)) < Clw

(70) < cpe 2" logn + cym;, 17V
) e’ —(1—v/0)B1/B2
< cge 2] o —— < cge
< coe ogn + csR <¢(QROO)> < cye

Next, we note that since v < 1 and lim,,_,, m, = oo, for all n large enough and
z € By, mn),

Rood(2)” < Rood(y)” + Rood(y, 2)” < My /2 + Room,, < M.

Hence, by following the calculations (63), (64) and (6], using (BIl), (B4) and the
Markov property, we get that for all n large enough,

PY( N3, (B \ Ey)) <P*(N, Fy, Xs, , € Bly,m;),n < j < 2n)

<PY(nInt Fy, X, , € By,mj),n<j<2n-—1)
sup IP’Z( sup d(z,Xs) > mgn)

z€B(y,m2x) 0<s<san—S2n-1
2n
<. < H exp(—Cue” k14 < exp(—csn®/?).
k=n

By combining the above with (Z0l), we get

Y OPY(HL) < Y (D PU(ER) + BY(MEL, (Fi \ Bx))) < oo,
n=1 n=1 k=n

Hence P¥(lim sup I;fn) = 0 by the Borel-Cantelli lemma. Since limy_,o, mi = 00
and

5 ¢(2my;) log log ¢(2my,)
b= 24+B20105CU
for all k large enough by (@), we get the lower bound in ([@J). The proof is complete.

]

Proof of Corollary [L7. By Proposition [[L9(ii) and Theorem [[L4] the liminf law (&)
holds under the current setting. Thus, by Proposition 5.4, it suffices to show that
for every z € M and A\ > 0,

d(z, X,
E = E(x,) := { liminf PsPocss Al X)) A}
t—00 t/loglogt

is a shift-invariant event.
Let A\,u > 0 and z,y € M. Observe that by the Markov property,

d(z, Xstu
E o6, = { liminf P(suPocozt @ Xuru)) A}
t—o00 t/loglogt

Since X is conservative by Proposition [BIfii), for all ¢ > 0, it holds that
Supg < d(z, X;) < oo, PY-a.s. Hence, since ¢ is positive, we see that for all
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t>0,
qb( sup d(m,Xs)) = qb( sup d(a:,Xs)) < qb( sup d(m,X5+u))
0<s<t+u € (u,t+u] U(0,u] 0<s<t
+ ¢( sup d(a:,Xs)).
0<s<u
Therefore, we get that for PY-a.s. w e E,
L 0Py dl X))
im inf
t—o0 t/loglogt
> lim inf gb( SUP < s< v A(T, XS)) (t +u)/loglog(t + u)
t—oo  (t4 u)/loglog(t + u) t/loglogt
d(z, X,
_ limsup ¢(Sup0<s§u (1' )) >\
t—00 t/loglogt

On the other hand, for every w € E o 6,,, we see that

¢(Sup0<s§t d(a?, XS)> — liminf ¢(SUPO<s§t+u d(z, XS))

lim inf

t—00 t/loglogt t—oo  (t+4 u)/loglog(t+ u)
> lir inf O (supgoser d(, Xotu)) t/loglogt .
t—00 t/loglogt (t 4+ u)/loglog(t + )

Hence, PY(E,) < PY(FE). Since E is clearly a tail event, this completes the proof. O

6. APPENDIX

In this section, we follow the setting in Section [l and compare the conditions
in this paper with those in [12]. We recall the conditions Tail and NDL, and
upper and lower scaling properties for nonnegative functions which were presented
in [12] Definitions 1.5, 1.6 and 1.9]. We will give a sufficient condition for NDL too.

Throughout the appendix, we let ¢ : (0,00) — (0,00) be an increasing and
continuous function such that }136 ©(r) =0 and Tlin;o o(r) = oo.

Definition 6.1. Let Ry € (0, 00] be a constant and U C M be an open set.

(i) We say that Tailg,(¢,U) holds if there exist constants Cy € (0,1), ¢y > 1

such that for all x € U and 0 < r < Ry A (Cody(x)),
C;l Cy

(71) () < J(x,My\ B(z,r)) < o)
We say that Tailg, (¢, U, <) (resp. Tailg,(p,U, >)) holds (with Cp) if the upper
bound (resp. lower bound) in (7)) holds for all z € U and 0 < r < Ry A (Cody (z)).

(ii) We say that Eg, (¢, U) holds if there exist constants Cy € (0,1), C; > 0 and
cg > 1 such that for all z € U and 0 < r < Ry A (Cody(z)),

(72) cg'o(C1r) S E¥[rp(em] < cup(Chr).

(iii) We say that NDLg, (o, U) holds if there exist constants Co,n € (0,1) and
¢; > 0 such that for all z € U and 0 < r < Ry A (C20y(x)), the heat kernel
pPE)(t,y, 2) of XB@7) exists and

(73) PP (o(nr),y,2) >

C] 2
—_—, ,2 € B(x, .
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Definition 6.2. Let R > 1 and v € (0, 1) be constants.

(i) We say that Tail™ (¢, v) holds if there exists a constant ¢; > 1 such that
([T holds for all z € M and r > Rad(z)”. We say that Tail™ (¢, v, <) (resp.
Tail®™= (i, v, >)) holds if the upper bound (resp. lower bound) in (7 holds for all
x € M and r > Rod(z)".

(ii) We say that Eff>~(yp,v) holds if there exist constants v € (0,1), C; > 0 and
cg > 1 such that (72) holds for all z € M and r > Rod(x).

(iif) We say that NDL> (¢, v) holds if there exist constants 1 € (0,1) and ¢; > 0
such that for all z € M and r > R,.d(x)", the heat kernel pP®7)(t,y, 2) of X B(®:7)
exists and satisfies ([73]).

Definition 6.3. For g : (0,00) — (0,00) and constants a € (0,00], f1, 82 > 0,
c1,c9 > 0, we say that L, (g, 81,¢1) (resp. L*(g, 51,c1)) holds if
B
M201(£> ' forall s<r<a (resp. a <s<r),
g(s) s

and we say that U,(g, B2, c2) (resp. U%(g, B2, c2)) holds if

g(r) T\ P2
=1L - for all < . <7).
g(s)_CQ(S) orall s<r<a (resp.a<s<r)
We say that L(g, 81, ¢1) holds if L (g, 81, ¢1) holds, and that U(g, B2, c2) holds if
Uoo(g7ﬁ2ac2) holds.

We now show that the assumptions in this papers are weaker than those in [12].

Lemma 6.4.

(i) Suppose that VRDg, (U), Tailg, (¢, U, <), Ug, (¢, B2, Cu) and NDLRg, (¢, U)
hold. Then the function ¢(z,r) := p(r) satisfies @) for all x € U and 0 < r <
ro A (Cydu (z)) with some constants ro > 0 and C}, € (0,1), and conditions (A1),
(A2), (A3) and (AZF]) hold for U.

(ii) Suppose that VRDf= (v), Taile(ap, v, <), UR= (i, Ba, Crr), LB (¢, 31,C1)
and NDL®> (¢, v) hold. Then the function ¢(x,r) = @(r) satisfies @) for all
x € M and r > rid(z)? with some constant 11 > 1, and conditions (BIl), (B2),

B3) and (B4H) hold.

Proof. (i) Under the setting, by [12, Proposition 4.3(i)] and Ug, (¢, B2, Cv), there

exist constants ro € (0, Ro), Cj € (0,1) and ¢; > 1 such that E*[rp(, )] =< ¢(r)

for x € U and 0 < r < 79 A C{dy(z). Hence, using Ug,(p, B2, Cy) and the fact

that lim,_,¢ ¢(r) = 0, we see that (AIl)-(A3) hold for U. Now (A4F) immediately
follows from NDLpg, (¢, U).

(ii) Similarly, using [I2, Proposition 4.3(ii)], one can deduce the desired results.

(]

Recall the notion of the heat kernel from Section[Il In the next lemma, we let
X be a strong Markov process on M having the heat kernel p(t, z,y) := p™ (¢, 2,y)
such that p(t,z,y) < oo unless x = y. Then by the strong Markov property of X,
one can see that for any open set D C M, the heat kernel p? (¢, z,y) of XP exists
and can be written as

(74) pP(t,z,y) = p(t,z,y) — E* []EX*D [p(t — 7D, X7p,y); 7D < t]] :
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Using (74)), the proof of the next lemma is a simple modification of that of [9]
Proposition 2.3] and [I3} Proposition 2.5]. We give a full proof for the reader’s
convenience.

Lemma 6.5. Let U C M be an open subset. Suppose that there exist constants
Ry € (0,00], C,C" > 1 such that VRDg,(U) holds, and for all t € (0, p(Ro/2)),
(75)

p(t,z,y) < c

V(y,d(z,y))e(d(z,y))

forall x € M,y € U with d(z,y)>C"p (1)

and
-1

V(e o )
Then NDLg, (¢, U) holds true.

(76)  p(t,x,y) > for all x,y € U with d(x,y) < C""to~(t).

Proof. Set n = (2C")~1(2%+1C2C, /c,) Y/ € (0,1/2) where dy,da,c,,C,, are
the constants from ([@). Choose any x € U, 0 < r < Ry A (Cydy(x)) and y,z €
B(x,n*r).
We observe that B(z,n*r) C B(z,dy(z)) C U and d(y,z) < 2n?r < C'"1yr.
Thus, by (@) and VRDg, (U), since n < 1/2, it holds that
C«fl 071
>
Viy,nr) = Viz,nr + d(z,y))
C-1
>
~ V(x,2nr)
> C_lcu(Qn)_dl
- V(z,r)
244100,
- Vi(x,r)
On the other hand, for every w € M \ B(x,r), we see that d(w,z) > d(w,z) —
d(z,z) > 3r/4 > C'nr. Therefore, for every 0 < s < p(nr) and w € M \ B(z,r),
since ¢ is increasing and 1 < 1/2, we get from ([78) and VRDpg, (U) that

(77) ple(nr),y,2) >

Co(nr) Co(nr) ¢
P S e w2, 2) = Vi 3r/A)pGr/D) = Vi 3r/)
C C ZdQCCM

(78) = Vi sr/i—dw,2) - Vr2) - Vi)

Therefore, since X, . € Mp\ B(z,r), using the formula (74)), we conclude from
(D) and (T8) that pP@)(o(nr),y,z) > 2%CC,/V (x,r). The proof is complete.
O
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