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ABSTRACTS OF PAPERS 

S U B M I T T E D FOR PRESENTATION TO T H I S SOCIETY 

The following papers have been submitted to the Secretary 
and the Associate Secretaries of the Society for presentation 
at meetings of the Society. They are numbered serially through­
out this volume.* Cross-references to them in the reports of 
the meetings will give the number of this volume, the number of 
this issue, and the serial number of the abstract.f 

67. Professor F. C. Jonah: The Green's matrix and expansion 
problem f or systems of integr o-differential equations. 

This paper treats a system of integro-differential equations Y'(x) — 
\A(x)\+B(x)} Y(x) = F(x)+<l>(x)A(Y)+f*R(x, s)Y(s)ds with the boundary 

condition L( Y) a W™ Y{a) + W^ Y{b) + fl H(x) Y(x)dx=0, where F(x) is an 
w-dimensional vector, A(F) is a linear operator on the vector F, linearly 
independent of L(Y), and the remaining letters denote w-dimensional square 
matrices whose elements possess certain properties of continuity and in-
tegrability. Four distinct cases are treated. In each case the author has found 
a Green's matrix and has carried through the expansion problem, various cases 
being essentially different one from another. An auxiliary theory of vector 
integral equations is developed, and the notion of a pseudo-resolvent matrix 
is introduced. 

68. Professor I. M. Sheffer: Polynomial solutions of linear 
differential equations; expansions. 

The writer has considered, in previous communications to the Society, 
a theory of sets of polynomials. On the analytic side such sets generate linear 
differential equations of infinite order of a certain type. In the present paper 
we consider a class of such equations, namely those of finite order. We con­
sider properties of the polynomial solutions as well as properties of the as­
sociated set of functions defined by the dual differential equation. The paper 
is also concerned with the problem of expanding analytic functions in terms 
of the polynomial solutions. It may be noted that when the order of the equa­
tion is two, some familiar polynomial systems are included, among them the 
Legendre polynomials. 

* In the future, abstracts of papers will appear under the heading given 
above, separately from the reports of meetings, as explained in the announce­
ment of pages 1-2 of the January issue. Eventually, many abstracts will 
be printed in advance of the meeting at which the corresponding paper is 
presented. 

t Thus, if an abstract numbered 238 is printed in issue No. 5 of volume 36, 
the cross-reference will be (Abstract No. 36-5-238). 
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69. Dr. C. O. Oakley: Differential equations containing ab­
solute values of derivatives. 

The equation u" -\-p\u' +pîUJrq\ \u' | + $ 2 \u \ =*<f> is studied, and the exist­
ence of solutions continuous in their first two derivatives is established by 
means of the system of associated linear equations. Oscillation, separation 
and comparison theorems are developed for the homogeneous equation. It is 
found tha t the zeros of two solutions may (depending upon the coefficients 
and upon the initial conditions) (1) separate singly or coincide as in the theory 
of linear equations; (2) separate by pairs; (3), as an intermediate case, alter­
nately separate and coincide. Further it is shown that solutions may jump 
from one kind of separation to another. 

70. Professors Einar Hille and J. D. Tamarkin: On irregular 
kernels. 

The authors study the integral equation y(x) =f(x) -\-\faK(x, t)y(t)dt, where 
K(x, t) belongs to L. Assuming /o

b | K(x, t) \dtSQ, and | \ | < 1/Q and that f(x) 
is integrable, they show the existence of an integrable solution defined by the 
Neumann series. This is the only bounded solution if f(x) is bounded, but other 
integrable or even quadratically integrable solutions may exist. A sufficient 
condition for uniqueness is determined. The authors have also studied the 
distribution of the characteristic values for a kernel of the type mentioned and 
for kernels belonging to Lp, p<2. 

71. Mr. O. J. Farrell: On the expansion of harmonic f unctions 
in terms of harmonic polynomials. 

Let B designate the interior of a simple closed finite Jordan curve C in the 
(x, 3>)-plane. Let £*(z), z — x-\-iy, be a function which maps B conformally onto 
the interior of the unit circle. Then it is found that there exists a set of har­
monic polynomials {pn(x, y)} belonging to the region B, together with a set of 
functions {qn(x, y)} continuous and biorthogonal to the set {pn(x, y)} on 
every curve Cp: \ç(z) | —p ( 0 < p < l ) , such that if F(x, y) be an arbitrary func­
tion defined and integrable (in the sense of Lebesgue) on an arbitrary curve Cp, 
the series Yln=,ianpn(x,y), an—fcpF{.x, y)qn(x, y)ds, converges within Cp, con­
verges uniformly in every closed region interior to Cp, and thus defines a func­
tion harmonic within Cp. The convergence of this series is also studied when 
further restrictions, such as continuity, or continuity with boundedness of 
variation, are put on F(x, y). Series of the form ^2=icnpn(x, y), where the cn 

are arbitrary constants, are included in this study. In the special case where C 
is analytic most of these properties have already been established by Walsh 
(Proceedings of the National Academy, vol. 13 (1927), pp. 175-180). 

72. Professor W. A. Hurwitz: The oscillation of a sequence. 
For any given sequence (x) of real or complex numbers #i, #2, #3, * * • , let 

£2(x)=lim sup \sm—sn\ as m—>oo, w—>co. The quantity fi(x), called the 
oscillation of the sequence, may be considered as measuring the deviation of 
the sequence from convergence. The following theorem is proved: In order 
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tha t a regular transformation of the form X^=iö».&x& m a Y D e such that 
we have Sl(y)£>Sl(x) for every sequence (x) it is necessary and sufficient that 
]C*=i \an,h |—»1 as n —» oo. 

73. Professors D. C. Gillespie and W. A. Hurwitz: On se­
quences of continuous functions having a continuous limit. 

The authors prove a theorem on summability of sequences of functions. A 
typical special case is the following: If in the interval a^x^b, sn(x) is con­
tinuous, \Sn(x) \^M, sn(x)-+s(x), and s(x) is continuous, then there exists a 
totally regular transformation which carries the sequence into a new sequence 
l<rn(x)) such tha t an(x)—>s(x) uniformly. Incidentally this result provides a 
necessary and sufficient condition that the limit of a bounded sequence of 
continuous functions be continuous. 

74. Professor R. L. Jeffery : The integrability of a sequence of 
functions. 

Let ƒ = / i , ƒ2, • • • be a sequence of functions summable on the measurable 
set E, and convergent to the summable function/0. Vitali has shown (Palermo 
Rendiconti, vol. 23, p. 137) that the equi-convergence of the sequence of 
integrals is necessary and sufficient for "complete integrability." This 
condition is sufficient but not necessary for "integrability," that is, tha t 
\imn+aofEfndx=fEfodx. In this paper we have obtained conditions which are 
both necessary and sufficient for integrability, the most general of which is as 
follows: Let g = gi, #2, • • • be any sub-sequence of/. Let p(g, n, 8) be the least 
upper bound, <r(g, n, 8) the greatest lower bound of fegidx, {i = 1, 2, • • • , n), for 
all possible sets e with me<8. It is then necessary and sufficient for the 
integrability of ƒ that corresponding to every g of ƒ and every e > 0 there is a 
number B0€>0 such that for every 8<80€ it is possible to find n — n§ such that 
for n^ns we have \p(g, n, ô)+<r(g, n, 8) \ <e. If for every g both p(g, n, 8) and 
°(gi n> 5) are bounded in n for some 8, necessary and sufficient conditions can 
be obtained in more concise form. 

75. Dr. T. H. Gronwall: Some series expansions in the lattice 
theory of crystals. 

The application of quantum considerations to the lattice theory of crystals 
leads to the summation of Eigenfunktionen of the hydrogen type with their 
origins at the different lattice points. The present paper gives a general method 
for reducing these sums to a form which is suitable for numerical calculation. 
An example of the type of formulas arrived at is the following, referring to the 
simple cubic lattice: 

X^°°, ....\ „ « . . , * , , 9.x 1/2 8TT A . 1 S ' *-X<*i2+tf+tf>1/2=:— - 1 + — X ; ' 

where the summations run through all integers except the combination 
Zi = /2 = /3 = 0. 
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76. Professor A. D. Campbell: Rectangular axes associated 
with a curve in f our-dimensional space. 

Consider a curve X\=fi(s)t X2=f2(s), x3—fa(s), x4 = /4(s), where 5 is the arc. 
The tangent at a point P has the direction cosines «ii = Xi', where i= 1, 2, 3, 4, 
and Xi' means dxi/ds. One normal at P has the direction cosines a2i=piXi" 
where l/pl=^Xi"2. The normal to the osculating hyperplane at P with 
direction cosines au and a third normal at P tha t is perpendicular to these 
other two normals are now taken. Using these four mutually perpendicular 
lines, the author obtains in this paper direct generalizations to four-dimensional 
space of the Frenet-Serret formulas and of the moving trihedral for curves in 
three-dimensional space. In these generalizations a radius of curvature pi 
appears and also pz, where l / p 3 2 = H a 3 r An article by Thomas Craig, Dis­
placements depending on one, two, and three parameters in a space of four dimen­
sions (American Journal of Mathematics, vol. 20 (1898), pp. 135-156) treats 
the same subject; but in it no use is made of the osculating hyperplane, the 
normals, or the curvatures of the curve on which the origin of the moving axes 
is supposed to be situated. 

77. Professor T. R. Hollcroft: Equivalence in hyperspace. 
In this paper, formulas are derived for the equivalence of the following 

manifolds, each considered as occurring to any given multiplicity on i hyper-
surfaces of given order in i dimensions: (1) linear manifolds of any given 
dimension; (2) lines (planes) with a given number of points (points or lines) of 
intersection; (3) plane (space) curves of givçn order (order and rank); (4) 
surfaces of given order. 

78. Professor C. A. Rupp: Linear spaces associated with 
hyperquadrics. 

When the coefficients of a general linear homogenous equation in »-f 1 
variables are functions of the coefficients of a general symmetric quadratic 
homogeneous equation in « + 1 variables, there exist geometric relations be­
tween the hyperplane represented by the linear equation, the hyperquadric 
represented by the quadratic equation, and the coordinate simplex. These 
geometric relations are displayed for several particular cases. 

79. Professor F. R. Sharper Plane involutions of order three 
or four. 

Let | C | =aiCi+ö2C2 = 0 be a pencil of curves of grade n and genus p and C 
a curve of genus p, determined by its basis points, which meets | C | in t~n 
variable points. If t — p-\-\, then | C | + C is a net of curves of genus 
p+p+t—n—1 and superabundance p+p — n defining an involution of order /. 
The cases t = S or 4 are considered in detail. 

80. Professor F. R. Sharpe: The mapping of monoidal in­
volutions. 

Monoidal involutions with vertex 0 were reduced by Montesano to 5 types 
according as the lines through 0 are each invariant or interchanged in pairs by 
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one of the four types of ternary involution. It is shown that the last four types 
can all be mapped on the same type of variety in four-way space. 

81. Professor Virgil Snyder: On an involutorial transforma­
tion found by Montesano. 

The involutorial transformation in question is of order 7, and belongs to a 
general linear line complex, each line of which contains three pairs of conjugate 
points. Various systems of invariant surfaces are derived, and a number of 
features established that suggest that it may be irrational. 

82. Professor J. H. Neelley: Notes on the rational plane oscno-
dal guar tic curve. 

An article in the July-August, 1929, issue of this Bulletin proposed a 
theorem concerning the singularity in question which we have found to be 
false. In its stead this paper developes several new theorems which cover the 
whole field of the oscnode for the curve i?24. New necessary and sufficient 
conditions for the singularity are developed. 

83. Dr. Oscar Zariski: On the moduli of algebraic functions 
possessing a given monodromy group. 

This paper deals with an application of the Galois theory to algebraic 
geometry. All transitive groups of substitutions on n letters are divided, with 
respect to a given genus p, into two classes, special and non-special groups, a 
group G being in the first or the second class according as the n-valued algebraic 
functions of genus p possessing G as monodromy group are of special or 
general moduli. For instance, as was shown by the author elsewhere, all 
solvable groups are special for any p>6. Given a complete continuous system 
2 of n-valued algebraic functions y having G as monodromy group, the author 
studies the problem of evaluating the number of birational moduli of the 
functions of 2 . On the algebraic curve </>, on which the generic function y of 2 
corresponds to a linear involution gn1, virtually complete linear series \\gm\\ are 
defined with neutral sets of points belonging to the jacobian set of the gn1. The 
notions of special virtual series and of index of specialty of a virtual series are 
also defined. In particular the consideration of the two-fold of the series gn1 

leads to the following theorem, which generalizes a theorem stated by Severi 
for simple branch points: The functions y of 2 depend on Zp — Z — i moduli, 
where i is the index of specialty of the virtually complete series ||2g»||. 

84. Mr. A. P. Mellish: An application of vector analysis to 
the theory of curves of constant width. 

In this paper the fundamental properties of curves of constant width are 
developed by means of vector analysis. This method may also be applied to 
surfaces of constant width. 

85. Professor D. J. Struik: Invariant treatment of ovals. 
Many theorems on ovals have been proved by methods such as the theory 

of Fourier series, tha t are not invariant under rotations and translations. An 
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at tempt is made to give a vector analytic treatment of this part of geometry. 

86. Professor M. S. Knebelman: Content-preserving trans­
formations. 

This paper deals with extended point transformations which preserve the 
content of every &-cell in an «-dimensional Riemann space. It is shown that if 
there exists such a transformation for a given k <n, it must be a motion of the 
space into itself and therefore the content of every cell of every dimensionality 
is preserved. This theorem is not true if k=n, since in every «-dimensional 
Riemann space there exist transformations preserving the volume of every 
«-cell and not preserving the content of the cells of any lower dimensionality. 
These transformations are defined by a vector density whose divergence 
vanishes. 

87. Dr. Jesse Douglas (National Research Fellow) : Solution 
of the problem of Plateau for any rectifiable contour in n-dimen-
sional euclidean space. 

The author has introduced into the problem of Plateau (see abstracts in this 
Bulletin, vol. 33, pp. 143, 259; vol. 34, p. 405; vol. 35, p. 292, vol. 36, p. 49-50) 
the functional A(g) = ( l / (16r ) ) - / ^ ' I M f t W " « < ( * ) N * dï/sitf i ( * - * ) 
— (^/VYlmnl

mŒli
a

im + Yli^im)f where the range of the argument g consists of 
all representations Xi = gi(d), i = l, 2, • • • , n, of the given contour as topo­
logical image of the unit circle, and a»-m, b%m denote the Fourier constants of gi. 
Improper representations, in which entire arcs of the contour correspond to 
points of the circle or vice versa, must be included to produce a compact set 
[g] and so permit the application of the results of Fréchet's thesis (Palermo 
Rendiconti, vol. 22 (1906), pp. 1-74). A{g) is either finite or + oo ; but if the 
contour is rectifiable, A (g) surely has a finite value for every parameter 0 such 
that the arc-length 5 obeys with respect to 0 a Lipschitz condition of order > £. 
A(g) is readily shown to be lower semi-continuous and hence attains its 
minimum value. Reasons are adduced for rejecting the possibility that the 
minimizing representation g° be improper. The required minimal surface is 
the harmonic surface determined by the boundary values gi°(0) (Poisson's 
integral). This is the first solution of the problem of Plateau for a contour of 
the specified degree of generality. 

88. Dr. Jesse Douglas (National Research Fellow): Solution 
of the problem of Plateau when the contour is an arbitrary 
Jordan curve in n-dimensional euclidean space] I. 

From rectifiable contours we can pass to any Jordan contour by a variety 
of limit processes. For instance, Montel's principle might be employed. 
Better, suppose x%=fi{t) to represent the given contour in some fixed para-
metrization; then we may express the continuous f unctions ƒ,-(*) as the limits 
of their Fejér trigonometric polynomials, and so obtain a sequence of rectifiable 
contours Tm:xi = Sim(t), m = l, 2, 3, • • • , tending to the given contour T as 
limit. By the preceding paper, each Tm has a parameter 6m giving the solution 
of the Plateau problem for Tm, 6m being derivable from / by a topological 
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transformation Tm of the unit circle into itself. Since the totality of auto-
homeomorphisms of the unit circle forms a compact set, there exists a sub­
sequence of transformations Tm converging towards a limit T, provable to be a 
proper topological transformation of the unit circle into itself. Let 0 denote 
the parameter on T derived from t by the transformation T, and let x* = g*(0) 
be the equations of T in terms of this parameter; then the harmonic surface 
determined by gi{6) is the required minimal surface. The remark at the end 
of the preceding abstract applies here a fortiori. 

89. Dr. Jesse Douglas (National Research Fellow) : Solution 
of the problem of Plateau when the contour is an arbitrary Jordan 
curve in n-dimensional euclidean space; II . 

An alternative method is to introduce the functional Aa(g) — (ir/2) 
,fn(Y\.a. -\-2_,.b. )p2m, involving the parameter p; 0 < p < l . Under the 

specified restrictions on p, this functional is finite-valued for all g, the con­
vergence of the infinite series being assured by Parseval's theorem. The 
functional is moreover continuous, and therefore will attain its minimum value 
if the range of g is any compact set. In order to avoid the degeneration of the 
minimizing g to the one for which every a%m,f o%m = 0 ("extraordinary" repre­
sentation, in which the whole unit circle corresponds to a point of the contour 
and vice versa), we require g to make three fixed points of the contour corre­
spond to three fixed points of the circle; it is shown that eventually no gener­
ality is lost by this restriction. Let gp minimize Ap(g); since the set [g] is 
compact, p can be made to tend to 1 so that gp tends to a limit gh proved to be a 
proper representation and to give the required minimal surface. A similar 
method can be based on the functional Ak(g) = (^/2)J2malm(J2i

a
im + 12ib.m), 

also expressible as a double integral. This finite, continuous functional at tains 
its minimum for a certain gk', and gk tends to a limit furnishing the required 
solution if k tends suitably to oo. 

90. Dr. Jesse Douglas: The problem of Plateau and the theorem 
of Osgood-Carathêodory on the conformai mapping of Jordan 
regions. 

The author was the first to point out (from the very beginning, April, 1926, 
of his work on the Plateau problem; see this Bulletin, vol. 33 (1927), pp. 143, 
259) that the Plateau problem ought to be formulated so as to demand not 
merely the minimal surface but also a conformai representation of this surface 
on the interior of a circle; and that in this formulation the Plateau problem 
includes the Riemann conformai mapping problem as the special case n = 2, 
where n denotes the least, number of dimensions of a euclidean space containing 
the given contour. Since in the preceding papers, the minimal surface together 
with its conformai representation is derived from a topological correspondence 
between the given contour and the unit circle, we have as an immediate 
corollary the following well known theorem of Osgood-Carathéodory (W. F . 
Osgood and E. H. Taylor, Transactions of this Society, vol. 14 (1913), pp . 
277-298; Carathéodory, Mathematische Annalen, vol. 73 (1913), pp. 305-320): 
A conformai correspondence between the interiors of any two Jordan curves 
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induces by continuity a one-one continuous correspondence between the 
Jordan curves. 

91. Professor Virgil Snyder and Dr. Marguerite Lehr: Gener­
ating involutions of infinite discontinuous Cremona groups of S± 
which leave Vz invariant. 

This joint paper gives the equations and the characteristic properties of 
the transformations outlined in Professor Snyder's Presidential Address, 
Article 4, in this Bulletin, vol. 35, pp. 612-615. 

92. Professor F. R. Sharpe: Involutions of order n with an 
(n — 2)- fold line and their mapping. 

The involutions mentioned in the title have been discussed by Montesano 
(Lincei Rendiconti, (4), vol. 52, pp. 123-130), who showed that the planes 
through the lines are interchanged in pairs and that between each pair there 
is a quadratic Cremona correspondence. It is here shown that this corre­
spondence can be expressed by two bilinear equations which determine the 
analytical form of the involution and by their aid the involution can be 
mapped on a variety in five-way space. 

93. Professor Harold Hotelling: Spaces of statistical para­
meters. 

For a space of n dimensions representing the parameters pi, • • • , pn of a 
frequency distribution, a statistically significant metric is defined by means of 
the variances and covariances of efficient estimates of these parameters. Such 
a space, for the ordinary types of distributions, is always curved. For the two 
parameters of the normal law the manifold may be represented in part as a 
surface of revolution of negative curvature, with a sharp circular edge. On this 
surface, variation of the dispersion is represented by moving along a generator. 
For a Pearson Type III curve of any given shape the same surface occurs. For 
the unrestricted Type III curve there are three parameters; their space is 
investigated. Certain metrical properties which hold in general for spaces of 
statistical parameters are given. 

94. Professor F. M. Weida: The valuation of a continuous 
survivorship annuity with a continuous refund of an arbitrarily 
assigned part of the purchase price. 

The present value _Xy of the continuous refund is the present value of a 
continuously decreasing insurance beginning with an amount fsxy—«sxy, 
( O ^ / ^ l , sxy = dx-{~dy — dXy-\-'rXy)f and decreasing continuously until there is 
insured an amount zero. This present value has been expressed as a definite 
integral whose lower limit is zero and whose upper limit is ~s'xy. When we are 
dealing with Makeham's first modification of the law of Gompertz as our law 
of mortality, the problem stated above admits a solution which involves the 
gamma function, the incomplete gamma function, the hypergeometric 
series, and certain exponential and logarithmic functions. In order to obtain a 
result that is more practicable for use and more adaptable to numerical com-
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putation, it has been found tha t the mortality table can be fitted sufficiently 
closely by using a best fitting parabola in the sense of the theory of least 
squares. The desired value of ~sww is obtained by a process of iteration from the 
following formula: exp ( — bs'ww) = [(l/f)~s'Ww—2âw+âww]- [A^w-\-Afs'2ww 
JrA$sfwwJrAi\~1. It has been found that for the purpose intended we may 
assume the DeMoivre hypothesis for an interval of h years, where h ^ s'WW) and 
we obtain a result readily adaptable to numerical computation. 

95. Professor J. B. Reynolds: Inextensible chains on fixed 
plane curves. 

In this paper equations are set up for the motion of an inextensible chain 
on a rough plane curve. By a proper choice of variables and constants, these 
equations are shown to apply to several cases in statics and kinetics usually 
treated separately. 

96. Professor E. G. Keller: Certain theorems of periodic orbits 
applied to synchronous machines. 

In this paper certain theorems pertaining to differential equations as em­
ployed in the study of periodic orbits are applied to the differential equations 
of current flow in synchronous machines. For example, at short circuit, the 
differential equations, expressed in normal form,are [(c/2 — a)-\-(c/2 — b) cos 2t] 
(di/di) — (r—2b sin 2t-\-c sin t cos t)i— (sin t-\-R cos /)ƒ = —RI0[cost][(c/2 — a) 
+ (c/2-b) cos 2t](dl/dt) + [2bc sin 2t cos t — rc cos t—c(a-\-b cos 2t) sin t\i 
— [csin /cos t-\-R{a-\-b cos 2 / ) ] / = — i?/o(a+&cos 2t), where only i, I, and /a re 
variables. A fundamental set of solutions i\ and %i is obtained by reducing the 
equations to two simultaneous integral equations. The transformation 
i — iili, I — i%I\-\-l2 leads to the second set of solutions of the left members. 
The periodic solutions are obtained by the method of variation of parameters. 

97. Professor B. F. Dostal: On some applications of number-
theoretic functions to electrical engineering problems. 

In the general problem of superposing prescribed sets of current or voltage 
distributions upon a prescribed set of points of a conducting electric line or 
network, the distributions are determined by the hyperbolic functions of the 
complex hyperbolic angle subtended by the line, section, or element concerned. 
Under certain conditions these functions assume the values of a characteristic 
sequence or spectrum of special values; as, for example, real integers. A. E. 
Kennelly was the first to show the manner of their production in the natural or 
artificial electric line. The object of the present paper is to show that the 
sequences are representable and replaceable by Lucas functions, as the differ­
ence equations for both, x2 = ax — b in symbolic form, are identical, and so also 
are their generating functions. The employment of Lucas functions in such 
superposition problems not only renders theoretical and numerical calculations 
more convenient, but opens the field for the introduction of other number-
theoretic functions to aid in the solution of problems where non-integer dis­
tributions occur. 
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98. Mr. R. L. Peek, Jr . : On the solution of certain cases of the 
general equation of diffusion. 

For diffusion in substances for which the conductivity and diffusivity are 
functions of temperature, the partial differential equation which determines 
the temperature is non-linear in character. For a certain class of boundary 
conditions the introduction of an auxiliary function of time and distance 
reduces this equation to an ordinary differential equation of the second order, 
in which the temperature and the auxiliary function appear as dependent and 
independent variables respectively. As this resulting equation can be solved 
by methods of approximation, the solution to the original equation can be thus 
obtained. The auxiliary function mentioned exists only for certain boundary 
conditions, and when it does exist, is not unique. It is shown that when this 
function exists the solution to the corresponding case in which the conductivity 
and diffusivity are constant (and the partial differential equation is therefore 
linear) is itself an auxiliary function of the type described. Thus, for the class 
of boundary conditions in question, the non-linear partial differential equation 
connecting temperature with time and distance can always be replaced by an 
ordinary differential equation relating the temperature to the temperature 
tha t would exist if the partial differential equation were linear. This method 
is shown to apply to the case of the semi-infinite solid. 

99. Professor D. J. Struik: The Dirac theory and sedenions. 
M. S. Vallarta and the author have indicated the connection of Dirac's 

theory of the spinning electron and the hypercomplex number system of the 
sedenions or quadriquaternions (Journal of the Franklin Institute, April, 1929). 
A paper by J. A. Schouten (Amsterdam Proceedings, 1929) showed this more 
in detail. In the present paper it is shown how Eddington's mathematical 
introduction into the Dirac theory (Proceedings of the Royal Society, 1928, 
1929) is simplified through the use of sedenions, and their relation to quater­
nions and to the hypercomplex number system belonging to the "Vierergruppe" 
is indicated. 

100. Professor Philip Franklin: Dynamical systems with 
integrals quadratic in the velocities. 

Motions of a particle in a plane under conservative forces, possessing an 
integral quadratic in the velocities distinct from the energy integral, were dis­
cussed by Darboux. He showed that in general they were problems of 
Liouville's class, when suitable confocal ellipses and parabolas were taken as 
parametric curves. In this note, the special cases are investigated, and the 
complete result obtained that in all cases the problem is of Liouville's class 
when suitable parametric curves are introduced. These are either as found by 
Darboux, or are the limiting cases of confocal parabolas, polar coordinate 
lines, or cartesian coordinate lines. The relation of the result to a theorem of 
Birkhoff's on conditional integrals is indicated. 

101. Professor Oystein Ore: Some investigations on finite 
fields. 
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This paper contains a series of theorems on finite fields, and applications 
to various problems concerning higher congruences. 

102. Mr. B. F. Groat: Newtonian similarity. 
Newton's inclusive Theorem of Similitude, Principia II , Proposition 

X X X I I , Theorem XXVI, may be applied to construct working hydrodynamic 
models using "similarity" in its correct sense for space-, force-, and time-
ratios. 

103. Mr. W. R. Thompson: The powers of a given ideal of a 
field which may divide exactly the discriminant of a relative field 
of mth degree. 

The present problem is an extension to relative fields of the problem whose 
solution was presented at the meeting of the Society in New York in October, 
1929. If k(0) is an algebraic field, p a rational prime greater than 1, P a prime 
ideal divisor of p of order e in k(6), and Dk the discriminant of a relative field 
of mth degree, let E^O be a rational integer such that Dk is exactly divisible 
by PE. Furthermore, let E be the class of possible values of E. Then Ore 
(Mathematische Annalen, vol. 97 (1927), p. 569) has given the maximum value 
of E, which we shall designate by M(m,p,e). The following is a solution of the 
problem of ascertaining what other values E may have for such a relative field. 
As will be apparent, this depends on m, p, and e only. For p>2 and a any 
positive rational integer, if m—pa then E = 0, • • • , Af(m,p,e), except all 
numbers of the form <xepa — 1 — gpa, where g is a rational integer and 0^g<e; 
if m = pa + 1, then E = the union of (p—1) and E (but £ includes 

^ P,e \f / p,e ( T O ) ^ p,e 

(p — 1) unless a = \ and p>2); in every other case E = 0 , • • • , M(m<p,e). 
p,e 

And for p — 2 the result is formally the same as for p > 2 except that the odd 
(m) 

numbers less than 2e are never components of E2 . 

104. Professor C. G. Latimer: Certain identities in theta 
functions. 

In a former paper a class of identities in theta functions was obtained by 
employing sets of integral elements in generalized quaternion algebras. 
Jacobi's fundamental identity was included in this class, the algebra in this 
case being that of ordinary quaternions. In this paper, Schroeter's identity is 
obtained in a similar manner, and also several other identities which are 
believed to be new. Sets of algebraic numbers and of generalized quaternions, 
which are not in general integral, are employed. 

105. Professor C. R. Adams: On multiple factorial series. 
In this paper an investigation is made of the essential convergence proper­

ties of multiple factorial series. For simplicity of statement we confine our­
selves to the double series 

(1): LîL-00™», amn = m\n\cmJ[x(x + \) • • -(x+m)y(y + l) • • -(y+n)], 
in which the cmn are constants and x and y a.re complex variables. Employ­
ing the Pringsheim definition of convergence, we prove theorems analogous to 
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Theorems I-V, VII of Landau's fundamental paper on the theory of simple 
factorial series (Münchener Sitzungsberichte, 1906, pp. 151-218). For this 
purpose it is necessary to introduce the assumption that Su = ^ î » - ( E n =*o#mn 
is a bounded function of i and j for particular values of x and y for which (1) 
converges. It is shown, for example, tha t the region of convergence with Su 
bounded of (1) is a pair of related right half-planes. The proof of these theorems 
follows the general lines of Landau's work making essential use of results 
obtained by C. N. Moore in his recent important paper on convergence 
factors in multiple series (Transactions of this Society, 1927, pp. 227-238). 
Additional theorems are derived by generalization of a portion of Nörlund's 
work on simple factorial series (Acta Mathematica, 1914, pp. 327-387). 

106. Professor Marston Morse: A theory of periodic extremals. 
The problem is defined on an ^-dimensional manifold. The integrand is 

positive, regular, and homogeneous, in the usual way. With each closed 
extremal the author associates an invariant integer, called the type number. 
This integer characterizes the essential relations of the closed extremal to 
neighboring closed curves. In the two-dimensional case it is related to the 
Poincaré rotation number. It is the number of conjugate points to a given 
point on one circuit of the extremal plus an integer called the order of concavity 
of the extremal. The theory of closed extremals in the large is developed with 
the aid of certain new processes in differential topology. A particular applica­
tion is the proof of the existence of at least \n{n— 1) closed geodesies on any 
regular manifold homeomorphic with an {n— l)-sphere. The latter result 
affords a general setting for certain results in the two-dimensional case obtained 
by Poincaré, Birkhoff, and certain pupils of Hadamard. 

107. Professor F. R. Bamforth: Surface transformations. 
In the first part of this paper are discussed surface transformations of 

period two in the neighborhood of an invariant point, and it is shown that the 
equations representing such a transformation, after a proper choice of coordi­
nate system has been made, have one of the forms (i) U\ — u, vi=v, (ii) U\ — — u, 
vi — —v, or (iii) ui = u, v\——v. In the second part of the paper are studied 
surface transformations, each of which is the product of two transformations 
of the type (iii) above. This discussion is made relative to a neighborhood of a 
point which is invariant under each of the component transformations, and 
treats such topics as stability, and the existence of formal and actual invariant 
curves through the invariant point, formal invariant series, and formal in­
variant integrals. 

108. Professor D. V. Widder: Singular points of functions 
which satisfy the partial differential equation of the linear flow 
of heat. 

In 1903 M. Bôcher proved tha t a single-valued harmonic function of two 
variables x, y with an isolated singularity at a point (a, b), but bounded on one 
side at least, must have the form A log [(x — a)2 + (y — b)2]+H(x, y), where A 
is constant and H(x, y) is harmonic in a neighborhood of (a, b). It has long 
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been recognized that the source solution (y — &)-i/V-(*-«0 /Uür-*)^ y>b, plays 
a rôle in the theory of the equation d2u/dx2 — du/dy = 0 analogous to tha t of the 
function log [(x — a)2 + (y — b)2] in the theory of harmonic functions. It is the 
purpose of the present note to extend the analogy further by obtaining an 
analog of Bôcher's theorem. 

109. Professor W. J. Trjitzinsky: On indefinitely differ en-
tiable and quasi-analytic functions. 

This paper is, to an extent, based on certain results of Poincaré, Borel, de la 
Vallée Poussin, Carleman, and some others. The series of the form X]xnƒ(anx), 
where /(x) and all its derivatives are bounded as a set for all real values of x, 
are studied in general as well as from the point of view of their application to 
indefinitely differentiate functions. In particular, necessary and sufficient 
conditions are given (relating to the law of decrease of the xn) in order tha t 
^Xnfinx) should represent a quasi-analytic function. Furthermore, several 
extensions are given of representations of quasi-analytic functions in terms of 
the initial values at a point. Finally, Borel's monogenic functions (quasi-
analytic in the plane) are shown to be representable by certain double series, 
uniformly convergent over certain perfect subsets of their domains of definition. 

110. Professor I. M. Sheffer: Differentiation and integration 
of matrices, and functional equations in matrices. 

There are a number of definitions of the derivative of a matrix. The one 
here offered is made to depend on the canonical decomposition of a matrix: 
P — <j>~lP*<f>, where P * is a diagonal matrix whose elements are the zeros of the 
characteristic equation for P . We regard P as varying only in its characteristic 
values, and define Q as a "proper function" if it has the form Q — <j>~lQ*(f>, the 
elements of Q being functions of those of P in a certain sense. The derivative 
dQ/dP is then defined as the limit of a difference quotient. This definition 
permits of an inverse operation, matrix integration. Further, various matrix-
functional equations can be handled, among them a class of integral equations 
in matrices. 

111. Dr. Hillel Poritsky: On certain approximations to analy­
tic functions of several variables. 

Let R be a given region bounded by a surface S, ƒ an analytic function. 
In this paper are considered approximations to ƒ over R by means of the 
solution of V2 n + 2£» = 0 which satisfies the boundary conditions pn^f, 
V2£n = V 2 / , • • • , V2n/>«== V 2 n / o n S, n=0, 1, • • • . These approximations, or 
rather their equivalent expansions, are related to certain other boundary value 
expansions previously considered (Cauchy-Green expansions, abstract in this 
Bulletin, M arch-Apr il, 1929) in the same way that the expression of a harmonic 
function in terms of its boundary values by means of Green's function is related 
to its expression by means of Green's "double layer" integral. The nature of 
the convergence of the two expansions is different, however. For the latter 
expansions a sufficient condition was shown to be that ƒ be analytic in a suf­
ficiently large region enclosing R. A sufficient condition for the convergence of 
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pn tof{z), it is shown, is that the Taylor series of ƒ be dominated by the Taylor 
series of an exponential CeA, A =aix+(X2y-\-cx2Z, ai2 +«22 -\-OL£ <P2, where p is 
the smallest value of X for which there exists a non-trivial solution of 
\72u+\2u — 0 in R, u = 0 on S. In the above inequality the constant p may not 
be replaced by any larger value. 

112. Dr. Hillel Poritsky: A note on an is o perimetric inequal­
ity. 

It is shown by means of Schwartz's inequality that the area of the sector 
swept out by the radius of a circular arc of length / is less than the area swept 
out by the radius of curvature of any other (convex) curve segment of length lt 

with tangent (normal) tha t turns through an angle equal to the angular 
opening of the sector, as the point of contact describes the segment. 

113. Professor Georges Calugaréano : On differential equations 
admitting polygenic integrals. 

In an earlier paper (Transactions of this Society, vol. 31) the author showed 
that some differential equations admit more general integrals than those given 
by Cauchy's theorem; such differential equations, designated as of class (a), 
admit polygenic integrals, in addition to the analytic integrals given by 
Cauchy's theorem. In the present paper, he furnishes a characterization of 
this class (a). 

114. Dr. J. A. Shohat: On Tchebycheff polynomials of best 
approximation. 

Let \p{x) be monotonie non-decreasing in a finite interval (a, b). If the 
number of its points of increase is everywhere dense in (a, b), then Pn(x), the 
polynomial of degree ^n minimizing Im—Jl \f(x)—Pn(x) \md\f/(x), approaches, 
as m—>oo, the polynomial irn(x) of best approximation to f(x) on (a, b), and 
Im

lfm approaches, as w—><», the best approximation En(f). The same holds 
true if \p(x) has only & finite number p,(^n-\-2) of points of increase {#»} in 
(a, b), with the understanding tha t irn(x) represents now the polynomial of best 
approximation (—£„(ƒ)) to f(x) over the set of points {xi}. This enables us 
to obtain very simple explicit expressions for wn(x) and £»(ƒ) for the latter case, 
which, as we know, is of fundamental importance for the general case. 

115. Dr. J. A. Shohat: On certain inequalities f or Stieltjes in­
tegrals. 

The author extends to Stieltjes integrals a determinant-transformation 
given by E. Fischer for ordinary definite integrals (Archiv für Mathematik 
und Physik, vol. 13 (1908), pp. 32-49) and shows tha t the Tchebycheff and 
Schwartz (and many similar) inequalities follow from this transformation by 
specifying the number and the nature of the functions involved. Also a re • 
mainder for the Tchebycheff inequality is given. The results are applied to 
finite sums written in the form of Stieltjes integrals. An abstract of a part of 
the above results appeared in the Paris Comptes Rendus (vol. 189 (1929), 
pp. 618-620). 
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116. Miss Helen M. Schlauch: Mixed systems of linear equa­
tions and inequalities. 

In papers entitled Systems of linear inequalities, L. L. Dines has found a 
necessary and sufficient condition for the existence of solutions in systems of 
linear inequalities, and W. B. Carver has found a different kind of necessary 
and sufficient condition for the non-existence of such solutions. These theorems 
naturally suggest a consideration of systems containing both linear equations 
and linear inequalities. The present paper gives certain necessary and suf­
ficient conditions both for the non-existence and for the existence of solu­
tions of such systems. 

117. Dr. John Williamson: A special prepared system for 
two quadratics in n variables. 

From a geometric point of view it is desirable that a complete system for 
two quadratics in n variables should preserve intact the compound coordinates 
that necessarily appear. Complete systems have been determined in which 
these compound coordinates are decomposed into their component point or 
plane variables. While not finding a complete system, this paper determines a 
prepared system, in terms of which every concomitant of the two quadratics, 
if multiplied by a suitable invariant factor, may be expressed. If the n 
quadratic covariants of the two original quadratics are denoted symbolically 
by ix

2, i = l, 2, 3, • • • , n, this prepared system consists of 2n—1 factors of the 
types ixt (ijp2), (ijkpz), • • • , (123 • • • w—1, n), where the symbols i,j, k, etc., 
occurring in any one factor, are distinct and p2, pz, etc., denote compound 
coordinates. To obtain a prepared system, in terms of which every con­
comitant, not multiplied by an invariant factor, may be expressed, other more 
complicated factor types must be added to this system. The number of such 
new factor types for the cases n = 4, 5, and 6 is 1, 8, and 52 respectively. 

118. Professor L. T. Moore: A note on the multiple factors of 
a binary form. 

In this paper the author makes an at tempt to find transvectants of a 
binary form which are perfect powers of the multiple factors of the form. 

119. Dr. A. A. Albert: New results in the theory of normal 
division algebras. 

1 he author shows tha t in every normal division algebra A in sixteen units 
over R, the field of all rational numbers, there are eight integer parameters 
p, <*> 7ii ' ' • » 76, where neither p, a, nor pa is a rational square. Algebra A 
is associative if and only if (YÖ2 — y<?<rp) = (7i2 — 722p)(732 — 74V) and is a divi­
sion algebra if and only if the ternary quadratic form X12 — o-\2

2 — (712 — 722p)X32, 
in the integer variables Xi, X2, X3, is not a null form. As all ternary quadratic 
null forms are known, this amounts to a construction of all normal division 
algebras of order sixteen over R in terms of the solutions of a single diophantine 
equation which satisfy a single quadratic residue condition. Necessary and 
sufficient algebraic conditions tha t A be a cyclic algebra are given, and it is 
shown that all of the algebras constructed by Cecioni are cyclic. An algebra 
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A is shown to be non-cyclic if and only if two quartic forms with coefficients 
polynomials in p, a, yh • • • , Y6 are non-null forms. 

120. Dr. A. A. Albert: The non-existence of pure Riemann 
matrices with normal multiplication algebras of order sixteen. 

The most interesting question in the theory of Riemann matrices is that 
of the existence of pure Riemann matrices with non-commutative multi­
plication algebras. In a recent paper the author found necessary and sufficient 
conditions on a normal division algebra tha t it be a multiplication algebra 
of a pure Riemann matrix and gave examples of matrices whose algebras 
are generalized quaternion algebras and of matrices whose algebras are 
generalized quaternion algebras over a quadratic field. In the present 
paper it is shown tha t there exist no pure Riemann matrices whose multi­
plication algebras are normal division algebras over the field of all rational 
numbers. 

121. Dr. A. A. Albert: Integral bases of all normal quartic 
fields. 

All normal quartic fields, tha t is, fields generated by a root of a quartic 
with cyclic group or "Vierergruppe" are considered. By using elementary 
methods the author obtains explicit formulas, in terms of the coefficients 
of the quartic equations giving the fields, for a set of bases of the integers of 
all normal quartic fields. These formulas are comparable to the known 
formulas for quadratic fields and involve only elementary number-theoretic 
functions. 

122. Dr. A. A. Albert: A determination of the integers of all 
cubic fields. 

The integers of every cubic field generated by a root of an equation 
x3-\-b = 0 are known (see J. Sommer, Vorlesungen iiber Zahlentheorie). They 
have been determined by the use of certain congruences. Using these same 
congruences, the author obtains explicit formulas for the integers (that is, 
for an integral basis) of any cubic field. The reduced form x3-{-ax-\-b = 0 of 
the general cubic is used, and a set of bases involving factors of the discrimi­
nant — 4a3 — 27b2 and a and b is obtained. 

123. Professor W. L. G. Williams: Note on the summation 
of homogeneous functions of n variables over all points of a modu­
lar n-space. 

We take p any prime number and n any positive integer; by "point" in a 
modular w-space we mean any w-tuple (xh xi, • • • , xn) in which the x's are 
integers, reduced mod p, and the last x(if any) which is not zero is 1. The 
fundamental theorem of the present paper is as follows: For all non-negative 
integral values of iit • • • , in, ^Xi* 1 ^" 2 * * * #«*'*> summed over all the points 
of the modular w-space, is, for every choice of the *'s, congruent, mod p, 
to ( ~ l ) n + 1 or zero: to ( - l ) n + 1 if 0<i,- = 0, mod (£—1), for every value of j 
from 1 to n, and to zero in all other cases. 
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124. Professor H. B. Curry: The foundations of combinatory 
logic. 

The knowledge presupposed in a logical theory ordinarily includes certain 
categories, of which proposition, propositional function, etc., are examples, 
and also certain more or less complicated modes of combination which are 
indicated by the use of variables. The criteria by which we conclude that 
an entity constructed by combining other entities belongs to this or tha t 
category are ordinarily not among the formal developments of the theory, 
but are the subject of intuitive reasoning. There is thus a presupposed 
theory of considerable complexity, so much the greater because it is essentially 
from this pre-logic tha t the paradoxes arise. The author proposes to subject 
this pre-logic to mathematical t reatment; the resulting theory he calls com­
binatory logic. In the present paper a part of this program is completed, namely, 
the analysis of the modes of combination considered as formal processes. 
A set of primitive ideas, rules, and postulates is given, from which, it is shown, 
all the properties of the combinations, which follow from the usual representa­
tion, can be abstractly deduced. The essential primitive ideas have already 
been given by Schönfinkel, but he has to consider them intuitively, rather 
than, as here, abstractly. It is also shown that the present system is con­
sistent with the ordinary one. 

125. Professor H. B. Curry: The universal quantifier in com­
binatory logic. 

This paper is a continuation of the author's program in combinatory 
logic. The knowledge here subjected to analysis is the following principle: 
if a formula is t rue for all values of the variables contained in it, and we sub­
stitute in it a second formula which may contain some new variables, then the 
new formula is true for all values of all the variables. It is shown how, if certain 
axioms of much simpler form be added to the list given in the preceding paper, 
the equivalent of this property can be proved in any case by a formal argu­
ment, which, incidentally, does not involve any use of variables. A by-product 
is the proof that (essentially) if the formula (xi, #2, • • • , xm)-f(xi, #2, * * * , xm) 
3 g(Xi, X2, • • ' , Xm) - 3 ' (Xi, • • • , Xm) f(xh ' ' ' , Xm) ' 3 • {X\, • • • , Xm) 
g(xi, • • • , xm) be assumed as axiom for ra = l, then any particular case for 
any value of m can be deduced abstractly. 

126. Professor Orrin Frink, Jr. : The fourth postulates of Riesz 
and Hausdorff. 

The author shows by an example that not every space which satisfies 
the four postulates of Riesz for points of accumulation, and in which every 
derived set is closed, is a Hausdorff space. A paper on the same subject was 
read by R. G. Putnam at the meeting of the Society in New York in March, 
1929 (see this Bulletin, vol. 35, p. 442). 

127. Professor H. M. Gehman: A special type of upper semi-
continuous collection. 

The main result of this paper is that the topology of a plane 5 in which a 
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given bounded continuum K is considered as an element of an upper semi-
continuous collection of continua, the other elements of which are the points 
of S — K, is the same as tha t of a surface consisting of a plane and a contracting 
sequence of spheres, each of which is tangent to the plane at the same point 
of the plane. By means of this result a number of theorems concerning ac­
cessibility may be proved as corollaries of previously known theorems. 

128. Dr. J. H. Roberts (National Research Fellow): A char­
acterization of the anchor ring by internal properties. 

Leo Zippin has shown that a bounded continuous curve in w-space without 
a cut point which satisfies the Janiszewski-Mullikin theorem is topologically 
equivalent to a sphere. In the present paper it is shown tha t the following 
two conditions are necessary and sufficient tha t a closed point set be an anchor 
ring: (1) the set M contains two mutually exclusive simple closed curves, 
Ji and J2 , such tha t M— Ji(i = 1,2) satisfies the Janiszewski-Mullikin theorem, 
and (2) every subset of M which lies on any arc whatsoever lies on an arc 
which is a subset of M, and (3) if J is any simple closed curve of M such that 
M—J is connected, then M—J has the Jordan curve property. 

129. Dr. J. H. Roberts (National Research Fellow) : A note 
on a theorem of Mazurkiewicz and Straszewicz. 

Mazurkiewicz and Straszewicz have proved (Fundamenta Mathematicae, 
vol. 9) that if H and K are two closed sets neither separating 3-space and such 
tha t neither H nor K is interlaceable but HK is, then H+K separates 
3-space. The following stronger theorem, for which their proof suffices, 
seems to be of sufficient importance to deserve mention: If H and K are 
continua such tha t H- K is interlaceable, and every simple closed curve inter­
laced with HK contains at least one point of both H and K, then H-\-K 
separates 3-space. 

130. Dr. N. E. Rut t (National Research Fellow): Prime 
ends and indecomposable continua. 

This paper is devoted to an investigation of relations between the two 
following types of plane bounded continua: (1) those which are the boundary 
of some domain at least one prime end of which contains its entire boundary, 
(2) those which are indecomposable. The chief conclusions of the paper are 
contained in the two following theorems. Theorem I : If the bounded plane 
continuum A, boundary of the plane domain 5, is indecomposable, there exists 
a prime end of 8 containing A. Theorem I I : If the boundary of the plane 
domain ô is a bounded continuum A, and there exists a prime end of ô con­
taining A, then A is either indecomposable or the sum of two indecomposable 
continua. 

131. Professor W. A. Wilson: A property of unbounded con­
tinua, with applications. 

It is shown that , if {Xi\ is a sequence of continua lying in a metric space 
satisfying the Bolzano-Weierstrass condition and either each continuum is 
unbounded or the diameters increase indefinitely with i, then the upper 
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closed limit, if not void, is an unbounded continuum or a closed set each 
component of which is an unbounded continuum. This theorem is used first 
to derive various theorems regarding unbounded irreducible continua, in 
particular a sufficient condition for a continuum containing two points to 
contain a continuum irreducible between these points. With the aid of these 
the author's theorem on regular plane frontiers (this Bulletin, vol. 34, p. 86) 
is extended to unbounded frontier sets. 

132. Professor R. G. Putnam: Note on equivalence of certain 
properties of abstract sets. 

In a paper Sur Véquivalence de trois propriétés (Fundamenta Mathe-
maticae, vol. 2),Sierpinski proves the equivalence, in classes (L), of three prop­
erties and also the equivalence of two others. In this note it is shown that 
these properties are equivalent in certain classes ( V) and theorems concerning 
classes (V) are obtained from this result. 

133. Professor O. D. Kellogg: An unsolved problem in po­
tential theory. 

As is now well known, the Dirichlet problem cannot be solved for every 
region and every continuous boundary function. A generalized function of 
Green may be set up for an arbitrary region by the method of Harnack 
(Grundlagen der Theorie des logarithmischen Potentiates, Leipzig, 1887, pp. 
116-121), and the points of the boundary at which this function approaches 0 
are called regular boundary points. All others are exceptional. The author 
gives a method, which includes as special cases*a number of classical methods, 
for attaching to any region and any continuous boundary values, a function 
which is harmonic and bounded in the region, and which approaches the bound­
ary values at every regular boundary point. The unsolved problem of unique­
ness is this: Does there exist a second such function? This problem has been 
answered in the negative for logarithmic potentials (Comptes Rendus, vol. 
187 (1928), p. 526), but the method used is not available in space of three or 
more dimensions. It is highly desirable that definite results be obtained in 
the latter case, not only as a completion of a theory, but because of the large 
number of theorems which would follow (see, for instance, Vasilesco, in an 
article soon to appear in the Journal des Sciences Mathématiques, also 
Bouligand, Annales de la Société Polonaise de Mathématique, 1926). The 
author sketches a number of methods of approach to the problem, and de-
velopes several related theorems. In addition to the citations above, the 
following references will be found to bear on the subject: Acta Universitatis, 
Szeged, vol. 4 (1928), pp. 1-5; American Journal, vol. 51 (1929), pp. 515-526; 
Kellogg, Foundations of Potential Theory, Berlin, 1929, p. 322 ff., pp. 335-337. 

134. Professor E. P. Lane: Integral surfaces of pairs of partial 
differential equations of the third order. 

In a linear space of n dimensions a point has w-fT projective homogeneous 
coordinates x(1), • • • , # (n+1). If these coordinates x are functions of two 
independent variables u, v, the locus of the point x, as u, v vary, is a surface. 
If the coordinates x satisfy a linear homogeneous partial differential equation 




