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which are parallel to the -w-axis, are transformed into 

x = (y — Ci)2, z = ci + c2, 

which are seen to be tangent to the surface Si. It is evident 
from the last equations that those one-parameter families of 
parabolas which lie in the planes parallel to the xy-jA&ne have 
envelopes, and that no others have. These envelopes are the 
curves (di). 
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IT is intuitively obvious that if a simple continuous curve is 
given in the (x, 2/)-plane, and a continuous distribution of 
values along the curve, there will exist functions of x and y 
which are continuous in both variables together, and which 
take on the prescribed values along the curve. It is the pur
pose of the present note to give an analytic proof of this fact, 
by elementary means, and, in particular, without reference to 
potential theory.* The problem will be treated first for the 
case of a rectifiable curve, then for an arbitrary Jordan curve. 

Let the equations 

* = ƒ(*), V = *>(*), (0 ^ s ^ I), 

define a simple closed rectifiable curve C, the variable s 
standing for the length of arc, and I for the total length of the 
curve. It is assumed that the functions ƒ0) and <p(s) are con
tinuous throughout their interval of definition, and that 
/(0) = ƒ©> <p(0) = <p(l)> but that with this exception no one 
pair of values (x, y) is given by two distinct values of s. Let 
F(s) be an arbitrary continuous function defined throughout 
the same interval, subject to the condition that F(0) = F (I). 

* I understand that Mr. R. E. Gleason has had occasion to deal with a 
similar problem in connection with a paper recently presented to the 
Society; see BULLETIN, vol. 22 (1916), pp. 278-279. 
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We shall consider the function J(x, y) = Ji/Jo, where 

Ji{x,y)= I —^ds, J0(x,y)= - 5 , 
Jo P Jo P and 

P= ^[x-mY+[y- <p(s)]\ 

The function J is obviously defined and continuous through
out the (x, ?/)-plane, with the exception of the points of the 
curve C. We shall show that if the point {x, y) approaches a 
point Po of C, with the coordinates (f(so), (p(so)), the value of 
J{x, y) will approach POo) as a limit.* There is clearly no 
loss of generality in assuming that s0 is distinct from 0 and I. 

We have to deal with the difference 

J{x, y) - F(so) = y f[F(s) - FM] 
Jo Jo 

ds 

Let e be any positive quantity. Let S > 0 be chosen so that 
| F(s) - F(s0) | S h for | s - so | S 5. Then 

I rs°+8 r/<? 
! [F(s) - F(*o)]% 
I Js0-S P 

S Wo 

regardless of the position of the point (x, y)y provided only 
that it does not lie on C. Let y be the minimum distance 
from Po to a point of C for which | s — so I ^ §• This mini
mum will be positive, since the distance is a continuous func
tion of s which does not reduce to zero. Denoting by po the 
distance 

Po = ^x - fM? + [y - <p(so)]\ 

a quantity which depends on x and y but not on s, we can be 
sure that if po ^ §7, then p ^ \y for | s — So | ^ ô. Con
sequently, if M is the maximum of | F(s) \, 

ds\ p - « Afo 8M(so-ô) 
[F(s)-F(so)}^\^ 2M 

I Jo PI Jo 
f y2 

* It is our purpose merely to indicate a single solution of the boundary 
value problem; when on solution is given, it is of course possible imme
diately to find infinitely many others. 
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and similarly 

We see accordingly that 

(1) \J(x,y)-F(Sf))\Sh + ^rl, 
7 "0 

provided that (x, y) is a point at a distance from P 0 not greater 
than J 7 , and not lying on C I t remains only to show that as 
(x, y) approaches Po, the value of Jo becomes infinite. For if 
this is established, the second term on the right-hand side of 
(1) will be less than \e when (x, y) is sufficiently near to Po, 
and it will follow that 

| J(x, y) - F(so) | < e. 

Let rj be an arbitrarily small positive quantity. If po ^ iv 
and | s — So | ^ §77, it is certain that p ^ 77, since it has been 
assumed that s represents the length of arc along the curve. 
For all points within a distance §77 of Po, therefore, 

JS0_h p2-Js0-iv v2 v 

which can be made arbitrarily large by taking rj sufficiently 
small. This completes the proof. 

Now let C be an arbitrary closed Jordan curve, given by a 
pair of equations 

x = ƒ(*), y = v(t), 0 £ ta a> 

where the functions ƒ and <p are continuous, and do not yield 
any one point twice, except for t = 0 and t = a. I t will be 
convenient to think of ƒ and <p as defined for all real values of 
t, with the period a; they will be continuous without exception. 
Let F(t) be an arbitrary continuous function of period a. 

Let 0)1(77) and 0)2(77) be the maxima of \f(t") — f(t') | and 
I <p{t") - <p(t') I respectively for 11" - if | ^ 77, and let 
05(77) = 0)1(77) + 0)2(77). Then o>(tj), defined for 77 ^ 0, is a 
function which is positive or zero, and never decreases when 77 
increases. Furthermore, lim^^o CO(T?) = 0, because of the uni
form continuity of ƒ and <p; and, more generally, CO(T?) is con
tinuous for all positive values of 77, since o)(7?' + 77") 
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S u(r)') + uW)* Let (3 = %(*?) = co(rç) + V- This new func
tion is continuous, reduces to zero for rj = 0, and always 
increases when rj increases. To each value of j8 ^ 0 corre
sponds one and just one value of rj; the inverse function 

V = *(|8) 
is itself increasing and continuous, and, in particular, 
l i m 3 = 0 ^ ) = 0. 

We are ready now to write down a solution of the boundary 
value problem. We shall set J(x, y) = JIJJQ, where 

Jl{x>y) ~ X mew Jo{x>y) ~ X mm* ' 
and 

P = 4[x - ƒ « ) ? + [y -<p{t)f. 
It is true again that J(x, y) is defined and continuous at all 
points (xy y) not lying on the given curve. Guided by the 
earlier demonstration, we shall begin the proof that J(x, y) is 
a function having the desired property, by showing that Jo 
becomes infinite as (x, y) approaches a point P0: (f(to), <p(to)) 
of the curve. 

Let j8 be an arbitrarily small positive quantity, and 
rj = ^(/3). If | t - t0 | ^17, then 

1/(0 - f (to) | S «1(17), I «>(*) - *>(*<>) I â 2̂(77), 

and hence the distance from P0 to the point (f(t), <p(t)) is 
subject to the inequality 

V[/«) - fm2 + Wit) - <p(t0)f g «(,) £ x(i?) = ft 
Denoting by po the distance from P0 to the point (x, y), we see 
that when 
(2) po < 18 

we can be sure that p < 2/3 for values of t in the interval just 
named, and hence 

h Û ft *(*P) Û W) = v-
It follows that if (x, y) is witbin the neighborhood of Po 
defined by the inequality (2), 

T , s r(»+" dt . r'^dt 2 

wr 
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As \p(P) approaches zero with /?, the assertion with regard to J0 
is justified. 

Returning to the consideration of the numerator J\ and the 
quotient </, let € be an arbitrarily small positive quantity, 
and S a positive quantity such that | F{t) — F (to) | ^ Je for 
{ t — to \ ^ ô; let y be the minimum distance from Po to a 
point of C for which | t — t0 | ^ S, a distance which is surely 
positive,* and finally let M be the maximum value of | F(t) j . 
If po S hl> it is certain that p ^ J7 for | t — 201 ^ S. We see 
that the following inequalities hold: 

I (**'F(f) - F(tp) J^e ftQ+8 dt , 
lio-a [^(IP)? * l " 2 j ^ a [^(|p)]2<Woî 

I Ct0"8 F(t) - F(t0) I p - 8 2Jf(ft _ 2M 
I Jo [*(*P)P h Jo [^(i7)]2~[^(i7)T2^0 ) ; 

a F(t)-F(t0) \ 2M 
dt S r / / 1 V-J2 ( a — tQ — 0 ) ; 

and by combination of these, 

™F(t)- F(t0) J(x,y)-F(to)\ = \Y P 
I J Q Jo bPih)f dt 

€ 2ikf a 

2 ' [^(i7)]2e/o 

If (#, 2/) is sufficiently near to P0, the value of «/0 will be so 
large that the second term on the right is less than Je, and we 
shall have the inequality which establishes the theorem to be 
proved, 

I J{x, y) - F(t0) I < e. 

It may be remarked that similar reasoning can be applied 
to Jordan curves that are not closed, or to a system of any 
finite number of Jordan curves, no two of which have a point 
in common. 

HARVARD UNIVERSITY, 
CAMBRIDGE, MASS. 

* We are assuming here that t is restricted to the interval 0 ^ t ^ a, 
and are making for convenience the further assumption, of no essential 
significance, that to is an interior point of the same interval. 


