
TRANSACTIONS OF THE
AMERICAN MATHEMATICAL SOCIETY, SERIES B
Volume 11, Pages 215–247 (January 26, 2024)
https://doi.org/10.1090/btran/169

TRACE MAPS IN MOTIVIC HOMOTOPY AND LOCAL TERMS

FANGZHOU JIN

Abstract. We define a trace map for every cohomological correspondence
in the motivic stable homotopy category over a general base scheme, which
takes values in the twisted bivariant groups. Local contributions to the trace
map give rise to quadratic refinements of the classical local terms, and some
A1-enumerative invariants, such as the local A1-Brouwer degree and the Euler

class with support, can be interpreted as local terms. We prove an analogue of
a theorem of Varshavsky, which states that for a contracting correspondence,
the local terms agree with the naive local terms.
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1. Introduction

In Grothendieck’s approach to the Weil conjectures via the theory of étale co-
homology, a trace formula, analogous to the Lefschetz fixed-point theorem in alge-
braic topology, plays a crucial role: it states that the number of rational points of
an algebraic variety over a finite field can be computed as the alternating sum of
the traces of the Frobenius morphism acting on (compactly supported) étale coho-
mology groups ([Gro66]). This formula is later generalized to what is now called
the Lefschetz-Verdier formula ([SGA5, III Cor. 4.7]), which states the proper co-
variance of a cohomological pairing called the Verdier pairing. In both cases, the
computation of the local contributions to the global trace is an interesting but
difficult problem. The case of curves has been discussed in [SGA5, IIIb]; in the
topological case, the work of [GM93] provides a practical formula for a class of
maps called weakly hyperbolic; over finite fields, the problem is studied at length in
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[Pin92] and [Fuj97], where a conjecture of Deligne is eventually proved; in [Var07]
the computation of local terms is generalized to contracting correspondences.

The trace of a cohomological correspondence over a field in the motivic context
has been considered in [Ols16] and [Cis21] for étale motives, and generalized in
[JY21a] to the motivic stable homotopy category, assuming resolution of singulari-
ties. The trace map over a general base scheme was first introduced in [YZ21] and
[JY21a] under some smoothness and tranversality assumptions, and generalized in
[LZ22] to the even singular base schemes.

Our first goal is to generalize such a construction over a field to a general base
scheme:

Theorem 1.0.1 (See § 3.2). Let C
(c1,c2)−−−−→ X ×S X be a morphism of schemes,

let K ∈ SHc(X) be a constructible motivic spectrum over X which is universally
strongly locally acyclic over S (see Definition 3.1.1), and let v be a virtual vector
bundle on C. Then for a cohomological correspondence u : c∗1K → c!2K ⊗ Th(v)
one can define its trace map

(1.0.1.1) Tr(u/S) : Th(−v|Fix(c)) → KFix(c)/S

where Fix(c) is given by the fiber product

(1.0.1.2) Fix(c)
c′ ��

δ′ ��

X
δX/S
��

C
c �� X ×S X.

We use the techniques developed in [JY21a, §2] and follow the ideas given in
[LZ22, §2.1], by proving the Künneth formulas over a base in 3.1. In § 4 we study
the compatibility of the trace map with several operations: base change, push-
forward and pullback.

Recent works on enumerative invariants given by intersection numbers in the
framework of motivic homotopy theory (for example [Hoy15], [KW19], [Lev20],
[LR20], [BW21]) have led to a theory of A1-enumerative geometry, where one defines
and studies arithmetic refinements of classical invariants in terms of symmetric
bilinear forms (or quadratic forms in characteristic different from 2).

Using the trace maps, in Section 5.1 we define the local terms of the trace maps
in motivic homotopy, which are local contributions to the trace map, and give qua-
dratic refinements of the classical local terms. We show that some A1-enumerative
invariants in the literature, such as the local A1-Brouwer degree and the Euler class
with support, can be interpreted as local terms.

In the remaining of the paper, we prove the following analogue of Varshavsky’s
theorem ([Var07, Thm. 2.1.3]):

Theorem 1.0.2 (See Theorem 5.2.14). Assume that the base S is the spectrum
of a field, and that the conditions 5.1.4 and 6.4.3 are satisfied. If the morphism
C → X ×S X is contracting (see Definition 5.2.2 and Definition 5.2.11), then the
local terms agree with the naive local terms.

The naive local term may be understood as follows; in the case where the cor-
respondence is given by an endomorphism: if X is a scheme, f : X → X is an
endomorphism of X, K ∈ SHc(X) is a constructible motivic spectrum over X, and
u : f∗K → K is a map, then for every fixed point x of X, the local term LTx(u),
if it is well-defined, is the trace of the induced map ux : K|x → K|x.
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The conditions 5.1.4 are related to the problem of defining push-forward maps
in motivic homotopy theory, which is related to the existence of orientations and
Thom classes. See for example [DFJK21, §7], [BW21, §4]. The condition 6.4.3
is related to the motivic nearby cycle functor, which will be used in the proof.
They are satisfied for example if k has characteristic 0, or if we work with rational
coefficients in SHc(−,Q), see Lemma 6.1.9.

The basic ideas of the proof are very close to [Var07], with the following ingre-
dients:

(1) The use of additivity of traces ([Var07, Prop. 1.5.10]), which states that the
trace map is additive along distinguished triangles. Note that the general
statement fails for symmetric monoidal triangulated categories ([Fer05]),
and the proof of [Var07, Prop. 1.5.10] uses a variant for the filtered derived
category. Our treatment here (Lemma 3.2.5) uses the language of higher
categories, for which we refer to [JY21a, §4] for a more detailed discussion.

(2) The geometric fact that under the deformation to the normal cone, a con-
tracting correspondence becomes supported at the zero section of the nor-
mal cone ([Var07, Rmk. 2.1.2 (b)]).

The proof uses Ayoub’s theory of motivic nearby cycles ([Ayo07a, §3]) which, to-
gether with the trace map over a base (1.0.1.1), allows to define the specialization
of correspondences (6.2). In Lemma 6.1.11 we show that this specialization is com-
patible with the specialization map constructed in [DJK21, 4.5.6], which is modeled
on Fulton’s specialization map on Chow groups ([Ful98, §20.3]). In Section 6.3, we
prove an analogue of Verdier’s theorem on restriction to vertices, where the proof
is simplified compared to the classical case via the use of A1-homotopies and the
description of generators of SH (Lemma 2.3.6). In Section 6.4, we finish the proof
of Theorem 1.0.2 by putting up everything together.

2. Preliminaries

2.1. Notations and conventions.

2.1.1. All schemes are assumed quasi-compact and quasi-separated, and all mor-
phisms of schemes are separated and of finite type. Regular schemes are assumed
noetherian.

2.1.2. Throughout the paper, we denote by P a set of prime numbers. We will be
mainly working with the motivic stable homotopy category SH(−)[P−1], consid-
ered as a motivic ∞-category ([Kha16]) which is continuous ([DFJK21, Ap-
pendix A]), and we denote by SHc the full subcategory of constructible objects
([CD19, Def. 4.2.1]).

By [DG22, Thm. 7.14], it turns out that SH is the universal ∞-category which
satisfies the six functor formalism, and it is possible to transport the main results
to other motivic ∞-categories, which we do not discuss here.

2.1.3. For a scheme X, we denote by �X the unit object of the symmetric monoidal
∞-category SH(X)[P−1]. For an object K ∈ SH(X)[P−1] and an integer n, we
denote by K[n] = K ⊗ (S1)⊗n its n-th simplicial suspension.
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2.1.4. For X a scheme, a virtual vector bundle on X corresponds to a point of the
K-theory space of X. If v is a virtual vector bundle on X, we denote by Th(v) the
associated Thom space, which is a ⊗-invertible object in SH(X) ([BH21, §16.2]).
In particular, we define the Tate twists as �X(n) = Th(An

X)[−2n].

2.1.5. If f : X → Y is a morphism and K ∈ SH(Y ), we denote K|X = f∗K ∈
SH(X).

2.1.6. For f : X → S, let KX/S = f !�S , and
(2.1.6.1)

DX/S : SH(X) → SH(X)

M �→ Hom(M,KX/S).

2.1.7. We say that a perfect field k satisfies strong resolution of singularities
if the following conditions hold:

(1) For every separated integral scheme X of finite type over k, there exists a
proper birational surjective morphism X ′ → X with X ′ regular;

(2) For every separated integral regular schemeX of finite type over k and every
nowhere dense closed subscheme Z of X, there exists a proper birational
surjective morphism b : X ′ → X such that X ′ is regular, b induces an
isomorphism b−1(X − Z) � X − Z, and b−1(Z) is a strict normal crossing
divisor in X ′.

2.2. Bivariant theory in motivic homotopy.

2.2.1. If f : X → S is a separated morphism of finite type and v is a virtual vector
bundle on X, define the v-twisted bivariant spectrum as the mapping spectrum

(2.2.1.1) H(X/S, v) = MapSH(X)(Th(v), f
!�S).

More generally, to every motivic spectrum E ∈ SH(S) we associate a spectrum

(2.2.1.2) E(X/S, v) = MapSH(X)(Th(v), f
!E).

If E is equipped with a unit section �S → E, then it induces a map

(2.2.1.3) H(X/S, v) → E(X/S, v).

In what follows we recall its functorialities established in [DJK21].

2.2.2. A morphism of schemes is said to be a local complete intersection if
it can be (globally) factored as a regular closed immersion followed by a smooth
morphism ([Ful98, §6.6]). If f : X → Y is a local complete intersection morphism,
we denote by τf or τX/Y its virtual tangent bundle ([DJK21, Example 2.3.10]),
considered as a virtual vector bundle over X. Recall that one of the main results
of [DJK21] states that there exists a natural transformation of functors

(2.2.2.1) f∗(−)⊗ Th(τf ) → f !(−)

called purity transformation, which is induced by the fundamental class of f

(2.2.2.2) ηf ∈ H(X/Y, τX/Y )

([DJK21, 4.3.1]). We say that an object K ∈ SH(X) is f-pure if the purity
transformation f∗K ⊗ Th(τf ) → f !K is an isomorphism ([DJK21, Def. 4.3.7]).
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2.2.3. Base change ([DJK21, 2.2.7 (1)]). Consider a Cartesian square

(2.2.3.1) Y
q
��

g
�� Δ

X
f��

Z
p
�� S

and v (respectively w) a virtual vector bundle on X (respectively Z). There are
canonical maps

Δ∗ : H(Z/S,w) → H(Y/X,w|Y )(2.2.3.2)

Δ′∗ : H(X/S, v) → H(Y/Z, v|Y ).(2.2.3.3)

2.2.4. Proper push-forward ([DJK21, 2.2.7 (2)]). If p : X → Y is a proper morphism
and v is a virtual vector bundle on Y , then there is a push-forward map p∗ :
H(X/S, p∗v) → H(Y/S, v).

2.2.5. (Refined) pullback ([DJK21, Def. 4.2.5]). Consider a Cartesian square as
in (2.2.3.1), and assume that p is a local complete intersection (2.2.2). Let v be a
virtual vector bundle on X. Then there is a map

(2.2.5.1) Δ! : H(X/S, v) → H(Y/S, g∗τp + v|Y )

induced by the refined fundamental class Δ∗ηp. In particular, if q : Y → X is
étale, then we have q∗ : H(X/S, v) → H(Y/S, v|Y ) ([DJK21, 2.2.7 (3)]).

Lemma 2.2.6. Consider a Cartesian square as in (2.2.3.1) Assume that p is a
regular closed immersion and �S is p-pure. Let v be a virtual vector bundle on X.
Then the following diagram is commutative:

(2.2.6.1) H(X/S, v)
Δ′∗

��

Δ!

��

H(Y/Z, v|Y )

H(Y/S, v|Y − g∗NZS)

∼

����������������

Proof. This follows from the definition of the map Δ! in (2.2.5.1) and [DJK21,
2.2.13]. �

2.2.7. Specialization ([DJK21, 4.5.6]). Let i : Z → S be a regular closed immersion
and let j : U → S be the open complement. Denote by e(NZS) the Euler class of
the normal bundle of Z in S, and assume that there is a null-homotopy e(NZS) � 0.
Let f : X → S be a separated morphism of finite type, and consider the Cartesian
square

(2.2.7.1) XZ
iX ��

fZ ��

X
f
��

XU

fU��

jX��

Z
i �� S U.

j
��

For any object A ∈ SH(X), we have the composition

(2.2.7.2) iX∗i
!
XA → A → iX∗i

∗
XA → iX∗(i

!
XA⊗ Th(−NZS)|XZ

)

where the last map is induced by the refined fundamental class of i ([DJK21, Def.
4.2.5]). By the self-intersection formula ([DJK21, Cor. 4.2.3]), the map (2.2.7.2)
agrees with the multiplication by the class f∗

Ze(NZS), which is null-homotopic by
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assumption. By the localization sequence, we obtain a natural transformation of
functors

(2.2.7.3) jX∗j
!
XA → iX∗(i

!
XA⊗ Th(−NZS)|XZ

).

Now assume that �S is i-pure in the sense of 2.2.2, and let v be a virtual vector
bundle on X. Then the map (2.2.7.3) induces the following specialization map:
(2.2.7.4)
H(XU/U, v|XU

)=H(XU/S, v|XU
)→H(XZ/S, v|XZ

− (NZS)|XZ
)�H(XZ/Z, v|XZ

).

Lemma 2.2.8. Assume that i : Z → S has a smooth retraction S → Z. Let Y
be a Z-scheme and let v be a virtual vector bundle on Y . Let X → Y ×Z S be a
morphism inducing an isomorphism on the reduced schemes Xred → (Y ×Z S)red.
Then the following composition is an isomorphism:
(2.2.8.1)

H(Y/Z, v)
(2.2.3.3)−−−−−→H(Y×ZU/U, v|Y ×ZU )�H(XU/U, v|XU

)
(2.2.7.4)−−−−−→H(XZ/Z, v|XZ

).

Proof. It follows from the localization sequence that for any T -scheme W and any
virtual vector bundle w on W , the canonical morphism Wred → W induces an iso-
morphism H(Wred/T, w|Wred

) � H(W/T,w). Therefore to prove the claim we may
assume that X = Y ×Z S is a trivial family. By construction of the map (2.2.7.4),
it suffices to show that the composition
(2.2.8.2)

H(Y/Z, v)
Δ′∗

2−−→ H(Y ×Z S/S, v|Y ×ZS)
Δ!

1−−→ H(Y/S, v − (NZS)|Y ) � H(Y/Z, v)

is identity, where Δ1 and Δ2 are Cartesian squares in the diagram

(2.2.8.3) Y ��

�� Δ1

Y ×Z S

��

��

Δ2

Y

��

Z
i �� S �� Z.

By Lemma 2.2.6, the map (2.2.8.2) agrees with the composition

(2.2.8.4) H(Y/Z, v)
Δ′∗

2−−→ H(Y ×Z S/S, v|Y×ZS)
Δ′∗

1−−→ H(Y/Z, v)

which is identity since the formation of the map (2.2.3.3) is compatible with com-
position of squares. �
2.3. On the generators of motivic categories.

2.3.1. Recall the following de Jong-Gabber alteration result:

Lemma 2.3.2 ([ILO14, X Thm. 2.1, 3.5]). Let k be a field, l a prime number
different from the characteristic of k, X an integral separated k-scheme of finite
type, Z ⊂ X a nowhere dense closed subset. Then there exist

• a finite purely inseparable field extension k′ of k of degree prime to l
• a projective, surjective, generically finite, maximally dominating morphism
h : X ′ → X

such that

(1) X ′ is integral, smooth and quasi-projective over k′;
(2) the generic degree of h is prime to l;
(3) the morphism between the function fields of X ′ and X induced by h is

a finite Galois field extension followed by a finite purely inseparable field
extension;
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(4) h−1(Z) is the support of a strict normal crossings divisor.

Proof. While the other points have been proved in [ILO14, X Thm. 2.1], let us
explain how to achieve point (3) using the arguments in the proof of [ILO14, X
Thm. 3.5]. One uses the terminology “separable l′-alteration” as in loc. cit.
Denote by kperf the perfection of the field k. Since X ×k kperf is separated and
of finite type over the perfect field kperf , by [ILO14, X Thm. 3.5] one can find a
separable l′-alteration X1 → X ×k k

perf with X1 smooth over kperf . Since kperf is
the colimit of finite purely inseparable extensions of k, by [EGA4III, Thm. 8.10.5]
and [EGA4IV, Prop. 17.7.8] there exists a finite purely inseparable extension k′ of k
and a separable l′-alteration X ′ → X ×k k

′ such that X1 � X ′ ×k′ kperf , and X ′ is
smooth over k′. Similarly we may obtain that the inverse image of Z is the support
of a strict normal corssings divisor. Then the composition h : X ′ → X ×k k′ → X
gives us what we need. �
2.3.3. Recall that a morphism of schemes is a universal homeomorphism if and
only if it is integral, radicial and surjective ([EGA4IV, Cor. 18.12.11]). We have
the following topological invariance of SH due to Elmanto-Khan:

Lemma 2.3.4 ([EK20, Thm. 2.1.1]). For P a collection of prime numbers, the mo-
tivic ∞-category SH(−)[P−1] is topologically invariant when restricted to schemes
where every prime outside S is invertible, that is, for any universal homeomor-
phism of such schemes f : T → S, the functor f∗ : SH(S)[P−1] → SH(T )[P−1] is
an equivalence.

In particular, for any prime p, the motivic ∞-category SH(−)[1/p] is topologi-
cally invariant when restricted to schemes of characteristic p.

2.3.5. For any morphism g : T → S, we denote MBM (T/S) = g!�T ∈ SH(S).
If W is a closed subscheme of T , then by localization there is a canonical cofiber
sequence

(2.3.5.1) MBM (T −W/S) → MBM (T/S) → MBM (W/S).

Lemma 2.3.6 slightly strengthens [EK20, Prop. 3.1.3]:

Lemma 2.3.6. Let k be a field of exponential characteristic p, and let T be a S[1/p]-
linear motivic ∞-category. Let S be a k-scheme of finite type and let Z be a closed
subset of S. Then the subcategory of constructible objects Tc(S) is generated as a
thick subcategory by elements of the form f∗�X(n), where f : X → S is a projective
morphism such that X is smooth over a finite purely inseparable extension of k, and
f−1(Z) is either empty, or the whole X, or the support of a strict normal crossing
divisor, and n is an integer.

Proof. By universality of SH ([DG22, Thm. 7.14]), we may assume that T =
SH(−)[1/p]. We follow the lines of [CD15, Prop. 7.2]. Let G be the family of
objects of the form f∗�X(n), where f : X → S is a projective morphism such that
X is smooth over a finite purely inseparable extension of k and f−1(Z) is either
empty, or the whole X, or the support of a strict normal crossing divisor, and n
is an integer. Let l be a prime number different from p, and let C be the thick
subcategory of SH(S,Z(l)) generated by the elements of G. We know that the
elements of C are constructible, and it suffices to show that C = SHc(S,Z(l)).

By [Ayo07a, Lemme 2.2.23], SHc(S,Z(l)) is the thick subcategory of SH(S,Z(l))
generated by the elements of the form f∗�X(n), where f : X → S is a projec-
tive morphism and n is an integer. We claim that f∗�X(n) lies in C for all such
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morphisms f and integer n, and we use induction on the dimension of X. By cdh
descent ([Cis13, Prop. 3.7]), we may reduce to the case where X is integral. If X
is empty, there is nothing to prove. So by induction we may assume that the claim
holds for all projective S-schemes X1 whose dimension is smaller than X. As in
Lemma 2.3.2, let h : X ′ → X be a projective, surjective, generically finite morphism
of degree prime to l, such that X ′ is integral and smooth over a finite purely insep-
arable extension of k and h−1(Z) is either empty, or the whole X, or the support
of a strict normal crossing divisor, and such that the finite field extension induced

by h on generic points h̃ : Spec(L) → Spec(K) is a finite Galois extension followed
by a finite purely inseparable extension. Then by [LYZR19, Lemmas B.3 and B.4]

and Lemma 2.3.4, the canonical map h̃!�L → �K has a section in SHc(K,Z(l)).
By continuity of SH as explained in the proof of [BD17, Lemma 2.4.6], there exists
a non-empty open subscheme U of X such that for V = h−1(U), MBM (U/S) is a
direct summand of MBM (V/S) in SH(S,Z(l)). On the other hand, by the local-
ization sequence (2.3.5.1), for any non-empty open subscheme V of X ′, the object
MBM (V/S) lies in C, since X ′ − V has dimension smaller than X. It follows that
MBM (U/S) also lies in C. We conclude by using the localization sequence (2.3.5.1)
and the induction assumption again. �

Remark 2.3.7. Lemma 2.3.6 has several variants and predecessors in the literature:
see [Ayo07a, Prop. 2.2.27], [CD15, Prop. 7.2], [BD17, Cor. 2.4.8], [EK20, Prop.
3.1.3].

3. Correspondences and the trace

3.1. Relative Künneth formulas. In this section we prove Künneth formulas
over a base scheme. We use the techniques developed in [JY21a, §2] and follow the
ideas in [LZ22, §2.1].

Definition 3.1.1 ([JY21a, Def. 2.1.7]). Let f : X → S be a morphism of schemes
and K ∈ SH(X). We say that K is strongly locally acyclic over S if for any
Cartesian square

(3.1.1.1) Y
q
��

g
��

X
f��

T p
�� S

and any object L ∈ SH(T ), the canonical map K ⊗ f∗p∗L → q∗(q
∗K ⊗ g∗L)

is an isomorphism. We say that K is universally strongly locally acyclic
(abbreviated as USLA) over S if for any morphism T → S, the base change
K|X×ST is strongly locally acyclic over T .

The USLA objects form a localizing subcategory. Typical examples are given by
dualizable objects for smooth morphisms:

Lemma 3.1.2. If f : X → S is smooth, any dualizable object in SH(X) is USLA
over S.

Proof. This follows from smooth base change and [FHM03, Prop. 3.2]. �

Another important case is the one where S is the spectrum of a field, in which,
assuming resolution of singularities, every object is USLA:
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Lemma 3.1.3 ([JY21a, Cor. 2.1.14]). Let k be a field and let P be a collection of
primes such that at least one of the following conditions is satisfied:

(1) k is a perfect field which satisfies strong resolution of singularities (2.1.7);
(2) P contains p, the exponential characteristic of k.

Then for every separated k-scheme of finite type X, every object of SH(X)[P−1] is
USLA over k.

Lemma 3.1.4. Let Y → S be a morphism and let M ∈ SH(Y ) be USLA over S.
Let f : X → X ′ be a morphism of S-schemes, and let fY = f ×S idY : X ×S Y →
X ′ ×S Y .

(1) For any L ∈ SH(X), there is a canonical isomorphism

(3.1.4.1) f∗L�S M � fY ∗(L�S M).

(2) For any L′ ∈ SH(X ′), there is a canonical isomorphism

(3.1.4.2) f !L′ �S M � f !
Y (L

′ �S M).

Proof.

(1) This is a reformulation of the definition of being USLA.
(2) We may assume that f is smooth or a closed immersion. The smooth

case follows from relative purity. If f is a closed immersion, let j be the
complementary open immersion and let jY = j ×S idY . Then we have a
commutative diagram

(3.1.4.3) f !L′ �S M ��

��

f∗L′ �S M

��

�� f∗j∗j
∗L′ �S M

+1
��

��

f !
Y (L

′ �S M) �� f∗
Y (L

′ �S M) �� f∗
Y jY ∗j

∗
Y (L

′ �S M)
+1

��

where both rows are distinguished triangles. The middle vertical map is an
isomorphism, and the right vertical map is an isomorphism by (1). There-
fore by five lemmas the left vertical map is also an isomorphism. �

Corollary 3.1.5 is the special case of (3.1.4.2) for L′ = �:
Corollary 3.1.5. Let X and Y be two S-schemes and denote by pY : X×S Y → Y
the projection. Let M ∈ SH(Y ) be USLA over S. Then there is a canonical
isomorphism

(3.1.5.1) KX/S �S M � p!Y M

where pY : X ×S Y → Y is the projection.

Proposition 3.1.6. Let X and Y be two S-schemes and denote by pX : X×S Y →
X and pY : X ×S Y → Y the projections. Let M ∈ SH(Y ) be USLA over S and
let L ∈ SHc(X) be a constructible object. Then there is a canonical isomorphism

(3.1.6.1) DX/S(L)�S M � Hom(p∗XL, p!Y M).

Proof. We may assume that L = φ∗�W for some proper morphism φ : W → X.
Denote by φY : W ×S Y → X ×S Y the base change. Then we have

(3.1.6.2)
φ∗KW/S �S M � φY ∗(KW/S �S M) � φY ∗Hom(�W×SY , φ

!
Y p

!
Y M)

� Hom(p∗Xφ∗�W , p!Y M)
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where the first isomorphism follows from Lemma 3.1.4 and the second isomorphism
from Corollary 3.1.5. �

Corollary 3.1.7. Let X be an S-scheme and let L ∈ SHc(X) be a constructible
object which is USLA over S. Then the canonical map L → DX/S(DX/S(L)) is an
isomorphism.

Proof. This can be proved using the fact that L is a dualizable object in the category
of cohomological correspondences, which is a consequence of Proposition 3.1.6. We
refer to [LZ22, Prop. 2.11] for more details. �

3.2. Correspondences and the trace. Using Proposition 3.1.6, we generalize
the trace map defined in [JY21a, Prop. 3.2.8] to more general base schemes.

3.2.1. For X → S a morphism, denote by p1, p2 : X ×S X → X the projections.
A correspondence is a morphism of the form c : C → X ×S X. We denote
by c1, c2 : C → X the compositions of c with p1 and p2. Note that every S-
endormorphism f : X → X can be viewed as a correspondence via the transpose

of the graph morphism X
(f,id)−−−→ X ×S X.

3.2.2. Consider the following Cartesian diagram

(3.2.2.1) Fix(c)
c′ ��

δ′ ��

X
δX/S
��

C
c �� X ×S X.

Let K ∈ SHc(X) be USLA over S, and let v be a virtual vector bundle on C.
A (cohomological) correspondence over c is a map of the form u : c∗1K →
c!2K ⊗ Th(v). Given such a map, we have the composition
(3.2.2.2)

Th(−v)
u−→ Hom(c∗1K, c!2K) � c!Hom(p∗1K, p!2K)

(3.1.6.1)
� c!(DX/S(K)�S K),

which gives rise to the following map

c′!Th(−v|Fix(c)) � c′!δ
′∗Th(−v) � δ∗X/Sc!Th(−v)

(3.2.2.2)−−−−−→ δ∗X/Sc!c
!(DX/S(K)�S K)

→ δ∗X/S(DX/S(K)�S K)=DX/S(K)⊗K�K ⊗ DX/S(K)→KX/S .

(3.2.2.3)

Definition 3.2.3. Let K ∈ SHc(X) be USLA over S. For a correspondence
u : c∗1K → c!2K ⊗ Th(v), we denote by

(3.2.3.1) Tr(u/S) : Th(−v|Fix(c)) → KFix(c)/S

the map obtained by adjunction from the map (3.2.2.3), called the trace map.
This construction gives rise to a canonical map

(3.2.3.2) Map(c∗1K, c!2K ⊗ Th(v))
Tr(−/S)−−−−−−→ H(Fix(c)/S,−v|Fix(c)).
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3.2.4. Lemma 3.2.5 states the additivity of traces along distinguished triangles,
where the structure of higher categories plays a key role. We refer to [JY21a, §4]
for a detailed discussion.

Lemma 3.2.5 (Additivity of traces). Let L → M → N be a cofiber sequence in
SHc(X) of USLA objects over S, and let

(3.2.5.1) c∗1L ��

uL ��

c∗1M ��

uM��

c∗1N
uN��

c!2L⊗ Th(v) �� c!2M ⊗ Th(v) �� c!2N ⊗ Th(v)

be a morphism of cofiber sequences (in the ∞-categorical sense). Then there is
a canonical homotopy between Tr(uM/S) and Tr(uL/S) + Tr(uN/S) as maps
Th(−v|Fix(c)) → KFix(c)/S.

Proof. The additivity is proved in [JY21a, Prop. 4.2.6] when S is the spectrum of a
field, using the language of motivic derivators ([Ayo07a, Def. 2.4.48]); by a similar
argument the proof also works for a general base scheme S: the only technical
difficulty lies in [JY21a, Lemma 4.1.15] where, even though the local duality fails
to hold in general, the proof can be completed by applying Corollary 3.1.7. �

Remark 3.2.6. We may readily extend the trace map to the Verdier pairing over
a base 〈u, v〉S , in the same fashion as [SGA5, III 4.1], [JY21a, Def. 3.1.8] or
[LZ22, §2.4]. It turns out that the computation of the Verdier pairing reduces to
that of the trace map via the identity 〈u, v〉S = 〈vu, 1〉S, see [JY21a, Prop. 3.2.5],
and the additivity in Lemma 3.2.5 can also be extended as in [JY21a, Thm. 4.2.8].
In this paper we will not discuss these variants, and we will focus on trace maps.

4. Operations on correspondences

We discuss three types of operations on correspondences: base change, pullback
and push-forward, which are all compatible with the trace map.

4.1. Base change.

4.1.1. Let c : C → X ×S X and T → S be two morphisms. Let Y = X ×S T . Then
there is a canonical morphism cT : CT = C×ST → Y ×T Y . LetK ∈ SH(X) and let
v be a virtual vector bundle on C. Given a correspondence u : c∗1K → c!2K⊗Th(v),
we have the following composition

(4.1.1.1) c∗T1K|Y = (c∗1K)|CT

u−→ (c!2K ⊗ Th(v))|CT
→ c!T2K|Y ⊗ Th(v|CT

).

This construction gives rise to a canonical map

(4.1.1.2) Map(c∗1K, c!2K ⊗ Th(v)) → Map(c∗T1K|Y , c
!
T2K|Y ⊗ Th(v|CT

))

called the base change of correspondences from S to T . On the other hand,
we have a canonical Cartesian square

(4.1.1.3) Fix(cT ) ��

�� Δ

T

��

Fix(c) �� S

so by 2.2.3 there is a canonical map

(4.1.1.4) Δ∗ : H(Fix(c)/S) → H(Fix(cT )/T ).
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Lemma 4.1.2 states that base change maps are compatible with the trace map,
which generalizes [JY21a, Prop. 6.2.16]:

Lemma 4.1.2. Let K ∈ SHc(X) be USLA over S. Then the following diagram is
commutative:

(4.1.2.1) Map(c∗1K, c!2K ⊗ Th(v))
Tr(−/S)

��

(4.1.1.2)

��

H(Fix(c)/S,−v|Fix(c))

(4.1.1.4)

��

Map(c∗T1K|Y , c
!
T2K|Y ⊗ Th(v|CT

))
Tr(−/T )

�� H(Fix(cT )/T,−v|Fix(cT )).

The proof is very similar to that of [JY21a, Prop. 6.2.16], which leave as exercise.

4.2. Push-forward.

4.2.1. Let f : X → Y be a morphism of S-schemes. Let c : C → X ×S X and
d : D → Y ×S Y be two correspondences. Let p : C → D be a morphism such that
the following diagram is commutative:

(4.2.1.1) C
c ��

p
�� Δ

X ×S X
f×Sf��

D
d
�� Y ×S Y.

Assume that one of the following conditions hold:

(1) The following commutative square is Cartesian:

(4.2.1.2) C
c1 ��

p
��

X
f
��

D
d1 �� Y ;

(2) Both morphisms p and f are proper.

Then there is a natural transformation of functors d∗1f! → p!c
∗
1. Let v be a virtual

vector bundle on D. Then for any K ∈ SH(X) and any correspondence u : c∗1K →
c!2K ⊗ Th(v|C), we have the following composition

(4.2.1.3) d∗1f!K → p!c
∗
1K

u−→ p!(c
!
2K⊗Th(v|C)) � p!c

!
2K⊗Th(v) → d!2f!K⊗Th(v).

This construction gives rise to a canonical map

(4.2.1.4) Δ! : Map(c∗1K, c!2K ⊗ Th(v|C)) → Map(d∗1f!K, d!2f!K ⊗ Th(v))

called the push-forward of correspondences.

4.2.2. Assume that both p and f are proper. We have a canonical commutative
square

(4.2.2.1) Fix(c)
c′ ��

q
��

X

��

Fix(d)
d′
�� Y

with q proper, which by 2.2.4 induces a canonical map

(4.2.2.2) q∗ : H(Fix(c)/S,−v|Fix(c)) → H(Fix(d)/S,−v|Fix(d)).

Lemma 4.2.3. Let f : X → Y be a proper morphism of S-schemes. For any object
K ∈ SH(X) USLA over S, the object f∗K is also USLA over S.
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Proof. For any Cartesian square

(4.2.3.1) XT

t ��

g
�� YT

s��

q
�� T

r
��

X
f
�� Y

p
�� S

and any object L ∈ SH(T ), we have canonical isomorphisms

f∗K ⊗ p∗r∗L � f∗(K ⊗ f∗p∗r∗L) � f∗t∗(t
∗K ⊗ g∗q∗L) = s∗g∗(t

∗K ⊗ g∗q∗L)

� s∗(g∗t
∗K ⊗ q∗L) � s∗(s

∗f∗K ⊗ q∗L)

(4.2.3.2)

where we use the properness of f and g and the fact that K is USLA over S. The
same property also holds after any base change, which implies that f∗K is USLA
over S. �

Lemma 4.2.4 states that proper push-forwards are compatible with the trace
map:

Lemma 4.2.4. Let K ∈ SHc(X) be USLA over S. Then the following diagram is
commutative:

(4.2.4.1) Map(c∗1K, c!2K ⊗ Th(v|C))
Tr(−/S)

��

(4.2.1.4)

��

H(Fix(c)/S,−v|Fix(c))

(4.2.2.2)

��

Map(d∗1f∗K, d!2f∗K ⊗ Th(v))
Tr(−/S)

�� H(Fix(d)/S,−v|Fix(d))

where the lower horizontal map is well-defined by Lemma 4.2.3.

Lemma 4.2.4 is a particular case of the Lefschetz-Verdier formula. For details
of the proof, see [SGA5, III 4.4], [Var07, Prop. 1.2.5], [YZ21, Thm. 3.3.2], [Cis21,
Thm. 3.2.18] or [LZ22, Thm. 2.20].

Remark 4.2.5. Let p : X → S be a smooth proper morphism. By Lemma 3.1.2,
the object �X is USLA over S. In diagram (4.2.1.1), consider the case C = X,
D = Y = S, f = p, c = δX/S , d = idS and v = 0. Then Lemma 4.2.4 applied to the
identity map recovers the motivic Gauss-Bonnet formula ([DJK21, Thm. 4.6.1],
[LR20, Thm. 5.3]), see also [JY21a, Rmk. 5.1.11 (2)].

4.3. Pullback.

4.3.1. Consider the situation of diagram (4.2.1.1). Assume that one of the following
conditions hold:

(1) The commutative square

(4.3.1.1) C
c2 ��

p
�� Δ

X
f
��

D
d2 �� Y,

induces an isomorphism Cred → (D ×Y X)red;
(2) Both morphisms p and f are étale.
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Then there is a natural transformation of functors p∗d!2 → c!2f
∗. Let v be a virtual

vector bundle on D. Then for any K ∈ SH(Y ) and any correspondence u : d∗1K →
d!2K ⊗ Th(v), we have the following composition

(4.3.1.2) c∗1f
∗K = p∗d∗1K

u−→ p∗(d!2K ⊗ Th(v)) → c!2f
∗K ⊗ Th(v|C).

This construction gives rise to a canonical map

(4.3.1.3) (−)|Δ : Map(d∗1K, d!2K ⊗ Th(v)) → Map(c∗1f
∗K, c!2f

∗K ⊗ Th(v|C))

called the pullback of correspondences.

4.3.2. Assume that both p and f are étale. We have a canonical commutative
square

(4.3.2.1) Fix(c)
c′ ��

q
��

X

��

Fix(d)
d′
�� Y

with q étale, which by 2.2.5 induces a canonical map

(4.3.2.2) q∗ : H(Fix(d)/S,−v|Fix(d)) → H(Fix(c)/S,−v|Fix(c)).

4.3.3. The proof of Lemma 4.3.4 is very similar to Lemma 4.2.3 and is left as an
exercise:

Lemma 4.3.4. Let f : X → Y be a smooth morphism of S-schemes. For any
object K ∈ SH(Y ) USLA over S, the object f∗K is also USLA over S.

4.3.5. Lemma 4.3.6 states that étale pullbacks are compatible with the trace map:

Lemma 4.3.6. Let K ∈ SHc(Y ) be USLA over S. Then the following diagram is
commutative:

(4.3.6.1) Map(d∗1K, d!2K ⊗ Th(v))
Tr(−/S)

��

(4.3.1.3)

��

H(Fix(d)/S,−v|Fix(d))

(4.3.2.2)

��

Map(c∗1f
∗K, c!2f

∗K ⊗ Th(v|C))
Tr(−/S)

�� H(Fix(c)/S,−v|Fix(c))

where the lower horizontal map is well-defined by Lemma 4.3.4.

The proof of Lemma 4.3.6 is quite straightforward, see [SGA5, 4.2.6].

5. Local terms in motivic homotopy

5.1. Quadratic local terms.

5.1.1. As above, let c = (c1, c2) : C → X ×S X be a morphism, and consider the
following Cartesian diagram

(5.1.1.1) Fix(c)
c′ ��

δ′ ��

X
δX/S
��

C
c �� X ×S X.

Let K ∈ SHc(X) be USLA over S, and let v be a virtual vector bundle on C.
For a correspondence u : c∗1K → c!2K ⊗ Th(v) over c, we have defined its trace
Tr(u/S) ∈ H(Fix(c)/S,−v|Fix(c)) in (3.2.3.1).
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Definition 5.1.2. For β an open subset of Fix(c), we define the element

(5.1.2.1) Trβ(u/S) ∈ H(β/S,−v|β)

as the restriction of Tr(u/S) to β, namely the image of Tr(u/S) under the pullback
map

(5.1.2.2) H(Fix(c)/S,−v|Fix(c))
(2.2.5.1)−−−−−→ H(β/S,−v|β).

5.1.3. We now relate this construction with some quadratic invariants. By a famous
result of Morel, the endomorphism ring of the unit object �k is isomorphic to
the Grothendieck-Witt ring of non-degenerate symmetric bilinear forms over k (or
equivalently quadratic forms in characteristic different from 2):

(5.1.3.1) EndSH(k)(�k) � GW (k)

(see [Mor12], [BH21, Thm. 10.12]). This map has a twisted variant ([Mor12, §5],
[Lev20, §3]): if v is a virtual vector bundle over k of virtual rank 0, then there is a
canonical isomorphism

(5.1.3.2) H(k/k, v) � GW (k, det(v))

where the right-hand side is the twisted Grothendieck-Witt group.

5.1.4. In the setting of Definition 5.1.2, consider the following conditions:

(1) The base field k has characteristic different from 2;
(2) The scheme S is smooth over k, and the dimension of S agrees with the

virtual rank of v;
(3) The scheme β is proper over the base field k;
(4) There exist a line bundle w on β, a line bundle v0 on k and an isomorphism

of line bundles

(5.1.4.1) v0|β � w⊗2 ⊗ det((TS/k)|β − v|β).

The last condition is related to relative orientations in [BW21, Def. 1.5]. Note that
a case of special interest is the case where β is isomorphic to the base field k, i.e.
β is an isolated fixed point of c.

Under the conditions above, and with the notations of (2.2.1.2), we have a map

H(β/S,−v|β) � H(β/k, (TS/k)|β − v|β)
(2.2.1.3)−−−−−→ KO(β/k, det((TS/k)|β − v|β)

� KO(β/k, v0|β) → KO(k/k, v0) � GW (k, v0)

(5.1.4.2)

where KO ∈ SH(k) is the Hermitian K-theory spectrum which is an SLc-oriented
spectrum (see [BW21, Appendix A]).

Definition 5.1.5. Under the conditions of 5.1.4, we define the (quadratic) local
term

(5.1.5.1) LTβ(u/k) ∈ GW (k, v0)

as the image of Trβ(u/S) by the map (5.1.4.2).

5.1.6. The local terms are the local contributions to the trace map, which are
quadratic refinements of the classical local terms. In what follows, we show that
some invariants in A1-enumerative geometry, such as the local A1-Brouwer degree
or the Euler class with support, can be interpreted as local terms.
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5.1.7. If f : X → S is a smooth morphism, then we define MS(X) = f!f
!�S . If U is

an open subscheme ofX, we defineMS(X/U) to be the cofiber ofMS(U) → MS(X)
([CD19, 2.3.14]). Explicitly, if i : Z → X is the immersion of the reduced closed
complement of U , then MS(X/U) = f!i!i

∗f !�S .
5.1.8. Let q : X → S be a smooth morphism and let s : S → X be a section of q.
Then by [EGA4IV, Prop. 17.2.5] there is a canonical isomorphism of virtual vector
bundles

(5.1.8.1) i∗τq � −τs.

Let c1 : C → X be a morphism of smooth S-schemes, and consider the commutative
diagram

(5.1.8.2) Cs
cs ��

sC �� Δ

S
s
�� ��
��
��

��

C
c1 ��

p

��X
q
�� S

where the square Δ is Cartesian. Then there is a canonical map

(5.1.8.3) MS(C/C − Cs) → MS(X/X − S)

given by the composition

(5.1.8.4) p!sC!s
∗
Cp

!�S = cs!s
∗
Cc

!
1q

!�S Ex(Δ∗!)−−−−−→ cs!c
!
ss

∗q!�S → s∗q!�S = q!s!s
∗q!�S .

By relative purity ([CD19, Cor. 2.4.37]) and the projection formula, the map
(5.1.8.4) can be rewritten as

cs!Th(τc1|Cs
)⊗ Th(Tq|S) � cs!(Th(τc1|Cs

)⊗ Th(Tq|Cs
)) � cs!Th(Tp|Cs

)

→ s∗Th(Tq) � Th(Tq|S).
(5.1.8.5)

Desuspending both sides by Th(Tq|S) and using adjunction, the map (5.1.8.5) can
be rewritten as a map

(5.1.8.6) ξ(Δ) : Th(τc1|Cs
) → c!s�S

which we view as a class ξ(Δ) ∈ H(Cs/S, τc1|Cs
).

Lemma 5.1.9. Under the assumptions above, the class ξ(Δ) agrees with the refined
fundamental class Δ∗ηc1 in 2.2.5.

Proof. This follows from the construction of the map Δ∗ in (2.2.3.2), and the de-
scription of the fundamental class of the morphism c1 between smooth S-schemes
in terms of relative purity (see [DJK21, Thm 3.3.2]). �

5.1.10. Now consider the correspondence

(5.1.10.1) c : C
(c1,s◦p)−−−−−→ X ×S X

with the second component given by c2 = s ◦ p : C → X, and we have canonically
Fix(c) = Cs. By (5.1.8.1), we also have an isomorphism

(5.1.10.2) τc2 � τc1 + c∗1τs◦q
(5.1.8.1)

� τc1 .

Consider the twisted cohomological correspondence over c

(5.1.10.3) u : c∗1�X = �C ηc2� c!2�X ⊗ Th(−τc2)
(5.1.10.2)

� c!2�X ⊗ Th(−τc1)
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induced by the fundamental class of c2. It has a trace Tr(u/S) ∈ H(Cs/S, τc1|Cs
)

as defined in (3.2.3.2).

Proposition 5.1.11. There is a canonical homotopy between the trace Tr(u/S)
and the map ξ(Δ) in (5.1.8.6).

Proof. Denote by δ = δX/S : X → X ×S X. The trace of the map (5.1.10.3) is
given by the composition

Th(τc2|Cs
) → c!ss

!s!cs!Th(τc2|Cs
) � c!ss

!δ∗c!Th(τc2)
u−→ c!ss

!δ∗c!c
!p!2�X

→ c!ss
!δ∗p!2�X � c!ss

!q!�S = c!s�S .
(5.1.11.1)

The result then follows from the associativity of fundamental classes ([DJK21, Thm.
3.3.2]), and the fact that the fundamental class of s ◦ q is invertible. �

Example 5.1.12 (Local A1-Brouwer degree). We assume S = k, C = X = An
k ,

s : k → An
k is the zero section. Let c1 = f : An

k → An
k be a k-morphism. The

diagram (5.1.1.1) becomes

(5.1.12.1) f−1(0) ��

��

An
k

δ��

An
k

(f,0)
�� An

k ×k A
n
k .

Assume that x is an isolated zero of f . There is a canonical trivialization of τc1 ,
so we have the local term

(5.1.12.2) LT{x}(u/k) ∈ GW (k).

This element recovers the local A1-Brouwer degree ([KW19, Def. 11], [BW21, Def.
7.1]), which we can see from the description in (5.1.8.3). There has been an exten-
sive study of this element in the literature, see [KW19], [BBM+21], [BW21] and
[BMP21].

Example 5.1.13 (Euler class with support). We assume C = S is a smooth k-
scheme, X is a vector bundle over S, s0 : S → X is the zero section and c1 = σ :
S → X is another section. The diagram (5.1.1.1) becomes

(5.1.13.1) Z(σ) ��

��

X
δ
��

S
(σ,s0)

�� X ×S X

where Z(σ) = Cs is the zero locus of the section σ, and ξ(Δ) is the Euler class with
support ([DJK21, 3.2.10], [BW21, Def. 5.13]).

Assume that x is an isolated zero of the section σ, and that the dimension of S
agrees with the rank of the vector bundle X. Choose v0 = det(TS/k − X)|x and
w = 0 in 5.1.4. Then we have the local term

(5.1.13.2) LT{x}(u/k) ∈ GW (k, det(TS/k −X)|x).

This local contribution to the Euler class with support has also been studied in the
literature, see [Lev20, §5] and [BW21, Thm. 7.6].

5.2. Contracting correspondences and local terms.
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5.2.1. In this section let k be a field of exponential characteristic p and let X be a
k-scheme.

Definition 5.2.2. Let c : C → X ×k X be a correspondence. A closed subset
Z ⊂ X is c-invariant if c1(c

−1
2 (Z)) ⊂ Z.

If Z is a closed subscheme of X defined by an ideal sheaf I, we say that c
stabilizes Z if c1(c

−1
2 (Z)) ⊂ X is scheme-theoretically contained in Z, i.e. if

c#1 (I) ⊂ c#2 (I) · OC . We say that c is contracting near Z if c stabilizes Z and

there exists n such that c#1 (I)n ⊂ c#2 (I)n+1 · OC .
In particular, if c stabilizes Z then Z is c-invariant.

5.2.3. The main reason why we work over a field instead of a general base lies in
Proposition 5.2.4:

Proposition 5.2.4. Assume that Fix(c) is connected, and let v be a virtual vector
bundle over C. Let Z be a closed subscheme of X such that c is contracting near
Z and c′(Fix(c)) ∩ Z is non-empty. Let K ∈ SHc(X)[1/p] be together with a null
homotopy K|Z � 0, which satisfies the condition 6.4.3. Then for correspondence

u : c∗1K → c!2K ⊗ Th(v) over c, there is a null homotopy Tr(u/k) � 0.

The proof of Proposition 5.2.4 uses Ayoub’s theory of motivic nearby cycles,
which will be given later in 6.4.4. The condition 6.4.3 is satisfied for example if
k has characteristic 0, or if we work with rational coefficients in SHc(−,Q), see
Lemma 6.1.9.

5.2.5. If i : Z → X is the inclusion of a c-invariant closed subscheme, let c|Z :

c−1
2 (Z)red → Z ×k Z be the restriction of c. Then the commutative square

(5.2.5.1) c−1
2 (Z)red

c|Z
��

��
ΔZ

Z ×k Z
i×ki��

C
c

�� X ×k X

satisfies the first condition of pullback in 4.3.1. It follows that, for every K ∈
SH(X), every virtual vector bundle v over C and every correspondence u : c∗1K →
c!2K ⊗ Th(v) over c, the pullback by ΔZ defines a map

(5.2.5.2) u|ΔZ
: c∗|Z1K|Z → c!|Z2K|Z ⊗ Th(v|c−1

2 (Z)red
).

In addition, the square (5.2.5.1) satisfies the second condition of push-forward
in 4.2.1, so the push-forward of u|ΔZ

defines a map

(5.2.5.3) ΔZ!u|ΔZ
: c∗1i!K|Z → c!2i!K|Z ⊗ Th(v).

5.2.6. On the other hand, let j : U → X be the open complement of i, then we
have c−1

1 (U) ⊂ c−1
2 (U). Let c|U : c−1

1 (U) → U ×k U be the restriction of c. Then
the commutative square

(5.2.6.1) c−1
1 (U)

c|U
��

��
ΔU

U ×k U
j×kj��

C
c

�� X ×k X
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satisfies the second condition of pullback in 4.3.1. It follows that, for every K ∈
SH(X), every virtual vector bundle v over C and every correspondence u : c∗1K →
c!2K ⊗ Th(v) over c, the pullback by ΔU defines a map

(5.2.6.2) u|ΔU
: c∗|U1K|U → c!|U2K|U ⊗ Th(v|c−1

1 (U)).

In addition, the square (5.2.5.1) satisfies the first condition of push-forward in 4.2.1,
so the push-forward of u|ΔU

defines a map

(5.2.6.3) ΔU !u|ΔU
: c∗1j!K|U → c!2j!K|U ⊗ Th(v).

The following additivity result is the analogue of [Var07, Prop. 1.5.10], which we
can prove using higher category theory, thanks to Lemma 3.2.5:

Lemma 5.2.7. Let K ∈ SHc(X) and let u : c∗1K → c!2K ⊗ Th(v) be a correspon-
dence over c. Then the traces of the maps (5.2.5.3) and (5.2.6.3) satisfy

(5.2.7.1) Tr(u/k) = Tr(ΔZ!u|ΔZ
/k) + Tr(ΔU !u|ΔU

/k).

Proof. The localization triangle gives rise to a canonical cofiber sequence in SHc(X)
of USLA objects over S

(5.2.7.2) j!K|U → K → i!K|Z

and the construction in 5.2.5 and 5.2.6 gives a morphism of cofiber sequences

(5.2.7.3) c∗1j!K|U ��

ΔU!u|ΔU ��

c∗1K ��

u
��

c∗1i!K|Z
ΔZ!u|ΔZ��

c!2j!K|U ⊗ Th(v) �� c!2K ⊗ Th(v) �� c!2i!K|Z ⊗ Th(v)

in the ∞-categorical sense. We conclude by applying Lemma 3.2.5. �

5.2.8. Lemma 5.2.9 is proved in [Var07, Thm. 2.1.3 (a)]:

Lemma 5.2.9. Assume that c is contracting near Z, Fix(c) is connected, and
c′(Fix(c)) ∩ Z is non-empty.

Then the canonical closed immersion ic : Fix(c|Z) → Fix(c) induces an isomor-
phism (ic)red : (Fix(c|Z))red � (Fix(c))red.

In particular, the push-forward map

ic∗ : H(Fix(c|Z)/k,−v|Fix(c|Z )) → H(Fix(c)/k,−v|Fix(c))

is an isomorphism.

5.2.10. We now deal with the general case of not necessarily c-invariant subschemes.
Let v be a virtual vector bundle over C.

Definition 5.2.11.

(1) Let Z be a closed subscheme of X. Let W be the complement of the closure
of c−1

2 (Z) − c−1
1 (Z) in C. Then W is the largest subset of C such that Z

is c|W -invariant ([Var07, Lemma 1.5.3]). We still denote by c|W : W →
X ×k X be the restriction, and let

(5.2.11.1) c|Z = (c|W )|Z : c−1
|W2(Z)red → Z ×k Z

be defined as in 5.2.5.
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For K ∈ SH(X), v a virtual vector bundle over C and u : c∗1K →
c!2K⊗Th(v) a correspondence over c, let u|ΔW

: c∗|W1K → c!|W2K⊗Th(v|W )

be the pullback of u, and let

(5.2.11.2) uZ = (u|ΔW
)|ΔZ

: c∗|Z1K|Z → c!|Z2K|Z ⊗ Th(v|c−1
|W2

(Z)red
)

be defined as in 5.2.5, considered as a correspondence over c|Z .
(2) We say that c is contracting near Z in a neighborhood of fixed

points if there is an open neighborhood W ⊂ C of Fix(c) such that c|W
is contracting near Z in the sense of Definition 5.2.2.

5.2.12. Let c : C → X ×k X be a correspondence contracting near a closed sub-
scheme Z in a neighborhood of fixed points. Let β be an open-connected subset of
Fix(c) such that c′(β) ∩ Z is non-empty. Then by Lemma 5.2.9, there is a unique
open-connected subscheme β′ of Fix(c|Z) such that β = ic(β

′).

5.2.13. In Theorem 5.2.14, similar to the case of Proposition 5.2.4, we need some
condition related to the motivic nearby cycle which will be stated in 6.4.3. Such
a condition is satisfied if the base field k has characteristic 0, or if we work with
rational coefficients, see Lemma 6.1.9.

Theorem 5.2.14. Assume the setting of 5.2.12. Let K ∈ SHc(X)[1/p] which
satisfies the condition 6.4.3. Let v be a virtual vector bundle over C and let u :
c∗1K → c!2K ⊗ Th(v) be a correspondence over c. Then we have

(5.2.14.1) Trβ(u/k) = ic∗Trβ′(uZ/k) ∈ H(Fix(c)/k,−v|β).

In particular, if we further assume that the conditions of 5.1.4 are satisfied. Then
we have

(5.2.14.2) LTβ(u/k) = LTβ′(uZ/k) ∈ GW (k, v0).

Proof. Let W ⊂ C be an open neighborhood of Fix(c) such that c|W is contracting
near Z, then Fix(c|W ) = Fix(c). Therefore by replacing c by c|W and u by u|ΔW

,
we may assume that c is contracting near Z. Also by replacing C by the open
subscheme C − (Fix(c) − β), we may assume that β = Fix(c). By Lemma 5.2.7
and Lemma 4.2.4 we have
(5.2.14.3)

Trβ(u) = Trβ(ΔZ!u|ΔZ
) + Trβ(ΔU !u|ΔU

) = ic∗Trβ′(uZ) + Trβ(ΔU !u|ΔU
).

By Proposition 5.2.4 we have Trβ(ΔU !u|ΔU
) � 0, which finishes the proof. �

Remark 5.2.15. The element LTβ′(uZ/k) is called the naive local term. For
example (see [Var07, Example 1.5.7]), if the morphism c2 is quasi-finite, then for
each closed point x of X the set Fix(c|x) = c−1

1 (x)∩c−1
2 (x) is finite. Each point y ∈

Fix(c|x) determines an endomorphism uy : K|x → K|x, and we have LTy(ux/k) =
Tr(uy/k) is the usual (categorical) trace.

6. Specialization and deformation of correspondences

This section is devoted to the proof of Proposition 5.2.4 as promised.

6.1. The motivic nearby cycle functor.
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6.1.1. Let k be a field of exponential characteristic p and let σ = Spec(k) → S = A1
k

be the inclusion of the zero section, with open complement η = Gm,k. For every
morphism f : X → S, the (tame) motivic nearby cycle functor is a functor

(6.1.1.1) ΨX : SH(Xη) → SH(Xσ).

Ayoub defined this functor in [Ayo07a, Def. 3.5.6] in the language of 1-categories
and derivators, which can be enhanced into a functor of ∞-categories, see [JY21b].

6.1.2. Ayoub has shown that the functor Ψ satisfies some good cohomological prop-
erties ([Ayo07a, §3.5]):

(1) ([Ayo07a, Prop. 3.2.17]) The functor ΨX is pseudo-monoidal, that is, there
is a binatural transformation

(6.1.2.1) ΨX(K)⊗ΨX(L) → ΨX(K ⊗ L).

Consequently, for two S-schemes X and Y , there is a binatural tranforma-
tion

(6.1.2.2) ΨX(K)�σ ΨY (L) → ΨX×SY (K �η L).

(2) ([Ayo07a, Prop. 3.1.9, 3.2.9]) For every morphism g : Y → X, there are
natural transformations

g∗σ ◦ΨX → ΨY ◦ g∗η(6.1.2.3)

ΨY ◦ g!η → g!σ ◦ΨX(6.1.2.4)

which are invertible if g is smooth. By adjunction, the map (6.1.2.3) induces
a natural transformation

(6.1.2.5) ΨX ◦ gη∗ → gσ∗ ◦ΨY

which is invertible when g is proper.
(3) ([Ayo07a, Def. 3.2.11]) There is a canonical natural transformation

(6.1.2.6) i∗XjX∗ → ΨX ,

where iX : Xσ → X and jX : Xη → X are the immersions, which arises as
a natural transformation of specializations systems.

(4) ([Ayo07a, Lemme 3.5.10]) There is a canonical natural transformation of
functors

(6.1.2.7) 1 → i∗j∗q
∗ → ΨSq

∗

which is an isomorphism, where q : η → Spec(k) is the projection.
(5) ([Ayo07a, Prop. 3.1.7]) The functor Ψ is compatible with the formation

of Thom spaces of vector bundles: if X is an S-scheme and v is a virtual
vector bundle over X, then there is a canonical isomorphism

(6.1.2.8) Th(v|Xσ
)⊗ΨX(−) � ΨX(−⊗ Th(v|Xη

)).

In particular, the functor Ψ commute with Tate twists.

Remark 6.1.3. When k has characteristic 0, the Künneth-type map (6.1.2.2) is
invertible ([Ayo07a, Cor. 3.5.18]). This property no longer holds in positive char-
acteristics, already in étale cohomology. We refer to [Ill17] for a detailed discussion
about Künneth formulas for nearby cycles. In [Ayo14, Thm. 10.19] Ayoub proves
a similar Künneth formula for the total nearby cycle functor in étale motives. In
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what follows, we only need the existence of the map (6.1.2.2) and not the Künneth
property.

6.1.4. We now discuss some more technical properties. By [Ayo07a, Thm. 3.5.14,
3.5.20], we know that there is a natural transformation

(6.1.4.1) ΨXDXη/η → DXσ/σΨX .

Now let P be a collection of primes and let K ∈ SHc(Xη)[P
−1]. Consider the

following properties:

(1) The object ΨX(K) ∈ SH(Xσ)[P
−1] is constructible;

(2) The map (6.1.4.1) is invertible when applied to K.

We now discuss cases where the conditions of 6.1.4 are fulfilled.

Definition 6.1.5 ([Ayo07a, Def. 3.3.33]). Let f : X → S be a morphism of
finite type and let x be a point of Xσ. We say that f has globally semi-stable
reduction at x (with n branches of type a = (a1, . . . , an) ∈ Nn

>0) if there exists a
Zariski neighborhood U of x in X such that

(1) U is regular;
(2) There exist n+ 1 global sections t1, . . . , tn, u of U such that

(a) u is an invertible global section and π = u·ta1
1 · · · tan

n , where π : S → A1
k

is the identity morphism, considered as a global section of X;
(b) For all 1 � i � n, the closed subscheme Di of U defined by ti = 0 is

regular and contains x;
(c) The union ∪n

i=1Di is a strict normal-crossing divisor in U .

We say that f has globally good semi-stable reduction at x if in addition the
following condition is satisfied:

(3) Let p be the exponential characteristic of k. Let m0 ∈ N ∪ {+∞} be the
upper bound of all non-negative integers m such that there exists a global
section v of U with vp

m

= u. If m0 = +∞, we set v0 = u, otherwise let v0
be a global section of U such that vp

m0

0 = u. Let l0 be the integer given by
the upper bound

(6.1.5.1) l0 = sup
(
{l ∈ N|∀i ∈ {1, . . . , n}, pm0+l divides ai} ∪ {0}

)
.

Let O be the closed subscheme of U defined by the equations t1 = · · · =
tn = 0. Then for any l ∈ {0, . . . , l0}, the scheme O[v

1

pl

0 ] is smooth over k.

We say that f or X has globally semi-stable reduction (respectively, glob-
ally good semi-stable reduction) if there exists an integer N such that for any
point x of Xσ, f has globally semi-stable reduction at x with nx branches with
nx � N .

6.1.6. According to our conventions, if the scheme Xσ is empty then X has globally
good semi-stable reduction. If k has characteristic 0, then globally semi-stable re-
duction is equivalent to globally good semi-stable reduction, since the condition (3)
is trivial.

Corollary 6.1.7. Let f : X → S be a morphism of finite type and let P be a
collection of primes containing p. Then SHc(Xη)[P

−1] is generated as a thick
subcategory by elements of the form gη∗�X′

η
(n), where

• g : X ′ → X is a projective morphism;
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• X ′ is smooth over a finite purely inseparable extension of k;
• f ◦ g has globally semi-stable reduction;
• n is an integer.

Proof. As in [Ayo07a, Thm. 3.3.46], applying Lemma 2.3.6 to X with the closed
subset Xσ and the motivic ∞-category

Sch/S → PrLst

X �→ SH(Xη)[P
−1]

(6.1.7.1)

we know that SHc(Xη)[P
−1] is generated as a thick subcategory by elements of the

form gη∗�X′
η
(n), where g : X ′ → X is a projective morphism, X ′ is smooth over a

finite purely inseparable extension of k, n is an integer, and (X ′
σ)red is either empty,

or a strict normal-crossing divisor on X ′. It remains to show that if (X ′
σ)red is a

strict normal-crossing divisor on X ′, then X ′ has globally semi-stable reduction in
the sense of Definition 6.1.5.

We use the arguments in the proof of [AIS17, Prop. 2.5]. Let x ∈ X ′
σ be a

point. Then there exists an affine neighborhood U of x in X ′ such that each of the
irreducible components D1, . . . , Dn of the divisor (Uσ)red = (Xσ)red ∩ U contains
x, and is defined by a single equation. Let ti ∈ O(U) be an equation defining Di,
and let ai be the multiplicity of Di in Uσ. Then ta1

1 · · · tan
n is a generator of the ideal

defining Uσ in U . The latter ideal is also generated by the uniformizer π, which
implies that there exists an invertible section u ∈ O∗(U) such that π = u·ta1

1 · · · tan
n ,

and therefore X ′ has globally semi-stable reduction. �

Definition 6.1.8. Let P be a collection of primes containing p. We let
SHgood

c (Xη)[P
−1] be the thick subcategory of SHc(Xη)[P

−1] generated by ele-
ments of the form gη∗�X′

η
(n), where

• g : X ′ → X is a projective morphism;
• X ′ is smooth over a finite purely inseparable extension of k;
• f ◦ g has globally good semi-stable reduction;
• n is an integer.

Lemma 6.1.9. Let P be a collection of primes containing p. The conditions
of 6.1.4 are satisfied in the following cases:

(1) The object K belongs to SHgood
c (Xη)[P

−1].
(2) P is the collection of all primes, and the object K belongs to SHc(Xη,Q).

In particular, if k has characteristic 0, then this property holds for any K ∈
SHc(Xη).

Proof. The first case can be proved with arguments in the proof of [Ayo07a, Thm.
3.5.14, 3.5.20], using the variants of Thm. 3.3.46 and Cor. 3.3.49 of loc. cit. For
the second case, we have a decomposition SHQ � DMQ ⊕ SHQ,−, where DMQ

satisfies étale descent, and SHQ,− is concentrated on the characteristic 0 fiber
(see [DFJK21, Lemma 2.2]). The case of DMQ follows from [Ayo14, §10], where
the condition on the cohomological dimension in 7.3 of loc. cit. can be dropped
by working with locally constructible h-motives, see [CD16] and [Cis21] for more
details; the case of SHQ,− follows from the characteristic 0 case, which proves the
result. �
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6.1.10. We end this section with a discussion on the specialization maps. Consider
a Cartesian diagram

(6.1.10.1) Xσ
iX ��

fσ
��

X
f
��

Xη

fη
��

jX��

σ
i �� S η.

j
��

We have a canonical map

(6.1.10.2) jX∗f
!
η�η → iX∗i

∗
XjX∗f

!
η�η (6.1.2.6)−−−−−→ iX∗ΨX(f !

η�η)
(6.1.2.4)−−−−−→ iX∗f

!
σΨS(�η) (6.1.2.7)

� iX∗f
!
σ�σ

from which we deduce, for v a virtual vector bundle over X, another specialization
map

(6.1.10.3) H(Xη/η,−v|Xη
) → H(Xσ/σ,−v|Xσ

).

Lemma 6.1.11 is stated in [DJK21, Rmk. 4.5.8] without proof, which we will prove
now.

Lemma 6.1.11. There is a canonical homotopy between the maps (6.1.10.3) and
(2.2.7.4).

Proof. The map (2.2.7.4) is induced by the natural transformation (2.2.7.3), which
comes from the functor jX∗j

∗
X as the cofiber of the map iX∗i

!
X → 1 and the null-

homotopy of the composition (2.2.7.2). Therefore it suffices to show that the fol-
lowing diagram commutes:
(6.1.11.1)

f !� ��

��

iX∗i
∗
Xf !�(2.2.2.1)��
��

iX∗(i
!
Xf !�⊗ Th(NσS|Xσ

)) �� iX∗f
!
σ�

jX∗j
∗
Xf !� �� iX∗i

∗
XjX∗f

!
η� �� iX∗ΨX(f !

η�) �� iX∗f
!
σΨS(�).
�
��

The square on the left clearly commutes. For the diagram on the right, we reduce
to the following:

(6.1.11.2) i∗Xf !�(2.2.2.1)��
�����

���

		���
����

����
� i!Xf !�⊗ Th(NσS|Xσ

)

��

i∗XjX∗f
!
η� ��

��

f !
σi

∗j∗�
��

f !
σ���

∼


����

����
���

ΨX(f !
η�) �� f !

σΨS(�).
For the commutativity of diagram (6.1.11.2): the upper square is clear; the upper
right triangle follows from the compatibility of the Gysin morphism; the lower
right triangle follows from [Ayo07a, Lemme 3.5.10]; the lower square follows from
the natural transformation of specialization systems i∗j∗ → Ψ in (6.1.2.6). �

6.2. Specialization of correspondences.
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6.2.1. Let f : X → S and c : C → X ×S X be two morphisms. We have the
following Cartesian diagrams:

Cσ
iC ��

cσ
��

C
c
��

Cη
jC��

cη
��

Xσ ×S Xσ
��

��

X ×S X

��

Xη ×η Xη
��

��
σ

i �� S η
j

��

(6.2.1.1)

Xσ
iX ��

fσ
��

X
f
��

Xη

fη
��

jX��

σ
i �� S η.

j
��

(6.2.1.2)

Let v be a virtual vector bundle on C. Then for any K ∈ SH(Xη) and any
correspondence u : c∗η1K → c!η2K ⊗ Th(v|Cη

), we have the following composition

c∗σ1ΨX(K)
(6.1.2.3)−−−−−→ ΨC(c

∗
η1K)

u−→ ΨC(c
!
η2K ⊗ Th(v|Cη

))

� ΨC(c
!
η2K)⊗ Th(v|Cσ

)
(6.1.2.4)−−−−−→ c!σ2ΨX(K)⊗ Th(v|Cσ

)
(6.2.1.3)

where the isomorphism follows from the compatibility of Ψ with Thom spaces
(6.1.2.8). This construction gives rise to a canonical map

(6.2.1.4) Map(c∗η1K, c!η2K⊗Th(v|Cη
)) → Map(c∗σ1ΨX(K), c!σ2ΨX(K)⊗Th(v|Cσ

))

called the specialization of correspondences.

6.2.2. There is a Cartesian diagram

(6.2.2.1) Fix(cσ) ��

��

Fix(c)

��

Fix(cη)

��

��

σ
i �� S η

j
��

so by (2.2.7.4) there is a specialization map

(6.2.2.2) H(Fix(cη)/η,−v|Fix(cη)) → H(Fix(cσ)/σ,−v|Fix(cσ)).

6.2.3. Lemma 6.2.4 states that specializations are compatible with the trace map:

Lemma 6.2.4. Let K ∈ SHc(Xη)[1/p]. Assume further that K is USLA over η,
and satisfies the conditions of 6.1.4. Then the following diagram is commutative:
(6.2.4.1)

Map(c∗η1K, c!η2K ⊗ Th(v|Cη
))

Tr(−/η)
��

(6.2.1.4)

��

H(Fix(cη)/η,−v|Fix(cη))

(6.2.2.2)

��

Map(c∗σ1ΨX(K), c!σ2ΨX(K)⊗ Th(v|Cσ
))

Tr(−/σ)
�� H(Fix(cσ)/σ,−v|Fix(cσ))

where the lower horizontal map is well-defined since ΨX(K) ∈ SH(Xσ)[1/p] is
USLA over σ, which follows from Lemma 3.1.3 as σ is the spectrum of a field.

Proof. Let φ : Fix(c) → S be the structure morphism. By Lemma 6.1.11, the
map (6.2.2.2) agrees with the map (6.1.10.3), which is induced by the map (6.1.10.2).
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With the notations from Section 3.2, we reduce this to show the commutativity of
the following diagram:
(6.2.4.2)

Th(−v|Fix(c))
Tr(u/η)

��

��

jFix(c),∗φ
!
η�η

��

iFix(c),∗c
′!
σδ

∗
Xσ/σ

cσ!Th(−v|Cσ
)

u′
��

iFix(c),∗i
∗
Fix(c)jFix(c),∗φ

!
η�η

��

iFix(c),∗c
′!
σδ

∗
Xσ/σ

cσ!Hom(c∗σ1ΨX(K), c!σ2ΨX(K))

� ��

iFix(c),∗ΨFix(c)(φ
!
η�η)

��

iFix(c),∗c
′!
σδ

∗
Xσ/σ

cσ!c
!
σ(DXσ/σ(ΨX(K))�S ΨX(K))

��

iFix(c),∗φ
!
σΨS(�η)

�
��

iFix(c),∗c
′!
σδ

∗
Xσ/σ

(DXσ/σ(ΨX(K))�S ΨX(K))

� ��

iFix(c),∗φ
!
σ�σ

�
��

iFix(c),∗c
′!
σ(DXσ/σ(ΨX(K))⊗ΨX(K)) �� iFix(c),∗c

′!
σKXσ/σ

where u′ is the specialization of u defined in (6.2.1.4). By virtue of the commutative
diagram

(6.2.4.3) 1 ��

��

iFix(c),∗i
∗
Fix(c)jFix(c),∗c

′!
ηc

′
η!j

∗
Fix(c)

��

iFix(c),∗c
′!
σc

′
σ!i

∗
Fix(c)

u′
��

iFix(c),∗ΨFix(c)c
′!
ηc

′
η!j

∗
Fix(c)

��

iFix(c),∗c
′!
σi

∗
XjX∗c

′
η!j

∗
Fix(c)

�� iFix(c),∗c
′!
σΨXc′η!j

∗
Fix(c)

we then reduce to the commutativity of the following diagram
(6.2.4.4)

c′σ!i
∗
Fix(c)Th(−v|Fix(c)) ��

� ��

i∗XjX∗c
′
η!j

∗
Fix(c)Th(−v|Fix(c))

��

δ∗Xσ/σ
cσ!Th(−v|Cσ

)

u′
��

ΨXc′η!j
∗
Fix(c)Th(−v|Fix(c))

Tr(u/η)��

δ∗Xσ/σ
cσ!Hom(c∗σ1ΨX(K), c!σ2ΨX(K))

� ��

ΨXc′η!φ
!
η�η

��

δ∗Xσ/σ
cσ!c

!
σ(DXσ/σ(ΨX(K))�S ΨX(K))

��

ΨXf !
η�η
��

δ∗Xσ/σ
(DXσ/σ(ΨX(K))�S ΨX(K))

� ��

f !
σΨS�η

�
��

DXσ/σ(ΨX(K))⊗ΨX(K)) �� KXσ/σ.
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This diagram is reduced to the following one:

δ∗Xσ/σ
cσ!i

∗
CjC∗Th(−v|Cη

) ��

��

δ∗Xσ/σ
i∗X×SXjX×SX,∗cη!Th(−v|Cη

) ��

��

i∗XjX∗δ
∗
Xη/η

cη!Th(−v|Cη
)

��

δ∗Xσ/σ
cσ!Th(−v|Cσ

)

�������������������������

u′

��

δ∗Xσ/σ
cσ!ΨCTh(−v|Cη

) ��

u

��

δ∗Xσ/σ
ΨX×SXcη!Th(−v|Cη

) ��

u

��

ΨXδ∗Xη/η
cη!Th(−v|Cη

)

u

��

δ∗Xσ/σ
cσ!ΨCHom(c∗η1K, c!η2K) ��

�
���������

�����
�����

�����
���

δ∗Xσ/σ
ΨX×SXcU !Hom(c∗η1K, c!η2K) ��

�
��

ΨXδ∗Xη/η
cη!Hom(c∗η1K, c!η2K)

�
��

δ∗Xσ/σ
cσ!Hom(c∗σ1ΨX(K), c!σ2ΨX(K))

�
��

δ∗Xσσ
cσ!ΨCc

!
η(DXη/η(K)�S K) ��

��

δ∗Xσ/σ
ΨX×SXcη!c

!
η(DXη/η(K)�S K) ��

��

ΨXδ∗Xη/η
cη!c

!
U (DXη/η(K)�S K)

��

δ∗Xσ/σ
cσ!c

!
σ(DXσ/σ(ΨX(K))�S ΨX(K)) ��

����
�����

�����
�����

����
δ∗Xσ/σ

cσ!c
!
σΨX×SX(DXη/η(K)�S K) �� δ∗Xσ/σ

ΨX×SX(DXη/η(K)�S K) �� ΨXδ∗Xη/η
(DXη/η(K)�S K)

δ∗Xσ/σ
(DXσ/σ(ΨX(K))�S ΨX(K))

�������������������������
ΨX(DXη/η(K))⊗ΨX(K).

��																						∼��

While the other parts of the diagram above commute by functoriality, the commu-
tativity of the upper left pentagon reduces to that of the following diagram:
(6.2.4.5)

Th(−v|Cσ
) ��

��

i∗CjC∗Th(−v|Cη
)

��

Hom(c∗σ1ΨX(K), c∗σ1ΨX(K)⊗ Th(−v|Cσ
))

��

ΨCTh(−v|Cη
)

��

Hom(c∗σ1ΨX(K),ΨC(c
∗
η1K)⊗ Th(−v|Cσ

))

u��

ΨCHom(c∗η1K, c∗η1K ⊗ Th(−v|Cη
))

u��

��

Hom(c∗σ1ΨX(K),ΨC(c
!
η2K))

��

ΨCHom(c∗η1K, c!η2K)

��


















Hom(c∗σ1ΨX(K), c!σ2ΨC(K))

which follows from the naturality of the pseudo-monoidal structure of Ψ in (6.1.2.1).
�

6.3. A1-homotopic analogue of a theorem of Verdier.

6.3.1. The goal of this section is to prove the A1-homotopic analogue of a theorem
of Verdier ([Ver81, Prop. 8.8]), assuming that the exponential characteristic p is
invertible. The proof follows a pattern similar to [Var07, §3], which is considerably
simplified in our setting using A1-homotopies.

6.3.2. As the exponential characteristic p is assumed to be invertible, by
Lemma 2.3.4, we may replace the base field k by its perfection and therefore sup-
pose that k is perfect. Throughout this section we will make this assumption, which
will not change the statements while making the proofs simpler.

6.3.3. If Z → X is a closed immersion, let DZX = BlZ×0(X × A1) − BlZ×0(X ×
0) be the (affine) deformation to the normal cone ([Ful98, §5.1], [Ros96, 10.3],
[DJK21, 3.2.3]). Alternatively, DZX can be defined as the spectrum over OX of
the Rees algebra

(6.3.3.1)
∑
n

In · t−n ⊂ OX [t, t−1]

where I is the ideal sheaf defining Z inX. There is a canonical morphism of schemes
DZX → A1

k, the fiber over 0 is the normal cone NZX = SpecOX
(⊕n�0In/In+1),

while the fiber over Gm is simply Gm,X .
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Definition 6.3.4. For any scheme X, denote by qX : Gm,X → X the projection.
We define the specialization to the normal cone by

spX,Z : SH(X) → SH(NZX)

K �→ ΨDZX(q∗XK).
(6.3.4.1)

6.3.5. (See also [Var07, Lemma 1.4.3]) Let f : Y → X be a morphism of schemes,
let Z be a closed subscheme ofX, and letW be a closed subscheme of f−1(Z). Then
the morphism f lifts to morphisms DZ(f) : DWY → DZX and NW (f) : NWY →
NZX. Indeed, let I ′ be the ideal sheaf defining W in Y , then we have f#(I) ⊂ I ′

by assumption, which gives an inclusion f#(
∑

n In · t−n) ⊂
∑

n I ′n · t−n, and the
result follows.

Consequently, the map (6.1.2.3) induces a natural transformation

(6.3.5.1) (NW (f))∗spX,Z → spY,W f∗.

By adjunction, we have a natural transformation

(6.3.5.2) spX,Zf∗ → (NW (f))∗spY,W .

If f is smooth and W = f−1(Z), then the map (6.3.5.1) is invertible. If f is proper
and W = f−1(Z), then the map (6.3.5.2) is invertible.

6.3.6. It follows from 6.1.2.8 that the specialization functor (6.3.4.1) commutes
with the formation of Thom spaces of vector bundles over X: if v is a virtual vector
bundle over X, then there is a canonical isomorphism

(6.3.6.1) spX,Z(K ⊗ Th(v)) � spX,Z(K)⊗ Th((v|DZX)|NZX).

In particular, the specialization functor commutes with Tate twists.

6.3.7. In the trivial case Z = X, we have a canonical isomorphism DZX � A1
Z .

Lemma 6.3.8 identifies the specialization map in this case:

Lemma 6.3.8. For Z = X and for any K ∈ SH(Z)[1/p], the canonical composi-
tion

(6.3.8.1) K → i∗j∗q
∗
ZK → ΨA1

Z
(q∗ZK) = spZ,Z(K)

is an isomorphism.

Proof. By Lemmas 2.3.6 and 6.3.6, we may assume that K = p∗�Y , where p : Y →
Z is a proper morphism with f : Y → Spec(k) smooth. Let p′ : Gm×Y → Gm×Z
be the base change of p. In this case we have an isomorphism
(6.3.8.2)

ΨA1
Z
(q∗Zp∗�Y )�ΨA1

Z
(p′∗�Gm×Y )

(6.1.2.5)
� p∗ΨA1

Y
�Gm×Y

(6.1.2.7)
� p∗f

∗ΨA1
k
�Gm,k

�p∗�Y .
By the naturality of Ψ, there is a canonical homotopy between the maps (6.3.8.2)
and (6.3.8.1), which proves the result. �

6.3.9. For a closed immersion Z → X and K ∈ SH(X)[1/p], by 6.3.5 and Lemma
6.3.8 we have a canonical map

(6.3.9.1) spX,Z(K)|Z → spZ,Z(K|Z) � K|Z .

Our goal is to show Proposition 6.3.14 which states that the map (6.3.9.1) is always
an isomorphism. Following the approach in [Var07, §3.1], we first deal with the case
of a strong deformation retract.
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Definition 6.3.10. Let Z → X be a closed immersion. A strong deformation
of X onto Z is a morphism H : X × A1 → X such that

(1) H|X×{1} is identity;

(2) H|Z×A1 : Z × A1 → X agrees with the composition of the projection π :

Z × A1 → Z and the inclusion Z → X;
(3) H|X×{0} is scheme-theoretically contained in Z.

In this case we say that Z is a strong deformation retract of X.

6.3.11. For example, {0} → A1 is a strong deformation retract via the morphism
H(x, a) = ax. Similarly, the same result holds for An−1 × {0} → An.

Lemma 6.3.12. If Z is a strong deformation retract of X, then the map (6.3.9.1)
is an isomorphism.

Proof. Let H be a strong deformation of X onto Z. Then H induces a morphism
NA1

Z
H : NA1

Z
A1

X → NZX, with a commutative diagram

(6.3.12.1) A1
Z

��

��

Z

��

NA1
Z
A1

X

N
A1
Z
H
�� NZX

where the vertical maps are zero sections of the normal cone, and the upper hori-
zontal map is the canonical projection. Then by 6.3.5, the morphism H induces a
map
(6.3.12.2)
φ :π∗spX,Z(K)|Z=((NA1

Z
H)∗spX,Z(K))|A1

Z
→(spA1

X ,A1
Z
(K|A1

X
))|A1

Z
�π∗spX,Z(K)|Z .

which is an endomorphism of the object π∗spX,Z(K)|Z ∈ SH(A1
Z).

For each point a ∈ A1
k, the composition of H with the inclusion X � X ×{a} →

X×A1 gives a morphism Ha : X → X, which induces a morphism NZHa : NZX →
NZX. By (6.3.5.1), the morphism Ha induces a map

(6.3.12.3) φa : spX,Z(K)|Z = ((NZHa)
∗spX,Z(K))|Z → spX,Z(K)|Z .

The fiber of φ over a is then φa, so φ gives an A1-homotopy between φ0 and φ1.
We know that φ1 is the identity map, while φ0 factors through the canonical map
spX,Z(K)|Z → K|Z in (6.3.9.1), and the result follows. �
6.3.13. Now we are ready to prove the general case:

Proposition 6.3.14 (Verdier’s theorem on restriction to vertices). Let K ∈
SH(X)[1/p]. Then the map spX,Z(K)|Z → K|Z in (6.3.9.1) is an isomorphism.

Proof. By Lemmas 2.3.6 and 6.3.6, we may assume that K = p∗�Y where p : Y →
X is a proper morphism with Y smooth over k, such that the reduced scheme
associated to p−1(Z) is a strict normal crossing divisor in Y . Let q : p−1(Z) →
Z be the morphism induced by p. Then we have (p∗�Y )|Z � q∗�p−1(Z), and
spX,Z(K)|Z � q∗spY,p−1(Z)(�Y ). Therefore we reduce to prove the result for the

pair (Y, p−1(Z)) instead of the pair (X,Z), so we may assume that Z is a Cartier
divisor in X.

Since the statement is local in the pair (X,Z), by shrinking X we may assume
that X is affine and Z is defined by one equation in X, that is, there exists an
integer n and a closed immersion i : X → An such that Z = i−1(An−1 × {0}).
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Denote by i′ : Z → An−1 × {0} the closed immersion, then it suffices to show that
the map

(6.3.14.1) i′∗(spX,Z(K)|Z) → i′∗(K|Z)

obtained by applying i′∗ to the map (6.3.9.1) is an isomorphism. But the
map (6.3.14.1) is canonically identified with the map

(6.3.14.2) spAn,An−1×{0}(i∗K)|An−1×{0} → (i∗K)|An−1×{0}

which is an isomorphism by the case of a strong deformation retract proved in
Lemma 6.3.12. �

6.4. Deformation of correspondences.

6.4.1. Let c : C → X×kX be a correspondence and let Z be a closed subscheme of
X. By 6.3.5, c lifts to a correspondence DZ(c) : Dc−1(Z×kZ)C → DZX ×A1

k
DZX.

Over Gm, this is cGm
= c× idGm

: C ×Gm → (X ×k X)×Gm.
Over 0, this is NZ(c) : Nc−1(Z×kZ)C → NZX ×k NZX constructed in 6.3.5.

Lemma 6.4.2.

(1) The correspondence c is contracting near Z if and only if c stabilizes Z
and the image of NZ(c)1 is set-theoretically supported at the zero section
Z ⊂ NZX.

(2) There is a canonical closed immersion Dc′−1(Z)Fix(c) → Fix(DZ(c)). If c
is contracting near Z, Fix(c) is connected, and c′(Fix(c))∩Z is non-empty,
then there is a canonical isomorphism (Fix(c)×A1)red � (Fix(DZ(c)))red,
that is, Fix(DZ(c)) is a topologically trivial family over A1

k.

Proof. Let I ′ be the ideal sheaf defining c−1(Z×S Z) in C. Then the map NZ(c)1 :
Nc−1(Z×SZ)C → NZX is given by the map

(6.4.2.1) ⊕n�0((I)n/(I)n+1) → ⊕n�0((I ′)n/(I ′)n+1)

induced by c1 : C → X, and the first claim follows. The second claim is proved in
[Var07, Thm. 2.1.3 (b)], using [Var07, Cor. 1.4.5] and apply Lemma 5.2.9. �

6.4.3. We now turn back to the proof of Proposition 5.2.4. Let K ∈ SHc(X)[1/p].
We further consider the following condition:

• The object K|X×Gm
∈ SHc(X × Gm)[1/p] = SHc((DZX)η)[1/p] satisfies

the conditions of 6.1.4.

6.4.4. Proof of Proposition 5.2.4. By Lemma 3.1.3,K is USLA over k, which implies
that the object K|X×Gm

∈ SHc(X × Gm)[1/p] is USLA over Gm,k. Consider the
deformation construction in 6.4.1. By Lemma 4.1.2 and Lemma 6.2.4, we have the
following commutative diagram

Map(c∗1K, c!2K ⊗ Th(v))
Tr(−/k)

��

(4.1.1.2)

��

H(Fix(c)/k,−v|Fix(c))

(4.1.1.4)

��

Map((cGm
)∗1K|X×Gm

, (cGm
)!2K|X×Gm

⊗ Th(v|C×Gm
))

Tr(−/Gm,k)
��

(6.2.1.4)

��

H(Fix(c)×Gm/Gm,k,−v|Fix(c)×Gm
)

(6.2.2.2)

��

Map(NZ(c)
∗
1spX,Z(K), NZ(c)

!
2spX,Z(K)⊗ Th((v|DZ(c))|NZ(c)))

Tr(−/k)
�� H(Fix(NZ(c))/k,−v|Fix(NZ(c))).
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By Lemma 6.4.2 (2) and Lemma 2.2.8, the composition of the two right vertical
maps

(6.4.4.1) H(Fix(c)/k,−v|Fix(c)) → H(Fix(NZ(c))/k,−v|Fix(NZ(c)))

is an isomorphism. By Proposition 6.3.14 we have spX,Z(K)|Z � K|Z � 0, and
by Lemma 6.4.2 (1) the image of NZ(c)1 is set-theoretically supported at the zero
section Z ⊂ NZX, which implies that NZ(c)

∗
1spX,Z(K) � 0. We conclude that the

map

(6.4.4.2) Map(c∗1K, c!2K ⊗ Th(v))
Tr(−/k)−−−−−→ H(Fix(c)/k,−v|Fix(c))

is null-homotopic, which finishes the proof.
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loni, Michel Raynaud, Joël Riou, Benôıt Stroh, Michael Temkin and Weizhe Zheng.
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