
T H E THEORY OF PROBABILITY: SOME COMMENTS 
ON LAPLACE'S T H É O R I E ANALYTIQUE* 

BY E. C. MOLINA 

1. Introduction, Laplace's work on probability has been sur­
rounded by a great deal of misinformation. This situation is due 
to the mistakes of one historian having been passed on by others 
who have not gone to the originals. My purpose is to point out 
some of these errors before they come to be regarded as unques­
tionable from constant reiteration. Such reiteration not only 
does injustice to Laplace but leads to confusion of thought 
in a subject wherein clear thinking is of paramount importance. 

The contributions of the author of the Mécanique Céleste to 
the theory of probability and its applications began with a 
memoir published in 1774. Extending over a period of nearly 
half a century they terminated in the fourth supplement to the 
third edition of the Théorie Analytique des Probabilités) the 
first edition appeared in 1812. 

The comments which I will submit today for your considera­
tion have reference particularly to the mature work of Laplace 
as expounded in the two books which constitute the Théorie 
Analytique, Except where one of the three editions of this 
great classic is explicitly mentioned, the comments apply 
equally to the first and third editions and, presumably, to the 
second edition also. 

In his eulogy of Laplace, Fourier said:f 

"On ne peut pas affirmer qu'il lui eût été donné de créer une science entière­
ment nouvelle, • • • : mais Laplace était né pour tout perfectionner, pour tout 
approfondir, pour reculer toutes les limites, pour résoudre ce que Ton aurait 
pu croire insoluble. Il aurait achevé la science du ciel, si cette science pouvait 
être achevée. 

"On retrouve ce même caractère dans ses recherches sur l'analyse des prob­
abilités, science toute moderne, immense, dont l'objet souvent méconnu a 
donné lieu aux interprétations les plus fausses, mais dont les applications em­
brasseront un jour tout le champ des connaissances humaines." 

* Presented to the Society, February 22, 1930, by invitation of the Program 
Committee. 

f Fourier, Éloge Historique de M. Le Marquis de Laplace, prononcé dans la 
séance publique de l'Académie Royale des Sciences, le 15 Juin 1829. 
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Then, after a few words on the part played by Pascal, Fermât, 
Huygens, Jacques Bernoulli, Stirling, Euler, Lagrange, D'Alem-
bert, and Condorcet in the creation and development of prob­
ability theory, Fourier summarized Laplace's contributions 
and the future of probability theory in these words : 

"Laplace en a réuni et fixé les principes. Alors elle est devenue une science 
nouvelle, soumise à une seule méthode analytique, et d'une étendue prodi­
gieuse. Féconde en applications usuelles, elle éclairera un jour d'une vive 
lumière toutes les branches de la philosophie naturelle." 

This eulogy raises three questions which bear on the theory of 
probability : 

(1) What are the actual contents of the Théorie Analytique? 
(2) How are the results, methods and views therein ex­

pounded related to the present status of probability and sta­
tistical theory? 

(3) How much did Laplace owe to his predecessors? 
An exhaustive treatment of any one of these questions is 

impossible in the short space of an hour. My comments on the 
third will be limited to the work of Bayes; work which must be 
carefully differentiated from that of Laplace when one deals 
with the probability of causes. I will deal with the first question 
at least sufficiently to make my comments on the second 
intelligible. The second question may be reworded as follows: 
to what extent will one conversant with the Théorie Analytique be 
in touch with the present status of probability theory, and how 
sound a foundation will he have found therein for statistical 
applications of the theory? This question will be the keynote of 
the comments which I now proceed to make. 

2. Generating Functions. The central analytical concept 
of the Théorie Analytique, introduced in Book I, Chapter I, 
and appearing explicitly on the last page of the last supplement 
of the third edition, is that of the, f onction génératrice: 
"Soit yx une fonction quelconque de x; si l'on forme la suite infinie 

yo+yit+y2p+y3t*+ • • • +yxtx+yx+itx+1-{ + y « r , 

on peut toujours concevoir une fonction de / qui, développée suivant les 
puissances de t, donne cette suite: cette fonction est ce que je nomme j'onction 
génératrice de yx." 

The development of this concept and its applications in pure 
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mathematics, such as, for example, the interpolation and trans­
formation of series, the solution of finite difference equations 
and the expression of functions in terms of definite integrals 
occupy the whole of Book I. Throughout Book II the concept 
is made use of in the solutions of probability problems. 

Boole* expressed little sympathy toward generating func­
tions and Todhunterf adopted Boole's atti tude. My opinion 
is that these mathematicians made a mistake; the very high 
esteem in which their predecessor LacroixJ held Laplace's 
concept is justified by MacMahon's summary § of the part it 
plays in combinatory analysis. But to appreciate the full 
significance of the generating function it is essential to consider 
two aspects of the matter with which MacMahon is not con­
cerned. These are: 

3. The "Fonction Caractéristique." Using the substitution 
tx = eiœx

1 Laplace transforms|| the generating function into 
a second form to which he does not assign a new name. If 
Laplace had not restricted the exponent x to integral values, 
the second form of his generating function would be identical 
with the function introduced by Levy If as follows: 

"Nous appellerons j'onction caractéristique, et désignerons par 4>{f), la valeur 
probable de 

pitx 

c'est-à-dire 

Here i — V — 1. Obviously Levy's footnote : 

"La notion de fonction caractéristique semble avoir été introduite par 
Cauchy dans plusieurs notes présentées à l'Académie des Sciences en 1853; 
le mot de fonction caractéristique a été introduit par Poincaré, qui appelait 
d'ailleurs ainsi la valeur probable de etx, et non celle de eitx. On verra aisément 

* Boole, A Treatise on the Calculus of Finite Differences, 3d edition, p. 15. 
t Todhunter, A History of the Mathematical Theory of Probability, §951. 
% Lacroix, Traité du Calcul Différentiel et du Calcul Intégral, 2d edition, 

Paris, 1819, vol. 3, Chapter IV. 
§ MacMahon, Combinatory Analysis, 1915, vol. I, Introduction, p. vi. 
|| Laplace, Théorie Analytique, pp. 83 and 84. The page references given 

below for the Théorie Analytique are in accord with the page numbers of the 
third edition as published by the Académie des Sciences in 1886. 

H Levy, Calcul des Probabilités, p. 161. 



372 E. C. MOLINA [June, 

l'avantage qu'il y a à modifier comme nous l'avons fait la définition de 
Poincaré." 

calls for the substitution ( T , ) ( , ) , where rf < 1812. 
\Laplace/ \ d / ~~ 

For evidence that this historical statement has been accepted 
and for a vivid illustration of how the contents of the Théorie 
Analytique have been forgotten let us turn to Darmois' charm­
ing and significant little volume Statistique Mathématique. On 
page 45 we find: 

"Cette fonction a été introduite dans la théorie des prob­
abilités, par Cauchy en 1853, puis par Poincaré (voir P. Lévy, 
Calcul des Probabilités, p. 161, note)." 

On page 75 of Darmois, in his chapter on Repeated Trials 
and the Law of Large Numbers, we find 

" • • • fonction caractéristique: 

(55) \(t) = (qi + pie%q, + p**) • • • (? . + p.e')." 

Now, noting that Levy would use it instead of / on the right-
hand side of this equation, let us compare (55) with the follow­
ing abstract from Chapter IX, Book II, of the Théorie Ana­
lytique : 

"Cela posé, considérons le produit 

(1 - q + qc^^il - q<» + q^c™"^) 
. . . (1 - g(«-D + gC-D^ -"1»^!).» 

Giving each of the quantities v, va), • • • , vis~x) the particular 
value 1 we obtain Darmois' expression (55) and, hence, Pois-
son's generalization of the Bernoulli theorem; in other words, 
the law of large numbers. 

4. Fourier Reciprocal Integrals. Laplace's treatment of gen­
erating functions embodies explicitly the pair of equations (the 
notation is mine)* 

00 

U(œ) = ^y(x)eib)X, 

1 f + * 
y(x) = — I U(œ)e-iwxdo), 

2wJ-r 
* Laplace, Théorie Analytique, pp. 83 and 84. 
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where x takes the discrete values 

0 ,1 ,2 ,3 , • • -, oo. 

It is of interest to note how closely his subsequent treatment 
of these equations in the famous fourth chapter of Book II came 
to the development of the Fourier reciprocal equations 

y(x)eiaxdx, 
- o o 

1 r °° 
y(x) = — I U(<a)eriuxd<a. 

Todhunter says,* in this connection, 

"We shall begin our account of Laplace's fourth chapter by giving Poisson's 
solution of a very general problem, as we shall then be able to render our 
analysis of Laplace's processes more intelligible. But at the same time it must 
be remembered tha t the merit is due almost entirely to Laplace; although his 
processes are obscure and repulsive, yet they contain all tha t is essential in the 
theory: Poisson follows,closely in the steps of his illustrious guide, but renders 
the path easier and safer for future travelers." 

How many times the "obscure and repulsive" processes of 
Laplace have intrigued me into reading Chapter IV, Book II, 
shall be kept a secret; I admit depraved tastes but do not seek 
notoriety. Therefore, following the example of the great his­
torian, abstracts from a paper published by Poisson f will be 
submitted for your consideration instead of the equivalent 
analysis of Laplace. Under the heading 

4'Sur la Probabilité des résultats moyens des Observations" 

we find 

"La question que je me propose de traiter dans ce Mémoire a déjà été 
l'objet des t ravaux de plusieurs géomètres, et particulièrement de M. Laplace, 
dont les recherches sur cette matière intéressante sont réunies dans la Théorie 
analytique des Probabilités (liv. II, chap. IV), et dans les trois suppléments à ce 
grand ouvrage. La généralité de l'analyse de M. Laplace, la variété et l'impor­
tance des objets auxquels il en a fait l'application, ne laissent sans doute rien à 
désirer; mais il m'a semblé que quelques points de cette théorie pouvaient en­
core être développés; et j ' a i pensé que les remarques que j ' a i eu l'occasion de 

* Todhunter, op. cit., §1001. 
f Poisson, Connaisance des Temps de Vannée 1827. 
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faire en l 'étudiant, seraient propres à en éclaircir les difficultés, et pourraient 
aussi n'être pas sans utilité dans la pratique. " 

l r ° ° / r a v da 
"p = —J M fxe*a^-ldx\ e -^v- i s i n Ca __ . (i)» 

"En faisant 5 = 1 dans l'équation (1), on aura la probabilité que l'erreur 
d'une seule observation est comprise entre b — c et b+c, laquelle sera 

p = — f (T fxexav-ldxje 
- . da 1 sin ca — • 

Then, in this case, "d'une seule observation" Poisson shows, 
by interchanging the order of integrations, that 

ƒ» b+c 

fxdx." 
b-c 

It is now only a short step to Fourier. Poisson's two ex­
pressions for p give 

da 
f(x)dx = - j I I f(x)e*«v-ida)< 

b—c 7T •/ _oo \ t / _ a / 

-baV-l g i n c a _ 

a 

therefore, if we take c = db/2, we obtain at once, since we have 
sin (ca)—>(ca) as c—>0, 

ƒ(£) = — f ( f f(x)e*«v:^dx\e-b<*v::rda 

and, if the limits of error are ± oo instead of ±a, 

f(b) = — I M f(x)e*«v-i dx J e~haV~l da ; 

the well known Fourier relationship. 
It is of interest to note that the analyses of Laplace and Pois­

son contain the exact equivalent of the discontinuity factor 

2 r °° dt 
sgn (v) = — I sin (vt)— • 

7T J 0 t 

They therefore anticipated Dirichlet's* use of this operator by 

* Dirichlet, Sur une nouvelle méthode pour la détermination des intégrales 
multiples, Journal de Mathématiques Pures et Appliquées, vol. 4 (1839), pp. 
164-168. 
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at least 27 years and 12 years, respectively. E. L. Dodd* has 
recently emphasized the utility of the function sgn (v) in proba­
bility theory. 

5. Evaluation of Definite Integrals. In the theory of proba­
bility and its applications we are often confronted with definite 
integrals whose integrands involve factors raised to high powers. 

This situation arises particularly when one is solving a 
problem of causes. Frequently but little information is at hand 
concerning the a priori existence probabilities involved and, 
therefore, large numbers of observations must be taken into 
account if reliable conclusions are to be drawn. 

A method of approximation, which is peculiarly efficacious 
when applied to integrands of the type under consideration, is 
given by Laplace in the first chapter of the second part of Book 
I, under the heading "De l'intégration par approximation des 
différentielles qui renferment des facteurs élevés à des grandes 
puissances." No one familiar with this method can fail to agree 
with the opinion of it expressed by Todhunter: f 

"The method of approximation to the values of definite integrals, which is 
here expounded, must be esteemed a great contribution to mathematics in 
general and to our special department in particular." 

It is pertinent to mention here a point which will be em­
phasized later in connection with the probability of causes. 
That is, if one desires to be conversant with the evolution of 
Laplace's thoughts on probability he must, of course, read the 
memoir of 1774. But one who wishes to be conversant with 
the mature and final work of Laplace must read the later mem­
oirs and the Théorie Analytique. The point may be illustrated 
by the following comments quoted from Todhunter. Speaking 
of the 1774 memoir he says "Laplace by a rude process of ap­
proximation • • • ," while with reference to the same question 
in the Théorie Analytique, Todhunter says " • • • • : the present 
demonstration is much superior to the former.v% 

Book I, Second Part, contains in addition to the chapter 
entitled "De l'intégration par approximation des différentielles 

* Dodd, The frequency law of a function of variables with given frequency 
laws, Annals of Mathematics, Sept. 1925. 

t Todhunter, op. cit., §905, p. 484. 
% Todhunter, op. cit., §§871 and 894, pp. 467 and 478. 


