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RIEMANN AND HIS SIGNIFICANCE FOR THE DE-
VELOPMENT OF MODERN MATHEMATICS.*

ADDRESS DELIVERED AT THE GENERAL SESSION OF THE VER-
SAMMLUNG DEUTSCHER NATURFORSCHER UND AERZTE,
IN VIENNA, SEPTEMBER R7, 1894,

BY PROFESSOR FELIX KLEIN.

IT is no doubt uncommonly difficult to entertain a large
audience with the discussion of any mathematical question
or even of the general tendencies in the development of
mathematical science. This difficulty arises from the fact
that the very ideas with which the mathematician works and
whose multifarious connections and interrelations he investi-
gates are the product of long-continued mental labor and
are therefore far removed from the things of ordinary life.

In spite of this I did not hesitate in accepting the honor
conferred upon me by the Executive Committee of your As-
sociation in requesting me to address you to-day. In doing
this I was moved by the illustrious example of the great in-
vestigator, so recently deceased, who had originally been ex-
pected to speak here to you. It must always be regarded as
a particular merit of Hermann von Helmholtz that, from the
very beginning of his career, he took pains to present in
lectures intelligible to a wider circle of scientific men the
problems and results of special work in all the manifold
branches of science that engaged his attention. He thus suc-
ceeded in being of assistance to each one of us in his own
special field.

While for pure mathematics it would, in the nature of the
case, be impossible to do this completely, it is becoming more
and more recognized that in the present state of mathemati-
cal science it is eminently desirable to try, at least, to accom-
plish as much as can be attained in this respect. In saying
this I do not express an individual opinion; I speak in the
name of all the members of that Mathematical Association
which was formed some years ago in connection with the As-
gociation of Naturalists and Physicians and is practically, if
not formally, identical with your Section I. We cannot help
feeling that in the rapid development of modern thought our
science is in danger of becoming more and more isolated.
The intimate mutual relation between mathematics and theo-
retical natural science which, to the lasting benefit of both
sides, existed ever since the rise of modern analysis, threatens

* Translated, with the permission of the author, by ALEXANDER
ZIWET.
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to be disrupted. As members of the Mathematical Associa-
tion we desire to counteract this serious, ever-growing danger
with all our power; it is for this reason that we decided to
meet with the general Association of Naturalists. Through
personal intercourse with you we wish to learn how scientific
thought develops in your branches, and where accordingly
an opportunity may arise for applying the work of the
mathematician. On the other hand, we desire and hope to
find in you a ready interest in and an intelligent appreciation
of our aims and ideas.

With these considerations in mind I shall now attempt to
give you an idea of the life-work of BERNHARD RIEMANN, a
man who more than any other has exerted a determining in-
fluence on the development of modern mathematics. I hope
that my remarks may prove of some interest to those, at
least, among you who are familiar with the general trend of
ideas prevailing in mechanics and theoretical physics. But
all of you, I trust, will feel that the ideas of which I shall
have to speak form a connecting link between mathematics
and natural science.

The outward life of Riemann may perhaps appeal to your
sympathy; but it was too uneventful to arouse particular in-
terest. Riemann was one of those retiring men of learning
who allow their profound thoughts to mature slowly in the
seclusion of their study.

He was twenty-five years of age when, in 1851, he took his
doctor’s degree in (t6ttingen, presenting a dissertation which
gshowed remarkable power. It took three more years before
he became a docent at the same university. At this time
began the appearance in rapid succession of all those impor-
tant researches of which I wish to speak. At the death of
Dirichlet, in 1859, Riemann became his successor in the Uni-
versity of Gottingen. But already in 1863 he contracted
the fatal disease to which he succumbed in 1866, at the early
age of 40 years.

His collected works, first published in 1876 by Heinrich
Weber and Dedekind, and since issued in a second edition,
are neither numerous nor extensive. They fill an octavo
volume of 550 pages, and only about half of the matter
contained in this volume appeared during his lifetime.
The remarkable influence exerted by Riemann’s work in the
past and even to the present time is entirely due to the
ortginality and, of course, to the penetrating power of his
mathematical considerations.

While the latter characteristic cannot be the object of my
remarks to-day, I believe that you will understand the pecul-
iar originality of Riemann’s mathematical work if I point out
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to you right here the unifying fundamental idea to which as
a common source all his developments can be traced.

I must mention, first of all, that Riemann devoted much
time and thought to physical considerations. Grown up
under the great tradition which is represented by the combi-
nation of the names of Gauss and Wilhelm Weber, influenced
on the other hand by Herbart’s philosophy, he endeavored
again and again to find a general mathematical formulation
for the laws underlying a,l% natural phenomena. These in-
vestigations do not appear to have been carried by him to a
satisfactory completion; they are preserved in his posthu-
mous papers in a very fragmentary form. We find there
several incomplete attempts at a solution, all of which have,
however, in common the supposition which at the present
day, under the influence of Maxwell’s electromagnetic theory
of light, seems to be adopted by at least all younger physi-
cists, viz., that space is filled with a continuous fluid which
serves as the common medium for the propagation of optical,
electrical, and gravitational phenomena.

I shall not stop to explain the details, which at the present
time could only have a historical interest. The point to
which I wish to call your attention is that these physical
views are the mainspring of Riemanw’s purely mathematical
investigations. The same tendency which in physics discards
the idea of action at a distance and explains all phenomena
through the internal stresses of an all-pervading ether ap-
pears in mathematics as the attempt to understand functions
from the way they behave in the infinitesimal, that is, from
the differential equations satisfied by them. And just as in
physics any particular phenomenon depends on the general
arrangement of the conditions of the experiment, thus Rie-
mann particularizes his functions by means of the special
boundary conditions which they are required to satisfy.
From this point of view the formula required for the numeri-
cal calculation of the function appears as the final result,
and not as the starting-point, of the investigation.

If I may be allowed to push the analogy so far, I should
say that ¢he work of Riemann in mathematics offers a parallel
to the work of Faraday in physics. While this comparison
has reference in the first place to the qualifative content of
the leading ideas due to the two men, I believe it to hold even
quantitatively ; 1i.e., the results reached by Riemann are as
important for mathematics as the results of Faraday’s work
are for physical science.

On the basis of this general conception let us now pass in
review the various lines of Riemann’s mathematical researches.
It will only be natural to begin with ¢he theory of functions of
complex variables, which is most intimately connected with his
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name, although he himself may have regarded it merely as an
application of tendencies having a much wider range.

The fundamental idea of this theory is well known. To
investigate the functions of a variable z we substitute for this
variable a binomial quantity  + ¢y with which we operate so
as to put always — 1 for . The result is that the properties
of the ordinary functions of simple variables become intelli-
gible to a much higher degree than would otherwise be the
case. To repeat the words used by Riemann himself in his
dissertation (1851) in which he laid down the fundamental
ideas of his peculiar method of treating this theory: The ¢n-
troduction of complex values of the variable brings out a cer-
tain harmony and regularity which otherwise would remain
hidden.

The founder of this theory is the great French mathema-
tician Cauchy;* but only later, in Germany, did this theory
assume its modern aspect which has made it the central point
of our present views of mathematics. This was the result of
the simultaneous efforts of two mathematicians whom we shall
have to name together repeatedly,—of Riemann and Weier-
strass.

While pointing to the same end, the particular methods of
these two men are as different as possible; they appear almost
to be opposed to each other, though, from a higher point of
view, this only means that they are complementary.

Weierstrass defines the functions of a complex variable
analytically by means of a common formula, viz., by infinite
power-series. In all his work he avoids as far as possible the
assistance to be derived from the use of geometry; his special
achievement lies in the systematic rigor of his demonstrations.

Riemann, on the other hand, begins, in accordance with
his general conception referred to above, with certain differ-
ential equations satisfied by the functions of z + ¢y. Thus
the problem at once assumes a physical form.

Let us put f(# + ¢y) = w + 1v._ Each of the two compo-
nent parts of the function, » as well as v, then appears, owing
to the differential equations, as a pofential in the space of the
two variables z and y; and Riemann’s method can be briefly
characterized by saying that ke applies to these parts u and v
the principles of the theory of the potential. In other words,
his starting point lies in the domain of mathematical physics.

* In the text I refrained from mentioning Gauss, who, being in advance
of his time in this as in other fields, anticipated many discoveries with-
out rublishing what he had found. It is very remarkable that in the
papers of Gauss we find occasional glimpses of methods in the theory
of functions which are completely in line with the later methods of
Riemann, as if unconsciously a transfer of leading ideas had taken place
from the older to the younger mathematician.






