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THE APRIL MEETING OF THE SOCIETY AT
CHICAGO.

THE thirty-seventh regular meeting of the Chicago Section,
being the sixth regular meeting of the Society at Chicago, was
held at the University of Chicago, on Friday and Saturday,
April 21 and 22. The meeting was attended by about sixty-
five persons, among whom were the following forty-six mem-
bers of the Society:

Professor R. M. Barton, Dr. Josephine E. Burns, Professor
D. F. Campbell, Professor R. D. Carmichael, Dr. E. W.
Chittenden, Dr. G. R. Clements, Professor H. E. Cobb,
Professor D. R. Curtiss, Professor S. C. Davisson, Dr. W. W.
Denton, Professor L. E. Dickson, Professor A. Dresden,
Professor W. B. Ford, Professor Tomlinson Fort, Professor
A. B. Frizell, Professor A. S. Hathaway, Professor E. R.
Hedrick, Dr. Cora B. Hennel, Professor W. C. Krathwohl,
Dr. W. V. Lovitt, Professor A. C. Lunn, Professor W. D.
MacMillan, Dr. T. E. Mason, Professor G. A. Miller, Professor
E. H. Moore, Professor E. J. Moulton, Professor F. R. Moul-
ton, Dr. A. L. Nelson, Professor C. I. Palmer, Dr. A. Pell,
Professor H. L. Rietz, Professor W. H. Roever, Professor
D. A. Rothrock, Miss I. M. Schottenfels, Mr. A. R. Schweitzer,
Professor J. B. Shaw, Professor C. H. Sisam, Professor
H. E. Slaught, Professor R. B. Stone, Professor E. J. Town-
send, Professor A. L. Underhill, Professor E. B. VanVleck,
Professor E. J. Wilezynski, Professor K. P. Williams, Dr. C. H.
Yeaton, Professor J. W. A. Young.

The sessions were presided over by Professor W. B. Ford,
chairman of the Section, relieved during the session of Saturday
forenoon by Professor E. R. Hedrick, vice-president of the
Society. Forty-four persons were present at the dinner on
Friday evening.

The following papers were presented at this meeting:

(1) Professor D. M. Smrta: “Jacobi’s condition for the
problem of Lagrange in the calculus of variations.”

(2) Professor C. H. Sisam: “On a configuration on certain
surfaces.”
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(3) Professor T. R. RunNiNG: “A new method for deriving
weir formulas.”

(4) Professor ArNoLp EmcH: “A new configuration on an
elliptic cubic and its group of order 16.”

(5) Professor L. L. DiNEs: “A characteristic property of
self-projective curves.”

(6) Dr. A. L. Nerson: “Plane nets with equal invar-
iants.”

(7) Dr. A. L. NEwson: “Quasi-periodic asymptotic plane
nets.”

(8) Dr. E. W. CHrrTENDEN: “A theorem in general an-
alysis.”

(9) Dr. E. W. CrITTENDEN: “On the equivalence of écart
and voisinage.”

(10) Professor R. D. CarmicHAEL: “On the asymptotic
character of functions defined by series of the form
Zeng(x + n).”

(11) Professor W. D. MacMiLrAN: “A theorem relating to
irrational numbers.”

(12) Professor W.D. MacMiLLAN: “A reduction of certain
differential equations of the second order to algebraic types.”

(13) Professor TomrinsoN Fort: “A class of developments
in orthogonal functions.”

(14) Dr. R. L. BorGER: “On the Cauchy-Goursat theorem.”

(15) Professor H. T. BurcEss: “A practical method for
determining elementary divisors.”

(16) Dr. J. O. HassLeER: “Plane nets periodic of period 3
under the Laplacian transformation.”

(17) Professor A. S. HaTHAWAY: “The expansion, in terms
of the coefficients of an equation, of the homogeneous products
of the roots as a whole, and when restricted to % roots in each
term.”

(18) Professor W. B. Forp: “A theorem in the calculus of
residues.”

(19) Professor G. A. MiLLER: “Graphical method of finding
the possible sets of independent generators of an abelian
group.”

(20) Professor A. B. Frizeir: “Postulates of continuity
for arithmetic.”

(21) Professor K. P. WiLLiams: “Concerning Hill’s deriva-
tion of the Lagrange equations of motion.”

(22) Professor HENRY BLUMBERG: “On convex functions.”
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(23) Professor HeENRY BrLuMBERG: “On a theorem of
Kempner concerning transcendental numbers.”

(24) Professor E. B. VAN VLECK: “On the composition of
non-loxodromic substitutions.”

(25) Mr. ToBias Dantzic: “A geometrical treatment of
plane transformations.”

(26) Professor E. H. MoorE: “On a definition of the con-
cept: limit of a function.”

(27) Mr. A. ELMENDORF: “A differentiating machine.”

(28) Mr. A. M. Harping: “On certain loci projectively
connected with a given plane curve.”

(29) Miss PAuLINE SPERRY: “Properties of a certain pro-
jectively defined two-parameter family of curves on a general
surface.”

(30) Dr. C. H. YEATON: “Surfaces characterized by certain
special properties of their directrix congruences.”

Dr. Hassler, Mr. Harding and Miss Sperry were introduced
by Professor Wilezynski, Mr. Dantzig by Professor Davisson,
and Mr. Elmendorf by Professor Dresden. The papers of
Professors Smith, Running, Dines, Burgess and Blumberg,
and Dr. Borger were read by title.

Abstracts of the papers follow below. The abstracts are
numbered to correspond to the titles in the list above.

1. For the problem of Lagrange, in the calculus of varia-
tions, the Euler rule, Weierstrass condition, and corner point
condition are obtainable without the use of the second vari-
ation. The Jacobi condition, however, is derived by the use
of complicated transformations of the second variation or
with the exclusion of important special cases. In the paper
of Professor D. M. Smith it is shown that the well-known
necessary condition for a minimum—i. e., that the second
variation must be positive or zero for every set of admissible
variations—implies a problem of Lagrange of precisely the
same type as the original problem. An application of the
Euler rule, Weierstrass condition, and corner point condition
to this new problem leads to simple and inclusive proofs of
the Legendre and Jacobi conditions for the original problem.
The paper will appear in the Transactions.

2. Professor Sisam’s paper appeared in full in the May
BuLLETIN.
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3. The following method for deriving the formulas for the
rate of flow of water over weirs avoids the necessity of a
large number of experiments and can be applied to weirs of
any head.

A tank having a constant horizontal cross-section has a
weir fitted with a gate which can easily be removed to allow
the flow of water. A chronograph connected electrically
with a float and also with a vibrating pendulum records time
to hundredths of a second and head to thousandths of a foot.
Professor Running experimented with a right-angled notch
weir, head from 2 ft. to 1.7 ft., and obtained for the law con-
necting time and head

T=—23+ 622014
T and H must satisfy the relation
QdT = — SdH,

where @ represents the rate of outflow and S the horizontal
cross-section of the tank. From these two equations the
formula for the weir was found to be

Q = 2.52H>#"

This represents quite closely the results of experiments per-
formed by other methods.

The above is part of a paper to be published jointly with
Professor King.

4. It is well known that a plane cubic may be generated
in an infinite number of ways by projective quadratic pencils
of straights with a self-corresponding element. The vertices
of these pencils are points of a Steinerian couple. A Steinerian
quadruple on an elliptic cubic is formed by the points of
tangency of the four tangents from a point of the elliptic
cubic to the same cubic. The quadruple contains six couples,
and, consequently, six projectivities of quadratic pencils may
be formed which may be written in 12 different ways, and
which all generate the same cubic. Applying a certain cyclic
process to the equations of these projectivities and making
use of a certain theorem in algebra, Professor Emch obtains
a configuration of 48 straights, which in triplets are concurrent
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in 16 points. From one triplet all the others are obtained
by the substitutions of a group of order 16 with 15 subgroups
of order 2. The paper will be published in the Annals of
Mathematics.

5. Self-projective curves, or W-curves, were defined by
Klein and Lie to be those curves which admit infinitesimal
projective transformations into themselves. In this paper,
Professor Dines determines for these curves a simple char-
acteristic property somewhat similar to the Steinerian defini-
tion of conics. The paper will appear in the Annals of Mathe-
maties.

6. Wilczynski has treated the projective differential geom-
etry of plane nets, as well as that of curved surfaces. Dr.
Nelson sets up, in this paper, a perspective connection between
these two theories by means of the following theorem of
Koenigs: The asymptotic curves of a surface are projected
from a fixed point on a fixed plane in a net with equal Laplace-
Darboux invariants, and conversely, a plane net with equal
invariants may be considered as the perspectives, from a fixed
point, of the asymptotic curves of a surface. The paper will be
offered for publication to the Palermo Rendiconis.

7. Dr. Nelson’s second paper appears in the present num-
ber of the BuLLETIN.

8. Dr. Chittenden completes the proof of the theorem:
Every class It with the composite property D1Ki.A has the
property Kiax, and My has the composite property

LCD 1AAK 12K 12%.

The proof is accomplished with the aid of a theorem of Pro-
fessor A. D. Pitcher which differs from the present theorem
in that the hypothesis contains the additional property Bs.
B3 is a special property defined in terms of A and boundedness
from zero.

Professor Pitcher in a discussion of the complete existential
theory of the eight properties L, C, D, 4, K;, K,, A, K,
left unsettled the question of the existence of three composite
properties; viz.,

L—=C —DAAK]_Kz —Km*; LC—DAAK],Kz _Klz*;
LC~D~AAK:K; ™ Kys4.
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The theorem of this paper shows that the first two are non-
existent, and that the third is non-existent for any system
(B; A; MP1),  This extends the results obtained by Professor
Pitcher who showed that the three properties were non-
existent for any system (P; A; M), It is understood
that the development A is finite.

9. Hahn has shown that if a voisinage V(a, b) is defined
for a class Q containing at least two elements, then for every
element g of Q there exists a continuous function w9, vanishing
only at ¢ and assuming values between zero and one. Dr.
Chittenden modifies the existence proof of Hahn and secures
a type of uniformity among the functions w? Defining
(a, b) as the least upper bound of |u%a) — ue(d)| for all
elements ¢ of Q, it appears that (a, b) is an écart and is defined
for every pair of elements of Q. By means of the uniformity
mentioned it is shown that L,(a,, a) = 0 implies L,V (a,, a)=0
and that L,V (g, a) = O implies L,(a,, a) = 0. Hence voi-
sinage is equivalent to écart. This result was anticipated by
Fréchet on the ground that no theorem was known for an
écart which had not been established for a voisinage. This
paper will be offered to the T'ransactions for publication.

10. In a previous paper (read before the Society at the
recent meeting in Columbus) Professor Carmichael laid the
foundations of a general theory of the series

2@ = 3 e+ ),

where g(x) is a function having, in a sector V, the Poincaré
asymptotic representation

() Nxﬂz)ee(w)(1+%+z_:+ ),

P(x) and @(x) being polynomials in 2. In the present paper
he shows that a function Q(z) defined by the foregoing series
satisfies the relations

lim {g(z + 8)}7{Q(z) — ”2__‘6 eagle+ 9} =0
(3= 01,2 "’)’
provided that 2 approaches infinity in an appropriately deter-
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mined sector V lying in V. Guided by this result he intro-
duces a generalization of Poincaré’s notion of asymptotic
representation and discusses the character of this generalized
representation, especially in relation to that of Poincaré.

11. In celestial mechanics, series occur very frequently
which contain denominators having factors of the form
(¢ — jv) where v is an irrational number; ¢ and j are integers
which take all possible values. The study of series in which
this phenomenon occurs has led Professor MacMillan to the
following theorem:

If v is a positive number, and if p,/n is a rational fraction
such that | p, — ny| £ %, and if

Gn = (,]:Illpk—kvl)""

is the geometric mean of the first n of the quantities | pr — ky |,
then the limit of G,, as n increases without limit, is zero if v is
rational, and is equal to 1/2¢, whete ¢ = 2.71828 - - - is the
Naperian base, if v is an irrational number which satisfies the
condition that

Ont1 é qu(Qn + 1) e ((In + 8))
where v expressed as a continued fraction is

1 1
YAt LT et

where ¢, is the denominator of the nth principal convergent,
and s is any assigned positive integer independent of n. If v
is an irrational number which does not satisfy this condition
then @, for large values of n oscillates between zero and 1/2e.

This paper will appear in the American Journal of Mathe-
matics.

12. In two former papers Professor MacMillan has shown
that certain differential equations can be reduced by a linear-
transcendental substitution to algebraic forms. The first of
these papers dealt with a “ general case,” the second with
equations of the first order.

The exceptions to the general case include most of the
equations of dynamics, and therefore these equations require
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further study. The present investigation takes up differential
equations of the second order

% = a; + terms of higher degree (¢ = 1, 2),

where all of the coefficients of the right members are constants,
and where the o; considered as points in the complex plane
lie on a straight line through the origin and on opposite sides
of the origin. If these conditions on the o; are not satisfied
the equations belong to the general case.

If the ratio az/oy is an irrational number of a certain type
(which includes all irrational algebraic numbers) then the
differential equations can be reduced by a linear-transcendental
substitution to its linear terms, and the substitution is con-
vergent if the differential equations are convergent.

If the ratio as/a is rational there is no essential restriction
in supposing that oy = 4+ 1, ap = — 1. In this case the
differential equations cannot, in general, be reduced to their
linear terms. They can however be reduced to a set of differ-
ential equations which are algebraic, and which are easily
integrable. The convergence of the substitution is assured
if the equations are canonical

, OH , 0H

xy = 5:”_2 ’ &Ly = — 'a_;;’
where H is a convergent power series in x; and ;. In certain
other cases, however, the substitution may diverge even
though the differential equations converge. The paper will
be offered to the Transactions.

13. Professor Fort’s paper considers the development of an
arbitrary function f() in infinite series of solutions of

® 2 k@ @1 — Dg@) + 1@ Y= 0,

satisfying the conditions (2) y(0) = y(27), ¥'(0) = ¥’ (27);
and secondly in terms of solutions satisfying the conditions
3) y(0) = — y(2m), ¥'(0) = — y’'(27). The principal results
are given in the following theorem.

Let (k)z and g(x) be positive at all points and have second
derivatives integrable from 0 to 2. Let I(x) have a first
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derivative integrable from 0 to 27 and let f(z) itself be integ-
rable from 0 to 2r. Let moreover g(0)k(0) = g(2m)k(27) and
[9(0)k(0)) = [g(2m)k(27)]'. Then the development correspond-
ing to f(x) in terms of solutions of (1) satisfying (2) (more
accurately described in the paper) converges at any particular
point of (4) 0 £« £ 27, when and only when the Fourier
series for f(2) converges at that point and to the same value.
It converges uniformly over the whole interval or any sub-
interval when and only when this is true of the Fourier series
and diverges to © or — o at any particular point when and
only when this is true of the Fourier series. Moreover it is
summable by the method of the arithmetic mean when and
only when the same thing is true of the Fourier series and
to the same value.

Secondly: The development in terms of the solutions of (1)
satisfying (3) bears the same relation to the development of f(x)
in terms of sin [(2n 4 1)/2]2 and cos [(2n + 1)/2]x, n = 0,
1,2, - - as is borne by the series just discussed to the Fourier
series.

14. In this paper Dr. Borger shows that if the two functions
U(z, ), V(x, y) satisfy the following conditions in a region R:

(1) U and V are continuous in (z, ),

@2) U/, V,, U/, V,/ exist and are finite,

®U =50 =V

(4) U and V possess proper total differentials;
then U and V are analytic functions of the real variables z, y.

An immediate corollary is:

It w= f(z) = Ux,y) + 1V (=, y) possess a finite derivative at
every point of a region R:

(a) This derivative is a continuous function of 2.

(b) All the derivatives of w exist.

(¢) w can be represented by a power series in 2.

This paper will be offered to the BuLLETIN for publication.

15. In this paper Professor Burgess shows that there exists
a very simple relation between the exponents of the elementary
divisors of the characteristic matrix NI + B which are con-
nected with the linear factor N — « of the characteristic
equation |A 4+ B|= 0, and the ranks of the matrices
(al + B)*forn = 1, 2, 3, etc. In fact these ranks determine
the elementary divisors and conversely.
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It is also shown that the method is easily applied to any
matrix of the form A4 + B whose determinant does not
vanish identically in N. The paper will be published in the
Annals of Mathematics.

16. In the projective theory of plane nets, as developed by
Wilezynski, the members yi1(u, v), ya(u, v), ys(u, v) of any
fundamental system of solutions of a completely integrable
system of partial differential equations of the form

Yuu = aYu + by + cy,
(1) Yur = a,yu + blyv + G’Z/,
Yw = a''yu + by, + "'y,

are interpreted as the homogeneous coordinates of a point P,
in a plane, defining a non-degenerate net of plane curves.
The invariants and covariants of the system (1) under the
transformations y = Nu, v)§ and % = U(u), 5 = V(v) may
be interpreted geometrically by certain projective properties
of the net. The two covariants p = y, — b'y, 0 = ¥, — a'y
give rise to the homogeneous coordinates of two points P,
and P, when we substitute successively for y the values
Y1, Y2, ¥s. As u and v vary P, and. P, describe nets called the
first and minus first Laplacian transforms of the original net.
The minus first Laplacian transform of the ¢-net and the first
Laplacian transform of the p-net both coincide with the
original y-net.

In this paper Dr. Hassler considers classes of nets such that
the first Laplacian transform of the o-net is the p-net and the
minus first Laplacian transform of the p-net is the o-net.
Such nets are periodic of period 3 under the Laplacian trans-
formation. He establishes necessary and sufficient conditions
for such periodicity, determines the form of the coefficients
of system (1) for such a net, computes its invariants and
covariants, and studies the osculating conics of the curves of
the original net and of its Laplacian transforms. The deter-
mination of a net of this kind by certain boundary conditions
is considered and the following theorem is proved:

Choose an arbitrary triangle LM N. Through the point L
pass two non-rectilinear but otherwise arbitrary analytic
curves C and (', tangent to LN and LM, respectively, at L.
Through each of the points M and N pass another such arbi-
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trary curve, Cy’ through M and C_, through N, tangent to MN
at M and N, respectively. Select any conic M; tangent to
LM at M and a second conic N_; tangent to LN at N. There
exists one and only one net which is periodic of period 3 under
the Laplacian transformation, which contains the given curves
C and C’, which has C_; corresponding to C and Cy’ correspond-
ing to (" as curves of the minus first and first Laplacian
transforms respectively, and which, moreover, has M, as the
osculating conic of the curve of the first Laplacian transform
corresponding to C and N_; as the osculating conic of the curve
of the minus first Laplacian transform corresponding to C’.
This paper will appear in the Palermo Rendiconts.

17. In this paper, Professor Hathaway shows, from the
properties of gamma coefficients defined by

(daBB) = (Aa+ BE)T(a+ B)/T(a + T + 1), ete,

that the function of weight » in the coefficients of the equation

=gl oo+ an

defined by
F(n) = Z(diondsqy « + + Anom)a™as™ «+ - @™
(the summation being for all integral solutions of

a1+ 2a+ -+ + na, = n)

is the unique solution of the difference equation
Fin) =a;Fin— 1)+ -+ 4+ a,1F(Q) + Anan.

When n’ > m, a, = 0, in the above values of F(n).

Hence, the problem of expanding any symmetric function
of the roots is the problem of determining the coefficient 4,
in its difference equation of the above type. Thus, for w(n),
the homogeneous products, 4, =1, i. e., the numerical
coefficient of any term in 7(n) is the multinomial coefficient
of its exponents (leglag - -+ la).

Also, for the homogeneous products, one root in a term,
wi(n) = su, by Newton’s formulas, 4, = n. The resultant
coefficient of any term (lai2a; --- may) is identical with
Waring’s.

To determine A4, for the homogeneous products, % roots






