THE DYNAMICS OF GEODESIC FLOWS*
GUSTAV A. HEDLUND

1. Introduction. Geodesic systems, particularly those on two-
dimensional manifolds, have been a rich source in the determination
and display of the possible types of macroscopic behavior of the
motions of dynamical systems. In connection with the question of
the existence of periodic motions, Poincaré [1]f investigated the
geodesics on convex surfaces. Hadamard [1] has constructed open
surfaces of negative curvature and proved the existence of interesting
classes of geodesics on these surfaces. By an ingenious use of sym-
bolism to characterize these geodesics, Morse [1] proved the exist-
ence of nonperiodic recurrent geodesics of discontinuous type.
Birkhoff [1] has constructed closed surfaces of nonpositive curvature
and has shown that, among many other types, there exist transitive
geodesics on these surfaces.

There is another group of mathematicians who have made numer-
ous contributions in connection with geodesic systems on surfaces of
constant negative curvature. As will be seen, these surfaces have a
close relationship with Fuchsian groups, and in addition to their work
having other connections with these groups, Artin [1], Myrberg
[1, 2, 3], Nielsen [1, 2], Koebe [1],and Lsbell [1, 2, 3, 4] have de-
rived many properties of the geodesics.

With the recent developments in ergodic theory, interest has been
centered on those properties of geodesic flows associated with transi-
tivity in some form, as for example, regional transitivity, metric
transitivity, and mixture. The conditions under which regional
transitivity holds have been greatly extended by Morse [3]. Geodesic
systems have furnished some of the few known examples of metrically
transitive dynamical systems (cf. Hedlund [1, 2], E. Hopf [1]). As
will be indicated, a number of new results concerning transitivity can
be added, both in the case of constant curvature and in the case of
variable curvature.

An enormous body of results has been attained, and an hour is
entirely inadequate to permit a description of all. For this reason I
propose to restrict the discussion to transitivity properties of
geodesic flows. It has been conjectured (Birkhoff [3], p. 370) that
these are the important properties in that they are general in some
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sense, but the evidence gathered to date is not at all conclusive.
Outstanding problems remain unsolved, a notable one being the
problem of metric transitivity of the geodesic flow on a closed
analytic surface of variable negative curvature.

It is of interest to note the influence of Poincaré in many phases of
our considerations. It was Poincaré who first emphasized macro-
analysis and probability considerations in the study of dynamical
systems. We are indebted to him for the Poincaré fundamental group
and much of our knowledge of Fuchsian groups which play an im-
portant role in the analysis of geodesic flows on two-dimensional
manifolds of negative curvature.

2. Flows and transitivity types. The geodesics on a Riemannian
manifold are the solutions of the Euler equations, a system of second
order differential equations derived by imposing the condition that
the first variation of the arc length vanish. If the coefficients of the
positive definite quadratic forms

g agdu“duﬁ

which define the Riemannian manifold locally are of class C’’ (some-
what less than this is sufficient), a geodesic is uniquely determined by
an element, that is, by a point and a direction at that point. Let us
assume that the manifold is complete in the sense that each geodesic
can be continued to infinite length (cf. H. Hopf and Rinow [1]).
Then if g is the directed geodesic determined by the element e, and s
is the sensed arc length on g measured from the point P at which e is
situated, corresponding to s there is an element e,, namely, the ele-
ment of g at distance s along g from P. Furthermore, e, varies con-
tinuously with e and s. The transformation e—e, is a transformation
T, of the space  of elements on the manifold into itself, and the
properties which we consider can be most simply stated in terms of
such a one-parameter set of transformations T.

The conditions which will be imposed on the space in which the
transformations are defined and on the transformations themselves
will be fulfilled by the element spaces and transformations in them
which we subsequently consider.

Let © be a metric, separable, complete space in which an /-measure
in the sense of von Neumann (cf. von Neumann [1], p. 575) is de-
fined. The measure defined by use of this /-measure, which is analo-
gous to a Lebesgue outer measure, will be denoted by 7. Let T’ be,
for each real ¢, a one-to-one transformation of Q into itself satisfying
the following conditions:
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(@) To(P)=P; Tt[Ts(P)] =T41s(P).

(b) T«(P) is a continuous function of ¢ and P.

(c) If A is a measurable subset of @, then T:(4) is measurable
and m[T(4)]=mA.

Such a continuous one-parameter group of transformations will be
called a flow in Q.

It will be convenient to denote the set T.(4), (4 ¢ Q), simply
by A:. The set A will be said to be snvariant if A, coincides with 4
for all ¢. The set P;, (— % <t<-+ »), will be called a motion or
trajectory.

The properties of the flow T in € with which we shall be concerned
are the following, where the set of points common to the sets 4 and B
of Qis denoted by 4 - B and the empty set is denoted by 0.

REGIONAL TRANSITIVITY. Givern D and D*, arbitrary open sets in L,
there exists a t such that D,- D*£0.

TOPOMETRIC TRANSITIVITY. Given M, any measurable set of positive
measure in Q, and D, any open set in Q, there exists a t such that
M- D0,

METRIC TRANSITIVITY. Given M and M*, arbitrary measurable sets
of positive measure in , there exists a t such that M- M*#0.

PERMANENT REGIONAL TRANSITIVITY. Given D and D*, arbitrary
open sets in Q, there exists a t such that D,- D* 0, (| t] =1).

PERMANENT TOPOMETRIC TRANSITIVITY. Given M, any measurable
set of positive measure in Q, and D, any open set in Q, there exists a §
such that M. D0, (|¢| 27).

PERMANENT METRIC TRANSITIVITY. Given M and M¥*, arbitrary
measurable sets of positive measure in U, there exists a i such that
M- M*50, (|t] 27).

MIXTURE. Given M, M*, and M, arbitrary measurable sets of Q of
finite positive measure,

m(M, M*) mM*
im — =
t—+ o m(MtM) mM

Regional transitivity is sometimes given a different but equiva-
lent definition. A motion will be called iransitive if the points on it
form a set which is everywhere dense in . Regional transitivity is
equivalent to the property that there exist a transitive motion (cf., for
example, Birkhoff [1], chap. 7).
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The points on the transitive motions in Q form a set which is the
product of a denumerable set of open sets and is thus measurable.
If this set coincides with © except for a set of measure zero, it will be
said that almost all motions are transitive. Topometric transitivity is a
necessary and suflicient condition that almost all motions be transitive.

Metric transitivity is o necessary and sufficient condition that in any
division of Q into two complementary, invariant, measurable sets, one
of the sets is of measure zero. In this form the notion of metric transi-
tivity was introduced by Birkhoff and Smith (cf. Birkhoff [4], p.
365). It plays a fundamental role in connection with ergodic theory.
According to the ergodic theorem of Birkhoff [2], if mQ is finite and
M is any measurable set in , the mean time of sojourn of a motion
in M (that is, limg_gw Las(P, M)/(B—a), where Lo (P, M) is the
linear measure of the part of the set P, («<¢=<f), in M) exists except
for a set of motions of measure zero. If metric transitivity holds,
the mean time of sojourn in M is the same for almost all motions
and is equal to m M /mQ.

If mQ is finite, by replacing M by Q the mixture property becomes

. mMmM*

lim m(M, M*) = ——,

t—t mQ
and, conversely, this implies the mixture property. Thus, any measur-
able set M of positive measure tends, with increasing or decreasing
time, to occupy a definite fractional part of any other measurable
set M*, and the fraction is simply the fractional part of @ which M
occupies. Sets tend towards homogeneous distribution in Q. (In this
connection cf. E. Hopf [2], where references to the work of Koopman
and von Neumann will be found.)

There are a number of evident relationships between the transi-
tivity properties which have been defined. Metric transitivity implies
topometric transitivity, which, in turn, implies regional transitivity.
Any one of the permanent types of transitivity implies the corre-
sponding non-permanent type. Permanent metric transitivity implies
permanent topometric transitivity, which, in turn, implies regional
transitivity. Mixture implies permanent metric transitivity and thus
implies all the types of transitivity which have been defined here.

The flow defined by a suitably chosen family of parallel straight
lines on a torus (rectangle with opposite sides identified), shown to
be metrically transitive by Birkhoff and Smith (cf. Birkhoff [4],
p. 368) yields an example which is not permanently regionally transi-
tive and thus has none of the permanent transitivity properties. It
seems to be difficult to give examples of flows which have one of the






