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ON POINCARE’S CORRECTION TO BRUNS’
THEOREM.

BY PROFESSOR W. D. MACMILLAN.
(Read before the American Mathematical Society, January 2, 1913.)

TuE differential equations of motion for the problem of
three bodies were first set up by Clairaut, and were published
by him with the remark, “ Let anyone integrate them who
can.” Clairaut himself had found ten of the eighteen
integrals necessary for the complete solution of the equations,
but in despair gave up the hope of finding any more, con-
tenting himself with methods of approximation for those
cases which were presented by our solar system, particularly,
the motion of the moon. The solutions of these equations
have engaged the attention of nearly all of the great mathe-
maticians from Clairaut down to the present time, but no
more integrals have been forthcoming. This universal fail-
ure has given rise, naturally, to a suspicion that there are
no more integrals of a simple type, and this suspicion has
been strengthened by the researches of Bruns and of Poin-
caré. In 1887 Bruns published his famous theorem* that the
equations of motion of the problem of n bodies (n > 2) do
not admit any integral which is algebraic in the rectangular
coordinates and in the time, other than the ten classical in-
tegrals which were found by Clairaut. Bruns’ theorem was
soon followed by anothert due to Poincaré. According to
Poincaré’s theorem the equations of motion of the problem of
n bodies (n > 2) do not admit any uniform transcendental
integral for values of the masses sufficiently small, other than
the ten classical integrals. Comparing his own theorem with
that of Bruns, Poincaré has said:I  The theorem which pre-
cedes is more general, in a sense, than that of M. Bruns,
since I have shown not only that there does not exist any
algebraic integral but that there does not exist even a uniform
transcendental integral, and not only that an integral cannot

* Acta Mathematica, vol. 11 (1887).

1 Acta Mathematica, vol. 13.
1 Les Méthodes nouvelles de la Mécanique céleste, vol. 1, p. 253.
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be uniform for all values of the variables but that it cannot
remain uniform in a domain restricted as above. But, in
another sense, the theorem of M. Bruns is more general than
mine; I have established only, in effect, that there cannot
exist algebraic integrals for sufficiently small values of the
masses; and M. Bruns has shown that they do not exist for
any system of values of the masses.”

The demonstration of his theorem which was given by
Bruns contained an error which was pointed out by Poincaré*
in 1896, and the proper correction indicated by him. In
order to see the nature of this correction it will be necessary
to have an outline of the method by which Bruns achieved
his demonstration.

Let the rectangular codrdinates of the bodies be denoted
by @; and let dx;/dt = y;. Bruns first observes that the
differential equations

dx@-/dt = Yi dyt/dt = f«,(la_)

are algebraic in the variables «;, y;; and if a single irrationality
s be introduced, the differential equations will be not only
algebraic but also rational in the variables ;, y;, and s. The
variable s is defined as a root of a certain algebraic equation

F(S; Ty, =0y 'Tn) = 0.

Considering first integrals which do not contain the time
explicitly, it is shown that every integral must contain some
of the variables y;, and this is followed by the proof that the
assumed algebraic integral can be built up of integrals which
are rational functions of the variables z;, y;, and s, and con-
sequently it is necessary to consider only integrals which are
rational in these variables, e. g.,

g_l(xi) Yi 'S')
Gﬁ(xi) Z/i, 8)

= constant,

where G; and G are polynomials in the arguments indicated
and have certain homogeneity properties. It is then shown
that the polynomials G; and G, satisfy the same differential
equation

dG/1t = @,

* Comptes Rendus, vol. 123, p. 1224.
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where
w = wiY1 + waY2 + -+ WnYn,

and the w; are rational in z; and s, homogeneous of degree
— 1, and do not contain the variables y;.
The polynomial @ is now arranged according to powers of

the y;, thus
G=vo+y¢at -+,

where ¢ contains the terms of highest degree in the y;, ¥
is the ensemble of the terms of the next highest degree, ete.
It is found that ¢y, which is a homogeneous polynomial in the
¥i, and also a homogeneous polynomial in the 2; and s, must
satisfy the partial differential equation

(1) Zyido/dz; = (wiy1 + weys + - - Mo

If ¥y does not contain the irrationality s, there exists a mul-
tiplier m(x;) which is a rational function of the a; alone such
that

2 m -G = ¢o+ 2+ --- = const.
is an integral, where @, = my,, etc., and ¢, satisfies the partial
differential equation

d¢o _
3) Sy e, = 0.

If ¥y contains s, Bruns considered the product

T = Iy,
i

where ¥, is the same as ¥, except that s is replaced by one
of the other roots of F(s, x;) = 0. Since the product ¥ is
symmetrical in all the roots of F = 0, it is a rational function
of the z;, Consequently there exists a multiplier H(x;)
such that ® = HV¥ satisfies the equation

From the character of the solutions of this equation, Bruns
inferred that Zw.dx; of (1) was an exact differential even when
Yo contains s. It is necessary therefore only to consider
integrals of the form (2).
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Up to this point Bruns has used only the most general pro-
perties of the differential equations, viz., homogeneity and
rationality, and from this point on the differential equations
play a more important rdle. The next step consists in showing
that if ¢, [(equation (2)] is to be free from transcendental
functions of the @;, and to be a polynomial in the y;, ¢ must
be a function of the ten classical integrals only. The assumed
integral, m@ = constant, is therefore compounded of the
ten classical integrals plus another integral K which is of
degree two less than m@ in the y,. The discussion of the
integral K does not differ from that of m@. Its leading term
must be built up from the ten classical integrals plus another
integral K;, and so on to the conclusion that m@ is built up
entirely of the ten classical integrals.

The case in which the assumed integral contains the time
explicitly can be reduced to that in which the time does not
occur explicitly.

The error committed by Bruns was in the character of the
solutions of (4). The function ® is a homogeneous polynomial
in the y;, and homogeneous in the ;. Removing all factors
from ® which contain only the y; and then taking y; = ys
= ... = 0, Bruns arrived at a function ®y which satisfies
the equation

0Py 0P
Y o, T+ dxs 0.

The function ®¢, is homogeneous in y; and y,. Bruns sup-
posed it was also homogeneous in a; and s, while as a matter
of fact it is homogeneous in @y, « - -, 2,. The conclusion drawn
by Bruns that Zw.dz; must be an exact differential is not correct,
and Poincaré gave an example in which it is not verified.
But Poincaré remedied this defect by showing that while
in general there exist functions ¢, which satisfy the conditions
imposed upon it and which satisfy equation (1), without
satisfying the condition Zw,dz; = an exact differential, such
functions cannot arise from the astronomical problem.
Poincaré did not give the details of his analysis and sketched
his proof only in its broadest outlines. The details of this
proof have been given by Forsyth,* but the proof given by
Forsyth is open to the objection that while the y; are constants
so far as the x; are concerned in the partial differential equation

* Theory of Differential Equations, vol. 3, p. 351 et seq.
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(1), they have not been consistently regarded as such by For-
syth. An excellent exposition of this proof has been given
by Whittaker,* but while Whittaker has avoided the errors
of Forsyth he has committed one of his own.

The function ® = ¢o(s1) - @o(s2) - @o(ss) -+ is a rational
homogeneous function of the «; and a homogeneous poly-
nomial in the y;. The factors ¢o(s;) differ from one another
only in the roots s;; consequently, two factors become equal
when two of the s; become equal. Suppose ¢o(s1) = @o(s2);
then s; = s, defines a relation between the z;, say

®) f@i, <v, @) = 0.

For values of the x, lying on f = 0, the factor ¢(s1) = ¢(ss)
and consequently ® has a double factor. Let us think of ys,,

-+, Y, as fixed, or given arbitrarily; then y; can be determined
50 as to satisfy the two equations

(6) ® =0, 99/dy, =0,

and consequently alsof 0®/dx; = 0. In fact, the partial
derivative with respect to any of the variables will vanish if
equations (6) are satisfied.

Since (5) is a condition of equal roots of ® = 0 it follows that
f@1, -+, @) = 0 is the eliminant of (6), or a factor of the
eliminant. Consequently, by the theory of elimination,
there exist multipliers, 4 and B, such that

) f = A® + B 3%/3y;.

On differentiating (7) with respect to z; it is found that
of _ %P 04 0% 9B
dx;i 6:::1 + B dy10; +@ (9—x, 5]]{ ) 5_9;,

Multiplying through by y; and adding with respect to ¢, there
results

of

® B
+ 5371 Z?/i (9—%

* Analytical Dynamics.
1 This relation seems to have been overlooked by Whittaker.
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Consider now the various terms of the right member of (8):
From (4) it is seen that Zy,09/dx; = 0; and from (6),® =0
and 6®/0y;=0. On differentiating the identity Zy,0®/dz; =0
with respect to y; it is seen that

0P %P
Fry + 2y; 0

aylaxi =
and since 8®/dx; = 0 it follows that Zy,0°®/dy.0x; = 0.
Hence the right member of (8) vanishes and we have the re-
sult that values of the a; and y; which satisfy (5) and (6) also
satisfy the equation

of
(9) Ey,- axi = 0.

Since ® satisfies the equation Zy,0%/dx; = 0 it involves the
2; only through the expressions x;y; — @yy;, =2, -+, n).
Let us define new variables »; by the relations
(10) v; = a; + yir (t=1, -+, n).

The variables »; can be regarded as the coordinates of a straight
line in space of 3n dimensions, the line passing through the
point whose coérdinates are the ;, the slopes of the line being
defined by the y;. One sees that

VY1 — NY: = XY — 1Y,

and hence if the point a; satisfies ® = 0, so also do all the points
; as defined by (10); and this is the justification of Poincaré’s
remark that ® = 0 represents an aggregate of straight lines
in space of 3n dimensions.

Consider now any line v; = z; + y.7, where the x; lie on the
surface f = 0, and the y; are such as to satisfy (6). Its
intersections with the surface f = 0 are given by the equations

) fatyn =0=f@) + L et o,

or

0 = fla + 73 gk 7 );

but since f(z;) = 0 and Zy,(df/dx;) = 0 it is seen that r=01is a






