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STATISTICS OF A SET OF CLOSED INTERVALS 

BY F. H. MURRAY 

1. Introduction. In several types of engineering problems it 
is necessary to consider a group of infinite sequences of time 
intervals 

(k) (k) 
hi+i ^ t S hi+2, (k = 1, 2, • • -, m), 

concerning which little is known except the average number of 
intervals per unit time, and the frequency distribution of the 
lengths, for each sequence. Examples are telephone calls being 
handled in an exchange, and many problems associated with the 
blowing of fuses.* I t is proposed here to develop certain general 
formulas for a single sequence, and applications to a group of 
sequences *in which the intervals of two distinct sequences are 
mutually independent. 

2. Non-Overlapping Intervals. Consider any set of non-over
lapping intervals 

t' Û t^ t", 

and let 2TUT{1) be the number of intervals of the set each of 
length 7 greater than or equal to /, whose end points are interior 
to the interval —T<t<T. If from each of these intervals an 
interval of length / is subtracted on the right, (t" = t"'—•/), the 
sum of the lengths of the parts remaining is a function of /, 
2TPT(?): 

(1) MO = - ^ E Ute l) - l] = - f % - l)dnT(s). 
21 -T<t',t"<T J l 

The functions w r (0 , PT(1) are non-increasing; and since 

2TlnT{l) ^ X) Çl^l) Û2T, 
-T<t' ,t"<T 

it results that nr(l) Û1//. 
Consider any sequence Ti<T2< • • • <Tn< • • • , Tn—>oo. 

Since nrk(l) is bounded for each Z>0, if / has a rational value a 
sub-sequence (Tk') exists such that 

* See T. C. Fry, Probability and its Engineering Uses, Chapter 10. 
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lim nTk>(l) = n(l). 
T V - c o 

Then on the set of positive rational numbers not including 
zero the Cantor diagonal method defines a sequence (Tk>>) and 
a function n(l), I rational, for which 

lim nTk,,{l) = n'(l). 
TV'-»» 

Since UT(1) is non-increasing, the sequence (7V0 also defines a 
limit function at the points of continuity of n(l).* The points 
of discontinuity of n(l) form a denumerable set; for since 
nT(l) S1/Z, the points of discontinuity for which l^2~m form a 
denumerable set ; and the set of discontinuities in each interval 
2~m~1^l<2~m is a denumerable set. The Cantor diagonal 
method can therefore be employed to define a subsequence 
tiTkO) which converges at the points of discontinuity also; and 

lim nTh„,(l) = nil), Z ' > 0 , 

ln{l) S 1. 

Since nT{l) is non-increasing and bounded for Z^Zi>0, the 
theorem of Helly can be applied to (1), if UT{1) = 0 ,1>L: 

(2) lim pTk„XD = PQ) = - f (* - l)dn(s). 
7V>/-*oo J l 

Integrating by parts, we find 

(3) p(l) = ƒ n(s)ds, 

whence we see that p(l) is continuous. 
If no constant L exists for which UT(1) =0 , Z>L, an integra

tion by parts of (1) gives 

nTk,„(s)ds; 

a n d i f / < / ' , 
v Cl' 

-àipTk,„ = pTk,,,{l) - pTk,„(l') = J nrknXs)ds. 

* For a complete discussion of a similar question, see A. Wintner, Spektral 
Theorie der Unendliche Matrizen, pp. 80-83; Leipzig, 1929. 
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The theorem of Lebesgue on the passage to the limit under the 
integral sign gives 

v Cv 

(4) - Aip = I n(s)ds. 

Since for every T, 

0 ^ pT{l) - PT(1') ^ 1, 

we have also 0 ^ — Aj p S1, and as this is a non-decreasing func
tion of V the integral 

(5) I n(s)ds ƒ 00 

converges. This may be taken as the definition of p(l). A suf
ficient condition for convergence to the limit is the assumption 
that for any e > 0 , an L exists such that 

(a) pT{l) <€, l> L. 

A related function is ƒ(/), defined by 

(6) frQ) = ~ E F(è 0 = - f°sdnT(s); 
11 -T<t',t"<T J I 

from (1), 
PT(I) = Ml) - M O . 

Hence if pTk"' and nTk>" approach limits, / j y approaches a 
limit func t ion /©, and 

(7) p(l)=f(l)-ln(l). 

If ƒ>(/) is defined as above when hypothesis (a) is not satisfied, 
ƒ(/) may also be defined by this equation. In either case, n(l+0) 
and n(l — 0) exist, and from (3) 

d+p(l) d~p{l) 
n{l + 0) = — , n(l - 0) = — , ? > 0. 

dl dl 

Since £(/) ^ 1 , the integral (5) converges if the lower limit is 
zero; ƒ(/) is also bounded and non-increasing; hence ƒ(0) exists. 
If n(0) exists, p(0) =/(0) ; in any case 

p(0) = ƒ(()) - lim ln(l). 
i-*o 
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3. Several Sets of Intervals. In what follows it will be assumed 
that the set of intervals is such that the functions ƒ (/), n(l)1 p(l) 
are uniquely defined as T becomes infinite, while n(0)=n is 
finite. In this case n may be interpreted as the average or expec
ted number of intervals per unit time; the function g(l) =n(l)/n 
is the cumulative frequency function for the lengths of the in
tervals. The function ƒ (/) is the probability that a point selected 
at random falls on an interval of length at least Z, and p{l) is the 
probability that a random point /°, with all points of the in
terval (/°, t°+l), lies on some interval of the sequence. The num
ber n and the function g(l) determine the remaining functions, 
and in many cases are the quantities most easily measured. 

Suppose two sets present, having end-points (a', j8')> (a" , ]8") 
respectively, and assume that the intervals of each set are in
dependent of the other. The set of intervals common to both 
sets may be divided into two types; in the first, the initial point 
a' of the first set lies on an interval {a", $"), and in the second 
a" lies on an interval (a'f /3'). The average number of intervals 
of length at least A, of type (1), is equal to n'(A)p"(A), or the 
number nf(A) of intervals (a', /3') times the probability that a' 
lies on an interval (a" , /?") together with the interval (a\ a ' + A ) . 
The number of intervals of type (2) is n"(A) p'(A)\ hence 

N i2(A) = n'{A)p"{A) + »"(A)*'(A) 

is the expected number per unit time. Also, from the general 
formulas, 

J» 00 

Nit(s)ds 
A 

[p"(s)dp'(s) + p'(s)dp"(s)} 

= -[#'(*)#"(*)]" -#'(A)*"(A), 

if the variation of each of the functions (p', p") over the set of 
discontinuities of the other is zero.* 

* See Hobson, Functions of a Real Variable, vol. 1, p. 542, 1927. In many 
applications this condition can be satisfied by redefining, if necessary, the func
tions p', p" in such a way that the original functions are obtained by a passage 
to the limit. 

- ƒ . 
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If there are m sets of intervals, the function Pi2...w(A) is 
proved by induction to be equal to p'(A)p"(A) • • -£ (m)(A). The 
number of such intervals per unit time, of length ^A, is found 
by differentiation, and the function Fit...m(A) is also deter
mined by the general formulas. The function Ni2...m(A) can 
have discontinuities at the values A =Z; which are discontinuities 
for any of the original sequences, and only at these points, since 

d 
— P i 2 . . . i » ( A ) 
dA 

is uniquely determined everywhere else. 

4. Intervals of Constant Length. If the intervals are of con
stant length h, 

n(l) = »(0) = n, I ^ h, 

= 0, l> h, 

p(l) = n(h - 0 , l£ h. 

If m sequences are present, with the same n and A, 

Pm(f) = p(l)m = nm(h - 0W , lu h, 

Nm(f) = mnm(h — 0W _ 1-

The function 

iVm(0) \ A./ 

represents the cumulative frequency distribution for the com
mon lengths, of which the average length is found to be h/m. 

If the function 
n{l) 

g(D = — 
n 

varies exponentially, we have 

n{l) = neTlfh, 

/

CO 

n(s)ds = nhe~llh; 

and if w similar sequences are present, we have 
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Pm{l) = (nh)me~mllh, 

m 

h 

Nm(0) 

For a single sequence, the average holding time is 

J* 00 

We-"" = 
o 

The average length of an interval common to m sequences is 

h 

-f 
J0 

ldGm = 
m 

In all cases, the average length of an interval common to m 
sets is 

I 

This becomes 

CidGm{i) = --—^-- f°W»(0 
Jo Nm(Q) Jo 

Fm(0) 

Nm(0) 

1 
7* ' 
I'm 

Pm(0) 

iV(0 ) 

d 

111 
(Plp2 ' * * Pm) 

Plp2 ' ' ' pm 

k=l Pk(0) fc=l h 

In many applications the constant pk(fi)=pk can be inter
preted as a load due to an individual source; the equation 
/ = — p(0)/p'(0) becomes }=p/n, and in the form p — nl is self-
evident. 
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