ON LINEAR POLYGON TRANSFORMATIONS!
JESSE DOUGLAS

1. Introduction, definitions. In a recent paper? the author has de-
veloped a general theory of linear transformations of polygons, re-
garded as lying in the complex plane. By a polygon we understand a
system of points, or complex numbers: (21, 22, + - -, 2.), called ver-
tices, which are taken in a definite cyclic order. This is to say that
two n-gons, (21, %2, * * - , 2.) and (wy, we, - - -, W,), are the same when
and only when z;=w.; for ¢=1, 2, - - -, n, where k has any fixed
one of the values 0, 1, 2, - - -, z—1 and all indices are taken modulo
n. To be distinguished from a polygon is a multipoint, where the defi-
nition of equivalence is the identity of corresponding points in the
order given: z;=w; fort=1,2, - - -, n.

A linear multipoint transformation is simply the general linear
transformation of # complex variables:

(1) sl = D aizi, i=1,2,---,m,

=1

where the coefficients a;; may be any complex numbers. For a linear
polygon transformation, on the other hand, a certain cyclicity is re-
quired: a cyclic permutation of the 2’s must produce the same cyclic
permutation of the z’’s. Thus we may write down arbitrarily the first
line of an L.P.T. 3

2l = ooz + ouze + - -+ o2y,

1 Presented to the Society, October 29, 1938, under the title Geometry of polygons
in the complex plane.

2 Geometry of polygons in the complex plane, Journal of Mathematics and Physics,
vol. 19 (1940), pp. 93-130, and this Bulletin, abstract 44-9-390. See, as a preliminary
to the present theory, papers by E. Kasner and his students in Scripta Mathematica,
vol. 2 (1934), pp. 131-138, and vol. 4 (1936), pp. 37-49. Kasner considers the polygon
derived from a given one by taking the midpoint of each side, and, more generally,
by taking the centroid of 7 consecutive vertices. These are special linear polygon trans-
formations (2), where agy=a1= + + + =a,1=1/r. Kasner uses real cartesian coordi-
nates, and his polygons may lie in euclidean space of any number of dimensions.

The basic ideas of the present paper are (i) to regard the polygons as lying in the
complex plane, (ii) to consider general linear polygon transformations (2) with any
complex coefficients. As pointed out in §1, this is equivalent to taking a “center of
gravity” with complex “weights.”

The author delivered a series of lectures on the present topic at Columbia Uni-
versity in July, 1939.

3 L.P.T. denotes “linear polygon transformation” throughout this paper.
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but then the whole transformation is determined by cyclic permuta-
tion, that is:

(2) Zk’ = o2k + alzk+1 + e + ar—lzk+r—l, k = 1’ 2’ sy, n,

where the indices of z are to be taken modulo #. Here » may have any
value from 1 to % inclusive, and we may suppose a¢#0,* a,_;50, the
transformation being then called 7-ary. If »<#, we may fill out for-
mula (2) to the general form (1) by using zero coefficients in each line
of (2) for those 2z’s which do not effectively appear.

Formula (2) represents the general linear polygon transformation L.5
Its characteristic property is to be transformed into itself by a cyclic
permutation C=(2i, 22, - - + , 3,) of the g’s: C"'LC=L, or to be com-
mutative with such a permutation: CL=LC. Since C-*LC=L and
C-L'C=L’' imply by multiplication C-'LL'C=LL’, it follows that
the product of two L.P.T.’s is agatn an L.P.T. Thus, all L.P.T.’s for
a given value of # form a group,® a subgroup G, of #n complex parame-
ters in the total linear group G, of n? complex parameters repre-
sented by (1). In §2 another proof of the same fact will appear
(Theorem II).

Particularly interesting are the special L.P.T.’s, to be denoted by
M, for which

3) awt+oa+ - F o =1

As is immediately verifiable, (3) is the necessary and sufficient condi-
tion that a given L.P.T. (2) be permutable with an arbitrary simili-
tude transformation S: 2’ =42+ B (4, B complex); that is, M.S=SM,
or ST1MS=M, for every S and every M. It follows, as in the preced-
ing paragraph, that the transformations M form a group, a subgroup
G,y of the group G, of all L.P.T.’s.

If the polygon P’ is the image of the polygon P by any transforma-
tion M, the remarks just made state that the relation between P
and P’ is invariant under an arbitrary similitude transformation; we
may say that P’ is a “similitude concomitant” of P. Accordingly, we
shall term any L.P.T., M, which obeys the condition (3) a similitude

¢ Evidently we can always bring about a0 by cyclic renumbering of the ver-
tices 2.

8 We dispense with the consideration of nonhomogeneous L.P.T.’s, since these
have the same constant term in each.line and therefore differ from a homogeneous
L.P.T. only by a translation.

8 It should be emphasized that here, and throughout this paper, we use the term
“group” only in the sense of possession of the specific group property: closure with
respect to composition of elements. Since the determinant of an L.P.T. may be zero,
an inverse transformation does not always exist.
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construction on the polygon P=(z1, 23 « - -, 2,) and a binary, ter-
nary, - - -, r-ary S.C.7 according as two, three, - - -, # consecutive
vertices of P are effectively involved in the formula (2) of the trans-
formation (“effectively” meaning (0, a,_170).

If furthermore the a’s are real, then, as is easily verified, we have
for every affine transformation a, that is, 3’=A4z+Bz+C (4, B, C
complex, 2z the conjugate of 2), the relation a='Ma=M or Ma=alM.
The polygon P’ is then an “affine concomitant” of the polygon P;
accordingly, for real values of the a's obeying (3), we term M an
affine construction.

Evidently, under the condition (3), we can consider that (2) de-
fines z¢ as a kind of “center of gravity” of zx, Zx41, * © + , Zk+r—1 With
complex “weights” proportional to ag, a1, - - -, ap—1. In the case of an
affine construction, where the weights a are real, we have an actual
center of gravity in the ordinary sense.

We may observe here, as in our cited paper,? that the centroid of

any polygon is invariant under any S.C., M. For by addition of all
the equations (2),

sl +2d 0+ 3
(3a)
=(@w+ta+- - F+aa)zmtzt- - +z);
then take account of (3) and divide by #.
Of special importance is the binary S.C., M,:

(4) Zk’ = Qo2 + X141, k= 1, 2, s, N,
(4) ag+ ar = 1.

The point 2 is here determined by the simple geometric condition

that the triangle (sx, 2141, 24 ) 15 directly® similar to the fixed triangle
(—ou, ag, 0). This is seen by considering the equations in 4, B

(5) 2 = —a1A+B, 2k+1=a0A+B, Zk’ =B,

whose solvability is the condition for the existence of a similitude
transformation 2’ =A4z+4 B converting the triangle (—ay, ao, 0) into

(2%, 2541, 24 ). By use of (4"), the solution of the first two of these equa-
tions is

A = Zk41 — 2y B = 021 + A12k41,

7S.C. is “similitude construction” throughout this paper.

8 In this way we shall always refer to the paper whose title is given in the first
footnote.

? That is, with preservation of sense.
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and then equation (4) expresses exactly that the third equation (5)
is satisfied.

If @y, au are real, the point 2¢ lies upon the side 232541 and divides
it in the fixed ratio 2x2¥ 2% 2x41 =01 .

2. L.P.T.’s and cyclic matrices. The matrix of the general L.P.T.
is a cyclic matrix

&g ay ottt Op—g Qp—1
Ap—1 &0 (25 IR Qp—2

(6) L= Qp—2 Q-1 OQp* " = Cpn—3 ||y
23] o2 Cottt Qpe1 Qo

where the circular derivation of each row from the preceding is the

characteristic feature. Any number of the o’s may be zero, so that

the L.P.T. can be r-ary with r=1, 2, - - - , n. We shall speak inter-

changeably of an L.P.T., L, and its corresponding cyclic matrix L.
The simplest L.P.T. is a cyclic permutation of vertices, C:

’ ’ ’ ’
21 = 32, B =33 ', Zn-1 = Zn, 3In = 3.

As a matrix, this is

0 0
00
C =
00
0 ----0

We may say that C has 1’s in its second “cyclic diagonal” and 0’s
everywhere else. In general, as is seen at once, C* has 1’s in its
(B+1)th cyclic diagonal and 0’s elsewhere. Obviously, C*=1I, the
identity matrix, which has 1’s in its first (cyclic) diagonal and 0’s
elsewhere.

From these remarks we have directly by comparison with (6):

(7) L = Ot()I + a1C + OL2C2 + t + Oln—lcn_l.

Conversely, every polynomial in C of this form represents a cyclic
matrix, namely the one whose first, or generating, row consists of the
coefficients of the polynomial in order. Hence we have the following
theorem.
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THEOREM 1. The necessary and sufficient condition that an n-rowed
square matrix L be cyclic is that it be expressible as a polynomial of de-
gree n—1 at most in the matrix C of a cyclic permutation. This mode of
representation of L is unique.

If in (7) we replace C by a (complex) numerical variable x, and T
by 1, we obtain a polynomial ¢(x) =ae+ax+ - - - +a,_1x™1, that
we shall term the auxiliary polynomial®® of L.

If any two polynomials of the form (7) are multiplied together, the
product can be reduced to the degree »—1 at most by means of the
relation C»=1. From this remark and Theorem I the following three
theorems result immediately.

THEOREM 11. The product of two cyclic matrices is again a cyclic
matrix.

TueoreM II1. The multiplication of cyclic matrices is isomorphic
with the multiplication of their auxiliary polynomials, modulo x»—1.

THEOREM IV. The multiplication of cyclic matrices is commutative.

Thus cyclic matrices form a commutative subalgebra of order »
in the non-commutative algebra of order n? formed by general n-
rowed square matrices.

The following alternative form of proof of these theo:ems, directly
in terms of the explicit representation (6) of a cyclic matrix, may be
of interest. Let a, (m=0,1, - - - , n—1), denote any # compléex num-
bers. Then a cyclic matrix of order =, l ai,-l, is one where a;;=a;_s,
the index j—1 being taken modulo n; that is, in case j—1¢ is negative,
j—i4+n is to be used instead. If ||b:| is another cyclic matrix:

bij=8;_:, j—1 taken modulo #, then ||a;| ><||b,~,'|| =||c,-,“, where
cii = 2 aabri = 2 ar_iBick = 2 0By
k=1 k=1

(in the last summation s, ¢ evidently take once and only once every
combination of values such that s4¢=j—1¢, modulo #). In other
words, defining

(8) Ym = Zaaﬁt, s+ ¢t =m (mod n),

we have ¢;;=+;_;, j—1 taken modulo #.
This proves Theorem II. Theorem III follows because (8) repre-
10 This is only of degree r—1if L is r-ary (see (9)). In our cited paper we defined

the auxiliary polynomial as agx™ 141%™ 2+ - - + +a,3. With this difference of nota-
tion in mind, no ambiguity should arise in comparing the two papers.
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sents the law of multiplication of the auxiliary polynomials modulo
xm—1:

n—1 n—1 n—1
> ymE™ = D, ' 2 Bt (mod (a7 — 1)).
m=0 8=0 =0

Theorem IV expresses the symmetry of (8) in the indices s, ¢ of «, 8.

As has been pointed out, all these theorems can be stated in terms
of L.P.T.’s!! instead of cyclic matrices. The auxiliary polynomial of
an r-ary L.P.T. is of degree r—1:

9 o(x) = ag+ ax + - -+ + opaxm L,

We term ¢(x) =0 the auxiliary equation of the L.P.T.

By factorization of its auxiliary polynomial, or solution of its aux-
iliary equation, every r-ary L.P.T. can be factored into r—1 binary
L.P.T.'s. This results from Theorem III; in fact, if

10) ¢(®) = (@ + o e +ar w) - (a0 +ar a),

then L is equal to the product of the »—1 binary L.P.T.’s

. . ; .
LY = a1+ oc, j=1,2,-,r—1.

The binary components LY are evidently not unique; rather, as is
evident, each is subject to multiplication by a (complex) scalar N\
provided that the product of all the A’s is unity.

If L is an S.C., M, so that (3) is verified, we have ¢(1) =1, or by
(10),

) =1 | G-D
1) = ta e +a) (@ Fa ).

Dividing (10) by (11), we obtain

(€] (¢5) (2) 2) (r-1) (r—1)

d(x) = Bo 4B %)Bo +B1 x)--- B ~+B1 %)

where " =af’ / (o’ +-oi"), B ="/ (@’ +-o1") ; hence

(12) B + 81 = 1.
Accordingly MY =BPI+BC is a binary S.C. for j=1, 2, - - -, r—1,
and we have the following theorem.

11 The commutativity of L.P.T.’s seems the more noteworthy because it is cer-
tainly not evident geometrically that two binary S.C.’s are commutative. See the
geometric interpretation of a binary S.C. at the end of §1.






