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TRANSCENDENTAL NUMBERS. 

An authorized translation by Professor W. W. BEMAN of Chapter XXV. 
of Vol. IL, of the Lehrbuch der Algebra* 

BY PROFESSOR HEINRICH WEBER. 

[Professor Weber's presentation of the recent methods of demonstrating 
the transcendency of e and TT, especially in sections 205 and 206, is so 
elementary that its reproduction in English will be welcomed by many. 
For the sake of completeness the whole chapter has been given. W. W. B. ] 

§ 203. 
Enumerable Masses. 

In the introduction to our work the general number con­
cept was defined and with this general number concept we 
have operated, e. g., in the proof of the existence of a root. 
In the further course of our investigations, we have dealt 
only with algebraie numbers without stopping to inquire 
whether the content of the number domain was thus ex­
hausted, or there were non-algebraic numbers besides. The 
existence of non-algebraic numbers, also called transcen­
dental, was first demonstrated by Liouville. Other proofs 
have been devised by G. Cantor, f 

We begin here with the conception, already estab­
lished in the introduction, of a mass or manifoldness, 
which means a system of elements of any kind so far de­
fined that in case of any arbitrary object it is possible to de­
cide whether it belongs to the system or not. 

We distinguish between finite and infinite masses and 
introduce as our first and most important example of an 
infinite mass the aggregate of the natural numbers 1 , 2 , 3 , . . . 
The following definition then holds : 

1. Definition, A mass is said to be enumerable [abzahlbar] 
when its elements can be brought into a (1,1) correspondence with 
the whole series of natural numbers or a portion of the same.% 

Accordingly every finite mass is enumerable and in the 
enumeration the series of natural numbers is used only up 
to a certain greatest number. In what follows we specially 
consider infinite masses. 

* Braunschweig, Vieweg und Sohn, 1895 und 1896. 
fG. CANTOR, CrelWs Journal, vol. 77 (1873). "Ueber eine Eigen­

schaft des Inbegriffes aller reellen algebraischen Zahlen." 
X CANTOR, I. c. The notion of enumerable masses agrees with the notion 

of simply infinite systems defined by DEDEKIND without the assumption of 
the number system. DEDEKIND, * ' Was sind und was sollen die Zahlen ? " 
§ 6. Braunschweig, 1887. (Second unaltered edition, 1893.) 
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We may also define an infinite enumerable mass as a mass 
of such a nature that to every element a definite number 
from the series of natural numbers can be applied as a name, 
provided every number of the series of natural numbers is 
employed ; that is, a mass in which there is a first, second, 
third, . . . hundredth . . . element. 

Finally, we may also say that an infinite enumerable mass 
is one whose elements can be arranged in such an order 
that there is a first element, that each element is followed 
by a definite other one of the mass, and that every element save 
the first is preceded by a definite other element. Such a series 
we may call a countable [zâhlbar] arrangement. I t is 
clear that an enumerable mass is enumerable not only in one 
way, but in infinitely many different ways. 

Besides the series of natural numbers which is manifestly 
enumerable, we may mention as a second example the system 
of rational positive proper fractions which may be enumer­
ated, for instance, in the following manner: 

1 1 2 1 3 1 2 3 4 1 5 

2' r r rrr r ? ? r e"" 
i.e., so that every greater denominator follows the less 
denominator, and that the fractions with equal denominators 
are arranged according to the magnitude of the numera­
tors. If, however, the fractions were to be arranged in or­
der of numerical value, we should not have a countable ar­
rangement. 

2. The aggregate of all algebraic numbers is an enumerable mass. 
To prove this important theorem we recall that every al­

gebraic number 0 is the root of one and only one irreduci­
ble equation 
(1) f(0) = ao0

n + a,0^+ . . . + a w = 0 
where a01 av . . . an are integral rational numbers without a 
common divisor, and a0 is positive and different from zero. 
The degree n of the equation (1) is a positive integer and 
hence at least equal to 1. Some of the numbers av a2,.. . an_1 
may be 0. 

We will now select the signs ± so that =b av db a2,. . . ± an 
are not negative, and call the sum 

(2) J = ( t t - l ) + a 0 ± a 1 ± a 2 , . , ± a n 

the height of the algebraic number 0. The height is then al­
ways a> positive integer. 

Now it is easy to see that for a given value of the height 
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N there is always only a finite number of algebraic num­
bers. For in the first place by (2) n can never be greater than 
JSf,and for given values of Nand n the numbers ava2,. . .an 
can be determined in only a finite number of ways. Among 
the functions f(@) so determined we retain only the irre­
ducible ones. If now the algebraic numbers be arranged so 
that the numbers of less height precede those of greater 
height, that among numbers of equal height that one pre­
cedes whose real part is the smaller, that among numbers 
of equal height and equal real part the one of smaller 
imaginary part precedes, we have a countable arrangement 
of the algebraic numbers and it is shown that the aggregate 
of all algebraic numbers is an enumerable mass. 

We have, for example: 

j \ r = 1, n = 1, a0 = 1, ax = 0, 
JV=2 , n=l, a0=l, ^ = ± 1 , 
J V = 3 , n=l, a 0 = l , ^ = ± 2 , 

% = 2> <*!==*= 1, 
n = 2, a0 = 1, a, = 0, a2 = 1, 

and the beginning of an orderly series of algebraic num­
bers becomes 

o , - 1 , + 1 , - 2, - 1 , - s ^ T Î ; S/=T, \ , 2 , . . . 

Every portion of the series of natural numbers is an enu­
merable mass : for we have only to arrange the numbers of 
such portion in order of magnitude to obtain a countable ar­
rangement. 

Thus it appears that every portion of an enumerable 
mass is itself an enumerable mass. Hence it follows among 
other things that the mass of real algebraic numbers is 
enumerable. 

§ 204. 
Unenumerable Masses. 

We now proceed to the proof of the theorem that there 
are number masses which are not enumerable and in parti­
cular we shall show that : 

The aggregate of all real numbers even when we are restricted to 
a finite interval is not enumerable. 

For this purpose consider any enumerable mass of unequal 
real numbers which in a countable arrangement (£) may 
be designated: 
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( 0 ) a>v <*>» " , , * > „ . . . 

(where it is to be observed that the elements may not be 
arranged in order of magnitude). 

For brevity we shall speak of that one of two elements of 
the series & which has the smaller index as the earlier, the 
one with greater index as the later. 

We now select any two real numbers a and /2, a < p9 and 
show that in the interval £ = («, y9) there is at least one 
number not found in the series &. As soon as we have 
shown the existence of one such number for every interval, 
there must be infinitely many, since we can apply the same 
argument to every portion of the interval (a, /5). 

First, it is clear that our proposition is correct if only a 
finite number of numbers of the series £ is contained in any 
finite portion of the interval d} and we may, therefore, pass 
immediately to the case where an infinite mass of numbers 
of the series & lies in every part, no matter how small, of 
the interval d. 

Designate by av px the two earliest numbers of the series &, 
which lie in the interval 5, assume ax< Px and put ^—z^—av 
so that ^1=(«1, £j) is a portion of the interval d. 

Now designate similarly by a2, /?2 the two earliest num­
bers of the series & which lie within the interval <?, (exclu­
sive of the limits), assume «2</?2 and put ^2=/32 — a2. 

We can proceed in this way and obtain an unlimited 
series of intervals 

each of which includes all that follow, and two series of 
numbers : 

«, av a2, . . . , 

all of which, with the possible exception of the first a, j3, 
belong to the series &. The numbers «, av a2,.. . , form an 
increasing series, the numbers /5, fiv /32, . . . , a decreasing 
series, and at the same time every a is less than every /?. 

1. Hence it follows that the numbers av have an upper limit a, the 
numbers fiv a lower limit b and that a = 6 (see Vol. I., § 38, 1.) 
Possibly we may have a=b. 

From the method of formation of the intervals $} dv # 2 , . . . 
it follows that : 

2. If any number a> of the series & falls in the interval dv , ex-
eluding its limits av , fiv ? then to occurs later in the series & than 
the pair of numbers av , fiv , belonging to the same series. 
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For av ? pv were the two earliest numbers of the series & 
occurring in the interval <S„_i. Hence it follows that : 

3. The greater the index v, the later are the two numbers av , pv 
in the series &, and as we have assumed the series of intervals dv 
not to terminate; we can advance av , (3V as far as we please in the 
series & by increasing v sufficiently. 

Now it follows very readily that no number g which co­
incides with one of the numbers a, b, or, if a and b are un­
equal, lies between them, can belong to the series &. 

For the number g lies within each one of the intervals Sv. 
Now if we assume that g occurs in &, and by (3) increase 
v so that av , pv come later in Q than g, then by (2) g cannot 
lie in the interval dv and thus the absurdity of our hypoth­
esis is demonstrated. 

Hence it follows that the aggregate of all the numbers of an in­
terval «, p does not form an enumerable mass. 

This theorem may be demonstrated in another way which 
is simpler in some respects and may be briefly indicated. 
We do not restrict the generality if we confine ourselves to 
the interval from 0 to 1. We shall imagine all numbers of 
this interval represented by decimal fractions with an in­
finite number of terms. Finite decimal fractions are in­
cluded if we make all the digits after a certain one equal 
to zero. To render this representation by decimal fractions 
unambiguous, it must be agreed that for a finite decimal 
fraction this representation must always be chosen, so that, 
for example, 0.4999 . . . must not be written for 0.5000... 

We will now assume that these decimal fractions form an 
enumerable mass. They may then be arranged in a count­
able series, represented as follows : 

a>x = 0. a™ a^ a^ . . . 

( Û ) w2 = 0. < 2 ) «2
(2) a™ . . . 

a>z = 0 . a™ a2
(3) «3

(3) . . . 

where the dv) represent digits of the decimal system. 
But it is very easy to form a decimal fraction (or indeed, 

as many as we please) which is not contained in the series 
&. We have only to form 

where the fiv are digits of the decimal system, satisfying the 
one condition that for every v, ft, is different from dv\ This 
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number y, which also belongs to the interval (0, 1) cannot 
be a number of the series &. 

The formation of y may be made still more general by 
arbitrarily selecting the /3's as far as we please and then ap­
plying the law, /3V S dv). 

Since it has thus been shown that the real algebraic num­
bers form an enumerable mass and that in every interval 
there are numbers which do not belong to a given enumer­
able mass it follows immediately that : 

In every real interval there are transcendental numbers, 

§205. 

Transcendency of the Number e. 

I t is a far more difficult task to decide whether any given 
number is algebraic or transcendental. Here interest has 
chiefly been concentrated upon the two numbers which oc­
cur so frequently in analysis, e, the base of the natural sys­
tem of logarithms and the Ludolphian number TT, the ratio 
of the circumference of the circle to the diameter. 

For the number e the question was answered by Hermite 
in a celebrated memoir,* which has been made the basis of 
the later investigations upon the number n. The solution 
for the number rc, which was specially interesting on ac­
count of its relation to the famous problem of the quadra­
ture of the circle, for a long time, however, presented insur­
mountable difficulties. Finally, Lindemann succeeded in 
demonstrating that K also belongs to the transcendental 
numbers. But Lindemann's proof still presented great dif­
ficulties. These, however, have gradually been so com­
pletely removed by the investigations of Weierstrass, Hu­
bert, Hurwitz and Gordanf that the demonstration can now 
be made with quite elementary means and in the most sim­
ple manner. 

If we represent by n (n) the product 

/ 7 ( w ) = l - 2 - 3 . . . n 
then, for any x, 

* H E R M I T E , " S u r la function exponentielle." Comptes rendus, vol. 
LXXVII , 1873. 

f L I N D E M A N N , " Ueber die Zahl TT." Mathem. Annalen, vol. 20,1882. 
WEIERSTBASS, " Z U Lindemann's Abhandlung über die Ludolph'sche 
Zahl ." Sitzungsbericht der Berliner Akademie, December 3, 1885. The 
articles by H I L B E R T , H U R W I T Z and GORDAN are all three found in vol. 
43, Mathem. Annalen (1893), the first two also in the Göttinger Nachrich-
ten of 1893. 


