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THE TWENTY-EIGHTH ANNUAL MEETING OF THE
AMERICAN MATHEMATICAL SOCIETY

The twenty-eighth annual meeting of the Society and the
forty-eighth regular meeting of the Chicago Section were held
at the University of Toronto on Wednesday and Thursday,
December 28-29, 1921, in affiliation with the Convocation
week meetings of the American Association for the Advance-
ment of Science. Dormitory and eating accommodations for
the mathematical group were furnished by the University of
Toronto, Knox College being almost wholly given up to this
purpose. Hart House was the center of a generous hos-
pitality which filled the hours outside the scientific program
with a delightful and varied entertainment.

On Thursday morning there was a joint session with Sections
B and C of the American Association for the Advancement of
Science and with the American Physical Society, and on
Thursday afternoon a joint session with Section A and the
Mathematical Association of America. At a special Con-
vocation, the University of Toronto conferred on Professor
E. H. Moore, as president of the American Association for the
Advancement of Science, the degree of Doctor of Science,
honoris causa.

The attendance included the following eighty-three members
of the Society: Archibald, G. N. Armstrong, Atchison, Bacon,
Beatty, Beetle, Bliss, Bradshaw, R. W. Burgess, Cairns,
H. K. Cummings, L. D. Cummings, Currier, Curtiss, Dadour-
ian, DeLury, Denton, L. L. Dines, Dostal, Dresden, Peter
Field, Fields, Findlay, Finkel, Focke, W. B. Ford, J. L.
Gibson, Gillespie, Glashan, Glenn, Glover, Gummer, Has-
kins, Hazlett, E. R. Hedrick, Howe, Huntington, Hurwitz, In-
graham, Karpinski, Kingston, Lennes, F. P. Lewis, Marshall,
T. E. Mason, G. A. Miller, Norman Miller, Mirick, E. H.
Moore, F. R. Moulton, Newkirk, Olson, F. W. Owens, H. B.
Owens, Leigh Page, Pell, Phillips, Pitcher, Pounder, A. V.
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Richardson, R. G. D. Richardson, H. L. Rietz, Robison, E.
D. Roe, Roever, Sheppard, Sinclair, Slaught, C. E. Smith,
Edwin R. Smith, P. F. Smith, Synge, Uhler, Veblen, Waddell,
Watkeys, Webster, Wiener, Wilder, W. L. G. Williams, A.
H. Wilson, E. B. Wilson, J. M. Young.

President Bliss occupied the chair at the regular meetings
on Wednesday, being relieved at the morning session by Pro-
fessor P. F. Smith and at the afternoon session by Professor
C. N. Hagkins. The joint session of Thursday morning was
presided over by Professors G. W. Stewart and W. D. Harkins,
Vice-Presidents of Sections B and C respectively, and that of
Thursday afternoon by Professor Oswald Veblen, Vice-Presi-
dent of Section A.

The Council announced the election of the following sixty-
two persons to membership in the Society:

Professor William Cyrus Bartol, Bucknell University;
Professor William John Bauduit, Howard University;

Mr. Benjamin Berman, University of Maryland;

Miss Florence Lucile Black, University of Kansas;

Professor Edmond Wesley Bowler, New Hampshire College;
Professor John Wentworth Clawson, Ursinus College;
Professor Robert Cameron Colwell, Geneva College;
Professor Charles Winthrop Crockett, Rensselaer Polytechnic Institute;
Mr. Herbert Kimball Cummings, Brown University;
Professor Lloyd Slote Dancey, Carroll College;

Mr. William Whitfield Elliott, Cornell University;

Professor John Thomas Erwin, George Washington University;
Professor Earl Frederick Farnau, University of Cincinnati;
Professor Forest Almos Foraker, University of Pittsburgh;
Mr. William McKinley Gafafer, Columbia University;

Mr. Harry Merrill Gehman, University of Pennsylvania;
Professor Albert Henry Steward Gillson, McGill University ;
Professor J. W. Harrell, Baylor University;

Professor George Abram Harter, University of Delaware;
Miss Eugenie Caroline Hausle, Columbia University;
Professor Ruby Usher Hightower, Shorter College;

Mr. Van Buren Hinsch, Missouri School of Mines;

Mr. Frank Adin Joy, New Hampshire College;

Professor Oscar Godfrey Lawless, Talladega College;

Mr. Maurice Moses Levita, Temple University;

Mr. Thomas Richard Long, University of Rochester;
Professor Frederick Milton McGaw, Cornell College;
Professor James McGiffert, Rensselaer Polytechnic Institute;
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Mrs. Martha (Macdonald) McKelvey, Iowa State College;
Professor Neil Bruce MacLean, University of Manitoba;

Miss Ida Caroline Millay, New Hampshire College;

Professor Clifford Newton Mills, Heidelberg University;
Professor Eugenie Maria Morenus, Sweet Briar College;

Dr. Hermance Mullemeister, University of Washington;

Dean Albert O’Brien, O. F. M., St. Bonaventure’s College;

Mr. Frederick Allen Parker, West Virginia Collegiate Institute;
Professor Annie McKinnie Pegram, Greensboro College;

Mr. Cecil Glenn Phipps, University of Minnesota;

Professor Joseph Romeo Plante, Viator College;

Mr. Louis Gordon Pooler, Columbia University;

Mr. Abraham Press, Patent Section, Air Service, War Department;
Professor George Edwin Ramsdell, Bates College;

Dean Otis Everett Randall, Brown University;

Professor Joseph Marshall Rankin, College of Idaho;

Mr. George Emil Raynor, Princeton University;

Professor Arthur Vernon Richardson, Bishop’s College;

Professor Tom Gladstone Rodgers, New Mexico Normal University;
Professor Sidney Archie Rowland, Jr., Union College;

Professor Henry Alford Ruger, Columbia University;

Professor Joseph Seidlin, Alfred University;

Mr. Leonard Shaffer, New Hampshire College;

Professor Rowland Alfred Sheets, Denison University;

Professor Wilfred H. Shirk, University of Buffalo;

Mr. George Yale Sosnow, Prudential Insurance Company;
Professor Guy Greene Speeker, Michigan Agricultural College;
Professor Mary Cass Spencer, Newcomb College, Tulane University;
Mr. Joe Ichino Tanoue, Columbia University;

Mr. Louis Weisner, Columbia University;

Professor John Jefferson Wheeler, University of Kansas;

Mr. Daniel Everett Whitford, University of Rochester;

Professor Hugh Carey Willett, University of Southern California;
Miss Ruby Willis, Wellesley College.

The invitation extended by the University of Rochester to
hold the summer meeting of 1922 at that institution was
accepted, and Professors Gale (chairman), Hildebrandt, Metz-
ler, Watkeys, and the Secretary were constituted a committee
on arrangements. Professor O. D. Kellogg and the Secretary
were appointed as representatives of the Society on the
Council of the American Association for the Advancement of
Science for 1922.

The Council voted to request that the space occupied in the
BuLLETIN by an abstract of a paper presented to the Society



1922.7] TWENTY-EIGHTH ANNUAL MEETING 151

should be limited to the equivalent of two hundred words of
text, and that display typography be avoided.

The total membership of the Society is now 1005, including
85 life members. The total attendance of members at all
meetings, including sectional meetings, during the past year
was 420; the number of papers read was 175. The number of
members attending at least one meeting was 273. At the
annual election 169 votes were cast.

The reports of the Treasurer and of the Auditors (Mr. S. A.
Joffe and Professor P. H. Linehan) were received, showing a
balance of $10,604.22, including the Life Membership Fund,
which now amounts to $7,528.87. Sales of the Society’s
publications during the year amounted to $3,222.16.

The Library now contains 6,014 volumes, excluding some
500 unbound dissertations, now being catalogued.

At the annual election, which closed on Wednesday morning,
the following officers and other members of the Council were
chosen:

Vice-Presidents, Professor R. D. CARMICHAEL,
Professor D. E. SmiTH.

Secretary, Professor R. G. D. RICHARDSON.
Treasurer, Professor W. B. FITE.
Labrarian, Professor R. C. ARCHIBALD.

Committee of Publication
Professors E. R. Heprick, W. A. Hurwitz, J. W. Youne.

Members of the Council to serve uniil December, 1924

Professor J. W. ALEXANDER, Professor L. L. Dings,
Professor HENRY BLUMBERG, Professor F. R. SHARPE.

At the end of the afternoon session of Wednesday, there was
a business meeting of the Chicago Section. The officers
elected for the next biennjum are Professor A. B. Coble,
Chairman; Professor Arnold Dresden, Secretary; and Pro-
fessor E. W. Chittenden.
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The committee on the symposium for April, 1922, reported
that the symposium lecture would be given by Professor
A. B. Coble on Cremona transformations and applications to
algebra, geometry, and modular functions.

The meeting of the Society immediately preceded that of
the Mathematical Association of America. A very pleasant
occasion was the joint dinner, on Friday evening, of the
various mathematical, physical, and astronomical associations.
At the afternoon session of Wednesday it was voted to express
the thanks of the Society for the hospitality of the Royal
Canadian Institution and the University of Toronto, and for
the entertainment furnished by the local committee of the
American Association for the Advancement of Science.

On Thursday morning the program was as follows:

1. Atomie nuclei and extra-nuclear electronic configuration,
by Professor J. C. McLennan, retiring Vice-President of Sec-
tion B.

II. Symposium on quantum theory: for Section C, Dr.
R. C. Tolman; for the American Mathematical Society,
Professor H. B. Phillips; for the American Physical Society,
Dr. Saul Dushman.

At the joint session on Thursday afternoon, the following
addresses were given:

1. A mechanical analogy in the theory of equations, by Pro-
fessor D. R. Curtiss, retiring Vice-President of Section A.

II. The research information service of the National Research
Council, by Professor R. M. Yerkes, of the National Research
Council.

III. Subsidy funds for mathematical projects, by Professor
H. E. Slaught.

IV. Algebraic guides to transcendental problems, by Professor
R. D. Carmichael, retiring Chairman of the Chicago Section.

In the absence of Professor Carmichael, an abstract of his
paper was given by Professor Dresden; the paper appears in
full in this number of the BuLLeTIN. Professor Slaught’s
paper has appeared in SCIENCE.
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Titles and abstracts of the papers read at the regular
sessions on Wednesday follow below. Professor Schwatt’s
first paper was read by Professor Pounder. The papers of
Dr. Zeldin, Professors Crum, Forsyth, and Emch, Dr. Hille,
Professors Lipka, MacNeish, Everett, Dodd, Wilczynski, and
Glenn, Professor Schwatt’s second paper and that of Dr.
Wiener and Dr. Walsh were read by title.

1. Professor C. E. Wilder: Differential geometry of an m-~
dimenstonal manifold in a euclidean space of n dimensions.

The differential geometry of (n — 1)-dimensional varieties
in an n-dimensional space has long been developed. More
recently several authors have treated the two-dimensional
manifold in n dimensions.

In this paper Professor Wilder takes up the theory of the
intermediate cases and generalizes certain theorems and
methods of ordinary surface theory. The method used is
that of the absolute calculus of Ricci combined with n-di-
mensional vector analysis.

2. Professor C. E. Wilder: Differential geometry of an m-
dvmenstonal manifold in o euclidean space of m dimensions.
Second paper.

The m-dimensional manifold‘in n dimensions not only has
extension in different directions as has the surface in ordinary
space, but also it winds its tortuous way through n dimensions
as does the twisted curve in three dimensions. In this paper
certain facts of curve theory are generalized to an m-dimen-
sional manifold in n dimensions.

3. Mr. M. H. Ingraham: A modification of Peano’s postu-
lates for positive integers.

In this paper is studied the complete independence of
Peano’s postulates for positive integers, and of Padoa’s modi-
fication of these postulates. This study is made by means of
their complete existential theory, as introduced by E. H. Moore
in his New Haven Colloquium Lectures, 1906. It is proved
that these postulates are not completely independent. A
modification of these systems of postulates is given which is
completely independent.
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4. Professors L. P. Eisenhart and Oswald Veblen: The Rie-
mann geometry and its generalizations.

The authors determine the conditions under which the n-
dimensional geometry of a system of paths defined by the
solution of a system of differential equations

ds* ~ 7% ds ds
in which the I"’s are functions of 2!, 22, - - -, 2" subject only to

the condition T'j;! = I';; reduces to the Riemann geometry
determined by a quadratic form

ds* = g4 da® da’.

The conditions obtained are such as to indicate that the met-
ric introduced by Weyl as the basis of combined electromag-
netic and gravitation theory is next to the Riemann metric in
order of simplicity. The paper appears in the PROCEEDINGS
OF THE NATIONAL AcADEMY, February, 1922.

5. Professor R. W. Burgess: The problem of apportionment.
The method of the werghted geometric mean.

If N representatives are to be apportioned among several
states of total population P, the true quota for a state of
population A4 is « = AN/P, ordinarily a fraction. The
number of representatives actually assigned the state must
be an integer, say a. The ratio r = a/a or a/a, whichever is
greater than unity, is fundamental in the consideration of the
problem. Professor Burgess suggests a method of apportion-
ment based on the following single postulate: That apportion-
ment is most satisfactory for which the continued product of
terms of the type 74, one term for each state, is smallest.
This in effect takes the ratio for each inhabitant of each state,
and uses the product of all such ratios as the measure of un-
fairness. If the exponents of the r were in each case unity,
i.e., if the ratio were taken once for each state rather than once
for each individual, this method would, in the usual case,
become equivalent to those proposed by Dr. Hill and Pro-
fessor Huntington. As in this new method the quantity
[/ Ya(a 4 1)]“ plays about the same réle as does 4/ Va(a + 1)
in Professor Huntington’s method, and A4/(a + 1/2) in Pro-
fessor Willcox’s method, it may be called the method of the
weighted geometric mean.
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6. Professor E. V. Huntington: Necessary and sufficient
conditions in the problem of apportionment.

The present paper compares the method of major fractions
and the method of equal proportions by analyzing all the
known conditions or tests (including several new ones) which
have been suggested in favor of either of them.*

The real question is believed to be one of simple equality
between each state and every other state, here and now;
and the tests based on this idea point clearly to the method
of equal proportions.

Tests which attempt to compare each state directly with a
norm for the whole country are found to be, in general, in-~
determinate or unworkable. Tests based on the idea of a
total or average deviation from the norm lead to so many
different methods that a choice among them appears difficult
to make, especially when the averaging process is extended
over unlimited time.

7. Dr.S. D. Zeldin: Commutativity of contact transformations
of mechanics.

It is well known that with every conservative dynamical
system, defined by its potential energy (a function of the
generalized coordinates) and its kinetic energy (a quadratic
function of the generalized velocity components), an infini-
tesimal contact transformation is associated whose character-
istic function is of a special type. In this paper Dr. Zeldin
proves that if two contact transformations associated with
dynamical systems, defined as above, are independent, they
cannot be commutative.

8. Professor G. A. Miller: Substitutions commutative with
every substitution of an intransitive group.
This paper appears in full in this number of the BULLETIN.

* For full bibliography up to the middle of 1921 (with special reference
to the work of J. A. Hill) see A new method of apportionment, by E. V.
Huntington, QUARTERLY PUBLICATION OF THE AMERICAN STATISTICAL
AssocIATION, September, 1921.  See also Report of the Advisory Committee
to the Director of the Census, ibid., December, 1921, and a forthcoming
paper by F. W. Owens in the same journal. Letters from E. V. Huntington
and W. F. Willcox have appeared in the New York Times for Oct. 18,
Oct. 23, Nov. 13, and Dec. 11, 1921. Recent papers have been presented
to the American Mathematical Society by E. V. Huntington, Sept. 8,
and R. W. Burgess, Dec. 28, 1921.
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9. Professor G. A. Miller: Seeming contradictions in the
theory of groups.

There are at least three distinct definitions of the term
“same group” in common use in the theory of groups of
finite order: (1) two substitution groups are the same if and
only if one can be transformed into the other by a substitu-
tion; (2) two substitution groups or two abstract groups are
the same if and only if a simple isomorphism can be established
between their substitutions or operators; (3) two groups are
the same if and only if one is obtained from the other by an
interchange of operators. Various seeming contradictions that
arise from the use of these different definitions are pointed out.

10. Professor W. A. Hurwitz: Convergence-factors in Cesaro-
summable series.

Sufficient conditions for the theorem on convergence-factors
for Cesaro-summable series have been given by C. N. Moore,
Hardy, Bromwich and Chapman. Results essentially iden-
tical with part of the theorem have been proved by Schur,
Carmichael and others. By means of a slight further general-
ization of the Silverman-Toeplitz criterion as extended by
Hildebrandt and Carmichael, the author establishes necessary
and sufficient conditions for the convergence-factor theorem
in the case of Cesaro-summability of any order, real or complex,
with positive real component.

11. Dr. W. L. Crum: Note on the determination of the rectilin-
ear secular trend of an ordered series of statistical relatives.

In the analysis of certain historical series, the question arises
whether, in determining the position of the line by the method
of least squares, the relative deviations should not be used
rather than the absolute deviations. The paper determines
the line, to a first approximation, by using relative deviations,
and shows that the divergence from the line as ordinarily
determined is not likely to be of importance for practical appli-
cations; but there are significant theoretical consequences.

12. Professor C. H. Forsyth: Provisions for depreciation
based directly upon appraisal.

Practically all methods of computing the depreciation charge
succeed in providing a fund which will accumulate and ulti-
mately meet the expense of replacing the property at the end
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of its lifetime, but no definite relation is maintained between
the amount in the fund and the total amount of depreciation
at any intermediate date. A method of computing the an-
nual depreciation charge is given wherein estimates of peri-
odic depreciation by an efficient appraiser are the foundation
and accumulations of interest upon the fund are employed
to reduce later charges. The scheme then insures a constant
equality between the true wearing value and the theoretical
wearing value with a degree of accuracy which will depend
upon the reliability .of the appraiser’s estimates.

13. Professor Arnold Emch: Plane algebraic curves invariant
under a given quadratic Cremona transformation.

The transformation which the author chooses in this paper
has the well known simple form px;," = @, pxs’ = 2321,
px3' = X1%9, with Al(]., O, 0), Az(O, 1, 0), A3 (0, 0, 1) as the
base, and B(1, 1, 1), B:(— 1,1, 1), B,(1, — 1, 1), B3(1,1, — 1)
as the invariant points. The following theorem is proved
by means of a net of invariant cubics: Let C, be an invariant
n-ic under the given transformation with ordinary multiple
points of possible orders ui, u2, s, ¥, 1, »2, v3 at the A’s and B’s
respectively. Then u; 4+ us 4+ us = n, and the lines joining
corresponding points of the transformation on the C, envel-
ope a curve €, of class m = n — 15(» 4+ v1 + »2 + »;). Con-
versely, the locus of pairs of corresponding points on the
tangents of any curve €, is a certain invariant C,. All
invariant C,’s may be generated in this manner. When the
G, is in a general position, then C, is of order n = 3m. In
case of a rational €, the C, is, in general, hyperelliptic.

As an application Professor Emch studies hyperelliptic
sextics, and rational invariant curves.

14. Professor Joseph Lipka: Canonical systems and the
general problem of dynamics.

In this paper, Professor Lipka first derives the most general
infinitesimal homogeneous contact transformations in 2n
variables, @1, @2, *, &n, P1, P2, * * *, Pn, connected by a relation
H(xy, -+, Zn, P1, -+, Pn) = constant, which leave the
Pfaffian Z;p,da; invariant. Interpreting this result properly
in a metric space defined by ds* = Z;ia:rdxiday, the equations
of the transformation reduce to the canonical equations of the
dynamical trajectories in a conservative field of force in a
curved space of n dimensions. We thus get a very elegant






