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ON UNIFORM SUMMABILITY OF SEQUENCES 
OF CONTINUOUS FUNCTIONS* 

BY R. P. AGNEW 

In a paper by D. C. Gillespie and W. A. Hurwitz,f it was 
shown that any bounded real sequence {sn(#)} of continuous 
functions, defined over a closed compact set A in a metric 
space, which converges over A to a continuous function s(x), 
is uniformly summable to s(x) by a regular transformation. 
The transformations used were transformations with square 
matrices which were constructed in terms of the elements of 
the |sn(x)} sequences considered; hence different transforma
tions were used to effect the uniform summability of different 
sequences. In §8 the question was raised as to whether some 
restricted class of regular transformations of a familiar type 
might serve for the uniform summability of all sequences of 
the class considered; the question was partially answered by 
exhibiting a single sequence for which the Cesàro, Euler-Abel, 
and Borel transformations will not suffice. It is the object of 
this note to show that also no one regular transformation what
ever of the general form considered below will suffice. 

Nearly every transformation that has been considered in 
the theory of summability J is a special case of the following one. 
Let T and A be sets in metric spaces, let T have a limit point 
to not belonging to T, and let the functions ajc(t), k = 1, 2, 3, • • • 
be defined over T. Then if a sequence {sn(x)}, defined over A, 
is such that 

CO 

(G) <r(t, x) = J2ak(t)sk(x) 
k=i 

converges for all t in T and x in A and if 

* Presented to the Society, April 18, 1930. 
t Transactions of the American Mathematical Society, vol. 32 (1930), 

pp. 527-543. 
% For a bibliography of the subject, see L. L. Smail, History and Synopsis 

of the Theory of Summable Infinite Processes, University of Oregon Press, 
1925. 
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(1) lim a(t, x) = (r(x), 
M0(T) 

the sequence {sn(*0} is said to be summable (G) to cr(x); if 
the limit is approached uniformly with respect to x in (1), 
then {$»(#)} is said to be uniformly summable (G) to a(x). 

The answer to the question we are considering is contained 
in the following theorem. 

THEOREM 1. In order that (T) may be such that 

(2) lim <r(t, x) = 0, uniformly with respect to x 

for every sequence {sn(x)} of continuous functions, defined over 
an infinite set A, such that sn(x) is bounded over A for all n and 
limn^o0sn(x) = 0 over A, it is necessary and sufficient that* 

00 

(3) lim E I ^ ( 0 1 = 0 . 

To establish necessity, let (G) be a given transformation 
which implies (2) for every admissible sequence {sn(x)}. Con
sidering, for each positive integer k, the sequence s n (x)=0, 
ny^k, and Sk(x) = 1, we see that (G) must satisfy the condition 

(4) for each k, lim au{t) = 0. 
l-»t0(T) 

We shall show that (3) is a necessary condition by supposing 
that (G) satisfies (4) but not (3) and defining an admissible 
sequence {sn(x)} for which (2) fails. Since (3) is denied there 
is a number # > 0 such that 

00 

lim sup X) I ak(t) | > 0; 

hence there is a sequence {tn} of points of T with the limit /0 

such that 
00 

(5) lim sup E i 0fc(O | > 0. 

Using (5), choose an index n% such that 

* A transformation (G) which satisfies (3) is not regular; it is a null trans
formation. 
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00 

Z I <*k(tni) I > e 
/ c = l 

and choose Ni>n\ such that 

Ni 

Using (4) and (5), choose ft2>Ni such that 

Ni oo 

X I #*(*«) I < 0/2 for a ^ n2 and X I ̂ /c(^2) | > 0, 
fc=i fc=i 

and choose iV2 > w2 such that 

Z l **('»2)l > 0-

Proceeding in this manner, choose n\<N\<n<i<N2<nz< • • • 
such that for p = 2, 3, 4, • • • 

X I ak(Q I < 0/2 for a ^ tip and X I 0*(*np) \ > 0. 

Then, defining iV0 = 0, we have 

(6) E l **('»,) I > — ' # = 1,2,3, • - . . 
/b^iVp-i+i 2 

Let {xp} be a sequence of distinct points of A such that no 
point of I a limit point of {xp}. Then corresponding to 
each point xp of {xp} there is a positive number rp such that 
r(xp, xq) >2rp* for q^p; let the set of points x oî A for which 
r(xp,x) <rp be denoted by ^4P. Then ^4i, A2) A3, • • • are 
mutually exclusive subsets of A. Define the sequence {sp(x)} 
over A as follows: For k such that Np-i<k^Np and for 
£ = 1 ,2 ,3 , • • • 

, v ( [l — K*P> aOAp]sgnafc(*np) over 4 P , 

1 0 over A — Av. 

* r(ai, «2) is used to denote the distance between two points #1 and a2 

of A. 
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It is readily seen that sn(x) is continuous over A for each n, 
sn(x) is bounded over A for all n and lim sn(x)=0 over A; 
hence {sn(x)} is an admissible sequence. But for each index p 

_ (sgnak(tnp) for Np^i < k ^Np, 
S " ( O for k ^ JVp-i and & >NP , 

and hence for each index ^ 

Np Np 

<r(tnpy xp) = Y, ak(tnp) sgn a/c(Xp) = J^ I 0*(*nP) I • 
ft=iVp_i+l lc^Np-i+1 

Using (6) and the preceding relation we obtain 

lim sup a(tnp, xp) ^ 6/2; 
p—*00 

thus (2) is denied and the necessity of (3) is established. 
The sufficiency of (3) is readily established by proving the 

following theorem. 

THEOREM 2. In order that (G) may be such that (2) is implied 
for every bounded sequence of functions, (3) is sufficient. 

Let (G) satisfy (3) and let M be a constant such that \sn(x) \ 
<M over A for all n. Then 

00 00 

I <r(t, x) | £ £ | ah(t) | | Sfc(x) | ^ M £ I ak{t) | 
& = 1 / c = l 

and (2) follows. 
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