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ABSTRACTS OF PAPERS

SUBMITTED FOR PRESENTATION TO THE SOCIETY

The following papers have been submitted to the Secretary
and the Associate Secretaries of the Society for presentation at
meetings of the Society. They are numbered serially throughout
this volume. Cross-references to them in the reports of the
meetings will give the number of this volume, the number of
this issue, and the serial number of the abstract.

254. Professor A. A. Albert: On cyclic fields.

The author has recently given a construction of all cyclic fields of degree
p¢ over F of characteristic p. The theory of the structure of cyclic fields will now
be made complete by his new results on the case where F has characteristic
not p. The author proves that if F contains a primitive pth root of unity ¢,
then a necessary and sufficient condition that ¥ of degree p¢1>1 shall have
cyclic over-fields Z of degree #¢ is that Ny |r(8) =¢ for some Bin ¥, and gives a
construction of all such fields Z. The case where ¢ is not F is then treated.
(Received July 19, 1934.)

255. Professor A. A. Albert: A greatest common divisor process
for integers of a quadratic field.

The author considers quadratic fields F=R(m!/2) with m an integer having
no square factors. If m=2, 3 (mod 4), then any two integers of F have the
form A =x(a+bm'?), B=0(c+dm!?) where we may take (, ¢) =(a, b) =(c, d)
=1 without loss of generality. Define u to be the g.c.d. of w(a?—b?m), o (2 —d?m),
wo(ad —bc), and write u=PQ where P is the product of all the prime factors of
u dividing 7. Then there exists an integer p such that bp=a (mod Q), dpo=¢
(mod P), and p?=Au+m. It is then proved that 4 and B have a g.c.d. in F
if and only if the quadratic form N\x?+2pxy-+uy? represents 1 or —1. A similar
result is obtained for the case where m=1 (mod 4). (Received July 19, 1934.)

256. Professor A. A. Albert: The principal matrices of a Rie-
mann matrix.

A Riemann matrix w is a p by 2p complex matrix with an attached rational
skew symmetric matrix C such that wCw’=0, 1wC&’ is positive definite. The
matrix C is called a principal matrix of w and it is important to know what are
all principal matrices of w in terms of a given C. In the present note I prove that
the set of all principal matrices of w is the set of all matrices 4 C where 4 ranges
over all symmetric projectivities of w with positive characteristic roots. More
explicit formulas for 4 are given for the case where w is a pure Riemann matrix
of the first kind. (Received July 19, 1934.)
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257. Dr. R. E. Basye: Multiply connected sets.

In a previous abstract (see this Bulletin, vol. 39, p. 862) the writer defined
“simply connected set.” In the present paper the natural extension of this de-
finition to multiply connected sets of finite order is made. A necessary and
sufficient condition that a connected subdomain of the plane be multiply con-
nected of order » is that its complement have exactly »—1 bounded compo-
nents. Among the applications is the following: In a plane .S let N be a non-
vacuous closed set, G any collection of closed sets, and H a countable subcol-
lection (possibly vacuous) of G such that (1) the common part of each pair of
elements of G is N, (2) every component of every element of G—H intersects N,
and (3) G* is closed. If G* separates a point 4 from a point B in S then G con-
tains a countable subcollection K such that K* intersects every compact
continuum which contains 4 +B. (Received July 23, 1934.)

258. Dr. L. M. Blumenthal (National Research Fellow):
An application of a theorem of K. Gidel.

Gadel has shown (Ergebnisse eines mathematischen Kolloquiums, Vienna,
vol. 4 (1933), p. 16) that any quadruple of points in the euclidean space R; may
be isometrically imbedded in the surface of a sphere. This theorem is applied
to show that every quadruple of points of the three-dimensional spherical sur-
face Ss,, of radius 7 has this property also; that is, any four points of the
S3,» may be imbedded isometrically in the surface Si,; of some sphere of
radius #’. (Received July 24, 1934.)

259. Dr. L. M. Blumenthal (National Research Fellow): 4
decomposition of the spherical surface S, by means of tetrahedral
quadruples.

The points of the surface of a three-dimensional sphere of radius 7, with the
distance between two points defined as the geodesic (great circle) distance,
form the spherical surface S .. Four points of a semi-metric space form a
tetrahedral quadruple provided the points are isometric with the vertices of a
tetrahedron in the euclidean space R;. The following theorem is proved: Cor-
responding to each triple of points p, g, 7 of Ss,, there is a decomposition of
Ss,» into three sets of points: the set (x) for which p, g, 7, x form a non-degener-
ate tetrahedral set; the set; (y) for which p, ¢, 7, ¥ form a degenerate
tetrahedral quadruple; and the set (2) for which the points p, g, 7, 2 are not
congruent to four points of any euclidean space. If the points p, ¢, 7 lie on a
great semi-circle, the set () is, of course, vacuous, while the set (x) consists
merely of the points of the great circle containing p, ¢, # minus the arc p’r’,
where p’ and 7’ are the points diametral to p and 7, respectively. (We suppose
that ¢ lies between p and r.) If p, ¢, r do not lie on a great semi-circle, the set
(x) consists of a curve with two branches, bounding the sets (y) and (z). The
nature of this curve is studied. (Received July 13, 1934.)

260. Professor H. R. Brahana: Concerning the order of a linear

transformation with coefficients in a GF(p).

Let the transformation be defined by the m-rowed square matrix X whose
mth invariant factor is I,,. Then the period of the transformation is the same
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as the exponent to which I, belongs, mod p. There is also obtained an expres-
sion for the order in terms of the zeros of I,.. (Received July 30, 1934.)

261. Professor H. R. Brahana: Metabelian groups and pencils
of bilinear forms.

We consider the metabelian groups G= {H, U} of order p+™ with centrals
of order p** in which H is a maximal invariant abelian subgroup of order p»
and type 1, 1, - - - and Uis abelian and of type 1, 1, - - - . If the order of the
commutator subgroup of G is p! the problem of classification of the groups G
is equivalent to the problem of classification of k-parameter (homogeneous)
families of bilinear forms in / variables y and m variables x under projective
transformations on the «’s, the y’s, and the k& parameters, the coefficients of the
forms and of the transformations being residues mod p. The classification is
carried out in detail for k=2, m=4, in which case /=2, 3, - - -, 8. (Received
July 12, 1934.)

262. Professor H. B. Curry: Foundations of the theory of ab-
stract sets from the standpoint of combinatory logic.

This is a formulation of Zermelo’s theory of abstract sets (Mathematische
Annalen, 1908) based on the author’s Functionality in combinatory logic (see
abstract 36-9-324). The object is to remove the vagueness inherent in Zermelo's
notion of “definiteness.” Fraenkel has done this by introducing an ad hoc
definition of function; the author’s general notion of function will accomplish
the same end. The more formal axioms—Paarung, Vereinigung, Potenzmenge,
Aussonderung, and Ersetzung (as added by Fraenkel)—here take forms of
which the following are typical: Axiom der Vereinigung: + FMMS; Axiom der
Aussonderung: | Fo( FMPr)MMT, where M stands for “Menge,” Pr for
“proposition,” and .S and T for operators to be defined. For primitive ideas we
may take M and ¢; but the development is simpler if we take M and an abstrac-
tion operator A4, such that A¢ represents “the x’s such that ¢x holds.” Then
¢, and the above S, T, etc., may be defined; the definition of T is T'= [#, x]
-A([y](¢y & yex)) (that is, T is the operator such that, for each ¢ and =,
T¢x is the set of y’s for which yex holds and ¢y is true). Four additional
axioms are necessary to express fundamentals. The Axiom der Auswahl and
Axiom des Unendlichen are not affected. The resulting theory is more in-
clusive than Fraenkel’s, less so than Zermelo's. (Received August 1, 1934.)

263. Mr. John Curtiss: Interpolation in regularly distributed
points.

Walsh has proved the following theorem (this Bulletin, vol. 38 (1932), p.
290): Let f(z) be an arbitrary function integrable (R) for |z| =1, and let poly-
nomials L,(2) of respective degrees n—1, (=2, 3, - - - ), be defined by the re-
quirement of coinciding with f(z) in the nth roots of unity; then the sequence
L.(2) approaches the limit [f},|1(f()/(t—2))dt]/(275) uniformly for Iz]
=7r<1. The present paper extends this theorem to the study of interpolation
to an arbitrary function defined and integrable (R) on a Jordan curve which is
subject to certain broad restrictions. The extension makes use of a particular
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generalization of the nth roots of unity discovered by Fejér, which he termed
a “regularly distributed” point set. The degree of convergence of the inter-
polating sequence is also investigated, both on and within the curve under con-
sideration. The paper closes with certain extensions of the main theorems to the
consideration of simultaneous interpolation to more than one function defined
on one or more curves. (Received July 25, 1934.)

264. Mr. E. R. Elliot: 4 mixed boundary-value problem for the
heat equation.

We consider a domain D bounded by two characteristics with ordinates %
and e, and two arcs x=X;(y), X;” continuous. Segments of the curves y="h-34,
x=X;(y)+X\; are referred to as 8- and A\;-displacements. We exhibit the unique
function of the form L(x, y) = [U(x, y; £ h)dp() —23_ [U(x, y; Xi(n), n)dFi(n),
Ux, y; & b)=[4x(y—h)] exp[—(x—£?*/(4(y—h) )], y>h, =0, y<h, where
the integration in the first integral is from X1(%) to Xs(k) and in the second
integral from % to y, which satisfies the equation 9%%/9x?—du/0x=0 within D,
and satisfies the following boundary conditions: the line integral of L(x, y)
along a d§-displacement, as §—0, approaches B(xs:) —B(xi), and the line
integral of dL(x, y)/dx along a \;-displacement, as \;—0, approaches G;(ys)
—Gi(y1), where B(x), Gi(y) are preassigned functions of limited variation,
B(x) being continuous at the end points with regular discontinuities elsewhere,
Gi(y) continuous at % and continuous from the left elsewhere. The methods
employed are also shown to apply to a problem previously discussed by F. A.
Dressel (American Journal of Mathematics, vol. 55 (1933), p. 649) and a sim-
pler solution is thereby obtained. (Received July 21, 1934.)

2635. Professor O. J. Farrell: On approximation by polynomials
to a function analytic in a simply connected region.

In a previous paper (this Bulletin, abstract 40-3-152) the writer failed to
mention a certain hypothesis to be put upon the region R laid down in the
results (1) and (2) of that paper. The description of R should be amended to
read as follows: “a finite simply connected region R whose boundary B is such
that all the points of the extended plane not on R+ B form a single region whose
boundary is precisely B.” The present paper extends both results (1) and (2)
of the earlier paper to an arbitrary limited simply connected region G whose
boundary is also the boundary of an infinite region. Neither result can be
extended to a region whose boundary is wholly arbitrary. In fact the region G
laid down in the present paper is the most general region such that (1) holds for
an arbitrary function f(2) analytic and bounded therein. Examples of regions
and functions for which (2) does not hold are also given. (Received July 16,
1934.)

266. Professor O. J. Farrell: On the expansion of harmonic
Sfunctions in series of harmonic polynomials belonging to a stmply
connected region.

Earlier results (this Bulletin, abstract 36-3-71) on the expansion in har-
monic polynomials of a function harmonic in an arbitrary finite Jordan region
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are extended to an arbitrary limited simply connected region whose boundary
consists wholly of simple boundary points and is also the boundary of an
infinite region. This extension is accomplished through application of certain
results by the writer on conformal mapping (American Journal of Mathematics
vol. 54 (1932), pp. 571-578). (Received July 16, 1934.)

267. Professor L. R. Ford: On properties of regions which

persist in the subregions bounded by level curves of the Green's
function.

Let the circle [ zl <1 be mapped conformally on a region S in the w-plane,
the origin going into the origin; and let S, be the map of ]zl <r<1. Let

6(wy, * -+, wy) be analytic when wy, « « - , w, range over S and (0, - - -, 0) =0.
The following theorem is proved by an application of Schwarz’s lemma: If S
has the property that when wy, + -+, Wa are tn S so also is wo=0(wy, * + -, W),

then S, likewise has this property. Special cases are the known theorems that if
S is convex so also is .S [here 0=tw,+(1 —t)wg]; also if S is star-shaped from
the origin so also is .S,. (Received July 30, 1934.)

268. Professor Philip Franklin: On Minkowski's definition of
length and area.

For convex surfaces in three-space, Minkowski gave a definition of area
based on volume. We here show that his method applies to any sufficiently
regular surface. It thus gives a simple definition of surface area. (Received July
25, 1934.)

269. Professor Philip Franklin: 4 six-color problem.

For surfaces topologically distinct from the sphere, an argument of Hea-
wood gives a number of colors sufficient for any map. This number is also an
upper limit to the number of regions mutually in contact, so that whenever an
example of this is at hand, the map coloring problem is solved. Such examples
are known for several two-sided surfaces. In this note we show that for the one-
sided surface of characteristic zero, while the Heawood number is seven, the
maximum number of neighboring regions is in fact six, so that the map coloring
problem for this surface is unsolved. (Received July 25, 1934.)

270. Mr. Bernard Friedman: Sufficient conditions for the solv-
ability of some Pellian equations.

In the present paper there is discussed the equation x2—py2=B, where p
is a prime. Lagrange’s method for solving the equation is supplemented by in-
troducing a further condition on p. This condition on p when combined with
the necessary conditions on B and p will be sufficient for the solvability of the
above equation. The condition which p will be assumed to satisfy is as follows.
For every odd prime ¢ <p'? of which p is a quadratic residue, integers (x, ¥)
exist satisfying x?—py?=(—1)@D/2g, Then it is proved that if B=2¢N where
N is an odd positive or negative integer and e=0 or =3 if p=8n+1, e=0or 1
if p=8n-+3,8n+7,e=0or 2 if p=8n-+35, and if B and p are quadratic residues
of each other, there exists a solution in integers of x?—py?=B. For example, the
equation x2—67y2=DB has integral solutions if and only if B and 67 are quad-
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ratic residues of each other and if B does not contain the factor four. (Received
July 25, 1934.)

271. Professor J. J. Gergen: Note on linear operations in func-
tions of bounded variation.

The object here is to obtain a characterization of linear operators on func-
tions of bounded variation. Let V be the set of functions x(¢) which vanish for
t=0 and are of bounded variation for 0 <¢=<1. Let the operator L(x) be de-
fined over the space V and be linear there, where the norm ”x” is defined as
S },I dxl . We prove first that there corresponds to each x a function K,(¢) such
that (a) K.(t) is x-measurable and satisfies |K,(t)| =< norm of L for0=t<1,
(b) L(x) = [1K .(t)dx, (c) for any two functions x, ¥, of V, K.(t) =K ,(t) except
possibly on a set E.,y+E,,. where E,,, isof x-measure 0 and E,,, of y-meas-
ure 0. As a corollary there follows the result somewhat complementary to
F. Riesz's fundamental theorem, that, if V1 is any separable subspace of V, there
exists a K(£) such that K(¢) satisfies (a) and L(x) = [3K(f)dx for all x in V).
(Received August 1, 1934.)

272. Professor B. P. Gill: Zeroless solutions of systems of linear
equations in a finite field.

Let fi;, ¢=1, 2, - - - , m), be homogeneous linear functions of x1, xs, * * * , X%
in the GF[p*]; there is studied in this paper the number o of solutions in the
field of the system of simultaneous equations f;=0 such that no x; has the
value zero. Of the p™ possible linear combinations of the f’s with coefficients
in the field, let »; contain precisely % x’s with coefficients not zero. Then ¢ =p=™"
S(pr—1)F Yk _wa(1 —p™)~h (Received August 1, 1934.)

273. Dr. M. R. Hestenes (National Research Fellow): The
problem of Bolza in the calculus of variations in parametric form.

In the present paper we give a set of sufficient conditions for a minimum for
the problem of Bolza in parametric form. These sufficient conditions have the
same generality as those given by the author for the non-parametric case
(abstract 40-3-141) in that no normality assumptions are needed. Of particular
interest is the treatment of the second variation. We give two methods of study-
ing the second variation. The first is a generalization of a method due to Weier-
strass and is particularly adaptable to the present paper. The second method is
essentially that of Bliss, and has been used with some modification by Morse,
Graves, and others. It consists of introducing a new side condition to the ac-
cessory minimum problem. The side condition here used changes the order of
anormality of the accessory minimum problem and thus avoids many diffi-
culties which otherwise seem to arise. (Received July 28, 1934.)

274. Professor T. R. Hollcroft: On nets of algebraic surfaces.

The jacobian curve J of a net of algebraic surfaces contains all the singular-
ities and contacts of surfaces of the net. The binodes and the pairs of conic
nodes of surfaces, and the points of stationary contact and the pairs of points
of simple contact of pencils of surfaces of the net lie at definite, but ordinary,
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points of J. These points of J are located by immersing the net in a web of sur-
faces. The characteristics of a net of surfaces with basis curves are obtained.
The Steinerian curve of a net of surfaces is defined and its projection on a plane
is shown to be the reciprocal of the branch-point curve of the transformation
established by the (1, 1) correspondence between the surfaces of the net and
the lines of a plane. (Received August 1, 1934.)

275. Professor R. E. Langer: On the asymptotic solutions of
ordinary differential equations, with reference to the Stokes
phenomenon about a singular point.

The asymptotic representations of the solutions of a differential equation
u'’ + {N(2) +\//(z)}u=0, for large values of the parameter \, are known to be
subject to the Stokes phenomenon in any domain of the variable which in-
cludes a point at which the coefficient ¢(2) becomes zero. The theory and for-
mulas associated with this phenomenon have previously been given for the case
in which the coefficient ¢(2) remains bounded. The present paper extends this
theory to admit in ¥/(z) a pole of the first or second order. It is shown that the
presence of such a pole alone engenders the Stokes phenomenon, the latter
being then quantitatively determined by the value (z—z)2y¢/(z). If ¢(z) and
1/¢(2) vanish together, the phenomenon is determined by both coefficients
jointly. The theory here given is applicable to the asymptotic representations
of a number of classically important functions, including the ordinary and the
associated Legendre functions, the Laguerre polynomials, and the Mathieu
functions of higher order. (Received July 26, 1934.)

276. Mr. Norman Levinson: On the vanishing of a function
over an interval.

Using the Wiener-Paley theorem on the vanishing of a function on the
half-line, a condition depending on the behavior of the absolute value of the
Fourier transform at infinity is given which is sufficient for the non-vanishing
of a function in an interval, no matter how small. This condition is independent
of the existence of derivatives, and is hence somewhat different in type from
conditions of quasi-analyticity. (Received August 1, 1934.)

277. Mr. Norman Levinson: A theorem on the magnitude of
Fourier transforms.

In connection with the statement of Wiener that a function and its Fourier
transform cannot both be very small at infinity, the theorem will be proved
that if g(u) is the Fourier transform of f(x), if f(x)=0(exp(— l x' P(loglxl )2))
and if g(u)=0(exp(—]ulq(log lu[)")), then if 1/p+1/¢g=1 and if a and b
exceed certain quantitites depending on p and ¢, f(x)=g(«)=0. In the case p
= o, not included in the above, and already treated by Ingham, a very simple
proof of the corresponding theorem may be given, using Wiener’s and Paley’s
theorem on functions vanishing on a half-line. (Received August 1, 1934.)

278. Dr. Hans Lewy: A priori limitations for solutions of
elliptic Monge-Ampére equations.
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Let x(u, v) be an analytic function in #2442 <1, and a solution of a Monge-
Ampére equation with analytic coefficients, which is elliptic for the given x.
Let M, M,, M;be bounds for the absolute values of «, its first, and its second
derivatives, respectively. Then there exist bounds for partial derivatives of x
of every order, which do not depend on the particular solution x, but merely
on the equation and the constants M1, M, M;. This theorem has important
applications in differential geometry in the large. (Received July 31, 1934.)

279. Professor N. H. McCoy: On certain rings and differ-
ential ideals.

Let K be a commutative ring with unit element in which each ideal has a
finite ideal basis. The primary purpose of this paper is to study rings of the
form K [e, B8] where « and 8 are commutative with elements of K and a8 —Ba
is commutative with both a and B. A special case of interest is the algebra of
quantum mechanics, in which there exist elements p, ¢ such that pg—gp=1. A
characterization of rings K [«, 8] is given in terms of the notion of differential
ideal in a certain commutative ring. Special attention is given to the case in
which K is a field and K[e, 8] is a finite algebra over K. (Received July 21,
1934.)

280. Dr. Saunders MacLane: Some unique separation theorems
for graphs.

Since a graph is formed by any number of vertices arbitrarily joined in pairs
by edges, it is desirable to have some method of constructing complex graphs
from simpler ones. The separation of graphs by subgraphs is one such pro-
cedure. Whitney, in the Transactions of this Society, vol. 34 (1932), p. 339,
has considered the separation of graphs by single vertices. More generally,
any connected graph G is separated by a subgraph H if the removal of all the
vertices and edges of H disconnects G into two or more pieces. The question of
uniqueness at once arises: if a graph is separated as far as possible, is the result
independent of the order of the separations? This paper considers this question
for separations by chains and by cycles. The successive separation by chains is
unique if each chain used is shorter than any other chain joining the same ex-
tremities. A similar uniqueness theorem for “shortest” cycles is established. The
proofs require investigation of the various symmetrical figures in which two
short subgraphs can intersect. Several specimen graphs show that the require-
ment of “shortness” for unique separation is a natural one. (Received July 30,
1934.)

281. Dr. Saunders MacLane: A4 classification of finite distribu-
tive lattices.

The presence of common formal properties for the two dual operations
“least common multiple” and “greatest common divisor” suggests the ab-
stract study of all systems or “lattices” having these properties. One natural
problem is the investigation of the possible sublattices in a given lattice. For
finite distributive lattices it is sufficient to consider two special types of sub-
lattices: the “normal” sublattices and the sublattices which contain the unit
element of the original lattice. The normal sublattices are somewhat analogous
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to normal subgroups; their structure can be easily exhibited in terms of their
irreducible elements. Furthermore, these normal sublattices show that any
lattice can be split up into two exhaustive and mutually exclusive sublattices.
The second type of sublattices, those containing the original unit element, have
a more complex structure, but their irreducible elements can be related sys-
tematically to the irreducible elements of the original lattice. (Received July 30,
1934.)

282. Professor M. L. MacQueen: A projective generalization of
metrically defined associate surfaces.

In the metric differential geometry of surfaces in ordinary space, two sur-
faces are said by Bianchi to be associate if the tangent planes at corresponding
points are parallel and if the asymptotic curves on either surface correspond
to a conjugate net on the other. The purpose of this paper is to develop a pro-
jective generalization of the relation of associateness of surfaces. The first
problem is to provide a projectively defined substitute for the metric property
of parallelism of surfaces. This provision is made by employing a projective
generalization of euclidean parallelism of surfaces developed in the author’s
thesis and summarized briefly in this paper. One of the well known trans-
formations of surfaces, namely, the fundamental transformation, is employed
in constructing a projective analogue of the property of metric parallelism of
surfaces. After formulating a definition of projectively associate surfaces, their
properties and relations are studied in some detail. A more general type of as-
sociateness called modified projective associateness is introduced and is
briefly studied. (Received July 15, 1934.)

283. Professor Morris Marden: On the zeros of the derivative of
a rational function.

In this paper the author redetermines by a new method the locus of the
zeros of the derivative of the rational function f(z)=(z—z0)™(z—2z)™ « - -
- (—2,)™, the m; being real or complex, when each point z; varies independently
over a given circular region Z;. He finds again the locus to be bounded by a cer-
tain p-circular 2p-ic curve, which reduces if Y_m;=0 to a (p—1)-circular
2(p—1)-ic curve. The new treatment, which is much shorter and simpler than
the one given in the author’s doctoral thesis (Transactions of this Society, vol.
32 (1930), pp. 81-109), is based upon the lemma that, if the points # and v
independently describe given circular regions, the point w=u-v also describes
a circular region. The results also include a determination of the locus of the
zeros of any linear combination of f(2) and its derivative. (Received July 31,
1934.)

284. Professor G. A. Miller: Groups in which the squares of the
elements are dihedral groups.

Various categories of groups can be conveniently studied by means of their
subgroups composed of the elements which are squares of other elements of the
group. In the present article the author considers the category in which these
subgroups are dihedral. There is only one abelian dihedral group and this is the






