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A COMPARATIVE REVIEW OF RECENT RE­
SEARCHES IN GEOMETRY.* 

(PROGRAMME OX EXTERIXG THE PHILOSOPHICAL FACULTY AXD 
THE SEXATE OF THE UXIVERSITY OF ERLAXGEX IX 1872.) 

BY PROF. FELIX KLEIN. 

Prefatory Note by the Author.— My 1872 Programme, appearing as a 
separate publication (Erlangen, A. Deichert), had but a limited circu­
lation at first. With this I could be satisfied more easily, as the views 
developed in the Programme could not be expected at first to receive 
much attention. But now that the general development of mathematics 
has taken, in the meanwhile, the direction corresponding precisely to 
these views, aud particularly since Lie has begun the publication in 
extended form of his Theorie der Traneformationsgruppen (Leipzig, 
Teubner, vol. i. 1888, vol. n. 1890), it seems proper to give a wider 
circulation to the expositions in my Programme. An Italian translation 
by M. Gino Fano was recentty published in the Annali di Matematica, 
ser. 2, vol. 17. A kind reception for the English translation, for which 
I am much indebted to Mr. Haskell, is likewise desired. 

The translation is an absolutely literal one ; in the two or three places 
where a few words are changed, the new phrases are enclosed in square 
brackets []. In the same way are indicated a number of additional 
footnotes which it seemed desirable to append, most of them having 
already appeared in the Italian translation.—F. KLEIN. 

Among the advances of the last fifty years in the field of 
geometry, the development of projective geometry f occupies 
the first place. Although it seemed at first as if the so-called 
metrical relations were not accessible to this treatment, as 
they do not remain unchanged by projection, we have never­
theless learned recently to regard them also from the projec­
tive point of view, so that the projective method now embraces 
the whole of geometry. But metrical properties are then to 
be regarded no longer as characteristics of the geometrical 
figures per se, but as their relations to a fundamental configu­
ration, the imaginary circle at infinity common to all spheres. 

When we compare the conception of geometrical figures 
gradually obtained in this way with the notions of ordinary 
(elementary) geometry, we are led to look for a general prin­
ciple in accordance with which the development of both 
methods has been possible. This question seems the more 
important as, beside the elementary and the projective geom­
etry, are arrayed a series of other methods, which, albeit they 
are less developed, must be allowed the same right to an in­
dividual existence. Such are the geometry of reciprocal radii 

* Translated by Dr. M. W. HASKELL, Assistant Professor of Mathe­
matics in the University of California, 

t See Note I. of the appendix. 
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vectores, the geometry of rational transformations, etc., which 
will be mentioned and described further on. 

In undertaking in the following pages to establish such a 
principle, we shall hardly develop an essentially new idea, but 
rather formulate clearly what has already been more or legs 
definitely conceived by many others. But it has seemed the 
more justifiable to publish connective observations of this 
kind, because geometry, which is after all one in substance, 
has been only too much broken up in the course of its recent 
rapid development into a series of almost distinct theories,* 
which are advancing in comparative independence of each 
other. At the same time I was influenced especially by a 
wish to present certain methods and views that have been 
developed in recent investigations by Lie and myself. Our 
respective investigations, different as has been the nature of 
the subjects treated, have led to the same generalized concep­
tion here presented; so that it has become a sort of necessity 
to thoroughly discuss this view and on this basis to character­
ize the contents and general scope of those investigations. 

Though we have spoken so far only of geometrical investi­
gations, we will include investigations on manifoldnesses of 
any number of dimensions,! which have been developed from 
geometry by making abstraction from the geometric image, 
which is not essential for purely mathematical investigations.^ 
In the investigation of manifoldnesses the same different types 
occur as in geometry; and, as in geometry, the problem is to 
bring out what is common and what is distinctive in in­
vestigations undertaken independently of each other. Ab­
stractly speaking, it would in what follows be sufficient to 
speak throughout of manifoldnesses of n dimensions simply; 
but it will render the exposition simpler and more intelligible 
to make use of the more familiar space-perceptions. In pro­
ceeding from the consideration of geometric objects and de­
veloping the general ideas by using these as an example, we 
follow the path which our science has taken in its develop­
ment and which it is generally best to pursue in its presen­
tation. 

A preliminary exposition of the contents of the following 
pages is here scarcely possible, as it can hardly be presented 
in a more concise form; § the headings of the sections will 
indicate the general course of thought. 

At the end I have added a series of notes, in which I have 

* See Note II. f Se« Note IV. % See Note III. 
§This very conciseness is a defect in the following presentation which 

I tear will render the understanding of it essentially more difficult. 
But the difficulty could hardly be removed except by a very much 
fuller exposition, in which the separate theories, here only touched 
upon, would have been developed at length. 
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either developed further single points, wherever the general 
exposition of the text would seem to demand it, or have tried 
to define with reference to related points of view the abstract 
mathematical one predominant in the observations of the 
text. 

§ 1 . 

GROUPS OF SPACE-TRAXSFORMATIOXS. PRINCIPAL GROUP. 
FORMULATION OF A GENERAL PROBLEM. 

The most essential idea required in the following discussion, 
is that of a group of space-transformations. 

The combination of any number of transformations of 
space * is always equivalent to a single transformation. If 
now a given system of transformations has the property that 
any transformation obtained by combining any transforma­
tions of the system belongs to that system, it shall be called 
a group of transformations^ 

An example of a group of transformations is afforded by 
the totality of motions, every motion being regarded as an 
operation performed on the whole of space. A group con­
tained in this group is formed, say, by the rotations about 
one point.J On the other hand, a group containing the group 
of motions is presented by the totality of the collineations. 
But the totality of the dualistic transformations does not 
form a group; for the combination of two dualistic transform­
ations is equivalent to a collineation. A group is, however, 
formed by adding the totality of the dualistic to that of the 
collinear transformations. § 

* We always regard the totality of configurations in space as simulta­
neously affected by the transformations, aud speak therefore of tram* 
formations of space. The transformations may introduce other elements 
in place of points, like dualistic transformations, for instance ; there is 
no distinction in the text in this regard. 

f [This definition is not quite complete, for it has been tacitly assumed 
that the groups mentioned always include the inverse of every opera­
tion they contain ; but, when the number of operations is infinite, this 
is by no means a necessary consequence of the group idea, and this as­
sumption of ours should therefore be explicitly added to the definition 
of this idea given in the text.] 

The ideas, as well as the notation, are taken from the theory of sub-
stitutions, with the difference merely that there instead of the trans­
formations of a continuous region the permutations of a finite number 
of discrete quantities are considered, 

X Camille Jordan has formed all the groups contained in the general 
group of motions : Sur les groupes de mouvements, Annali di Mate-
matica, vol. 2. 

§ It is not at all necessary for the transformations of a group to form 
a continuous succession, although the groups to be mentioned in the 
text will indeed always have that property. For example, a group is 
formed by the finite series of motions which superpose a regular 
body upon itself, or by the infinite but discrete series which super­
pose a sine-curve upon itself. 
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Now there are space-transformations by which the geometric 
properties of configurations in space remain entirely un­
changed. For geometric properties are, from their very idea, 
independent of the position occupied in space by the configu­
ration in question, of its absolute magnitude, and finally of 
the sense * in which its parts are arranged. The properties 
of a configuration remain therefore unchanged by any motions 
of space, by transformation into similar configurations, by 
transformation into symmetrical configurations with regard to a 
plane (reflection), as well as by any combination of these 
transformations. The totality of all these transformations we 
designate as the principal group f of space-transformat ions; 
geometric properties are not changed by the transformations of 
the principal group. And, conversely, geometric properties 
are characterized by their remaining invariant under tJie 
transformations of the principal group. For, if we regard 
space for the moment as immovable, etc., as a rigid manifold-
ness, then every figure has an individual character; of all the 
properties possessed by it as an individual, only the properly 
geometric ones are preserved in the transformations of the 
principal group. The idea, here formulated somewhat in­
definitely, will be brought out more clearly in the course of 
the exposition. 

Let us now dispense with the concrete conception of space, 
which for the mathematician is not essential, and regard it 
only as a manif oldness of n dimensions, that is to say, of three 
dimensions, if we hold to the usual idea of the point as space 
element. By analogy with the transformations of space we 
speak of transformations of the manifoldness ; they also form 
groups. But there is no longer, as there is in space, one group 
distinguished above the rest by its signification ; each group 
is of equal importance with every other. As a generalization 
of geometry arises then the following comprehensive prob­
lem: 

Given a manifoldness and a group of transformations of the 
same; to investigate the configurations belonging to the mani­
foldness with regard to such properties as are not altered by the 
transformations of the group. 

To make use of a modern form of expression, which to be 
sure is ordinarily used only with reference to a particular 
group, the group of all the linear transformations, the prob­
lem might be stated as follows : 

* By " sense " is to be understood that peculiarity of the arrange­
ment of the parts of a figure which distinguishes it from the symmetri­
cal figure (the reflected image). Thus, for example, a right-handed and 
a left-handed helix are of opposite "sense." 

t The fact that these transformations form a group results from 
their very idea. 
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Given a manifoldness and a group of transformations of the 
same; to develop the theory of invariants relating to that 
group. 

This is the general problem, and it comprehends not alone 
ordinary geometry, but also and in particular the more recent 
geometrical theories which we propose to discuss, and the 
different methods of treating manifoldnesses of n dimensions. 
Particular stress is to be laid upon the fact that the choice 
of the group of transformations to be adjoined is quite arbi­
trary, and that consequently all the methods of treatment 
satisfying our general condition are in this sense of equal 
value. 

g 2. 

GROUPS OF TRANSFORMATIONS, ONE OF WHICH INCLUDES 
THE OTHER, ARE SUCCESSIVELY ADJOINED. T H E D I F ­
FERENT TYPES OF GEOMETRICAL INVESTIGATION AND 
THEIR K E L A T I O N TO EACH OTHER. 

As the geometrical properties of configurations in space 
remain unaltered under all the transformations of the princi­
pal group, it is by the nature of the question absurd to inquire 
for such properties as would remain unaltered under only a 
part of those transformations. This inquiry becomes justified, 
however, as soon as we investigate the configurations of space 
in their relation to elements regarded as fixed. Let us, for 
instance, consider the configurations of space with reference 
to one particular point, as in spherical trigonometry. The 
problem then is to develop the properties remaining invariant 
under the transformations of the principal group, not for the 
configurations taken independently, but for the system con­
sisting of these configurations together with the given point. 
But we can state this problem in this other form: to examine 
configurations in space with regard to such properties as re* 
main unchanged by those transformations of the principal 
group which can still take place when the point is kept fixed. 
In other words, it is exactly the same thing whether we in­
vestigate the configurations of space taken in connection with 
the given point from the point of view of the principal group 
or whether, without any such connection, we replace the 
principal group by that partial group whose transformations 
leave the point in question unchanged. 

This is a principle which we shall frequently apply; we will 
therefore at once formulate it generally, as follows: 

Given a manifoldness and a group of transformations ap­
plying to it. Let it be proposed to examine the configurations 
contained in the manifoldness with reference to a given con­
figuration. Wo may, then, either add the given configuration 


