COMPLEX METHODS IN THE THEORY OF
FOURIER SERIES

A. ZYGMUND

1. General remarks. Two new ideas which greatly influenced the
theory of Fourier series in this century are the Lebesgue integral and
the applications of complex functions. The original impetus due to
the discoveries of Lebesgue would have been spent long ago, but for
the fact that its combination with complex methods opened entirely
new prospects for trigonometric series.

The essential tool of Lebesgue theory is the fact that the integral
is differentiable almost everywhere and that the derivative is equal
to the integrand almost always. Most of the fundamental results
of the theory of trigonometric series which were based on that fact
had been known, roughly, before 1920. Although some important re-
sults have been discovered since then, the progress of purely real
methods in the last twenty odd years has been relatively slow and
limited to isolated problems. It seems quite likely that the structure
of real functions must be investigated in more detail before purely
real methods can resume their progress. On the other hand, it seems
that the complex variable approach to many problems of the theory
is the most natural one and may even be of considerable help in the
analysis of the structure of real functions.

Every trigonometric series

1) 1ay + 2 (a, cos v8 + b, sin vf)
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is the real part of the power series

2) 1a0+ i (a, — b))z

v=1
on the unit circle 2=¢% The imaginary part of the series (2) for
z=¢%¥ is the series
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=1

and is called the conjugate of (1).
Similarly, the harmonic function
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4 u(r, 0) = %ao + Z (ay cos v + b, sin v8)r”
y=1

associated with the series (1) is the real part of the analytic function
¢(2), z=re®, defined by the series (2). The harmonic function

]

5) v(r,8) = Y (a, sin 9 — b, cos v6)r”

y=1

associated with the series (3) is conjugate to the function u(r, ) and
is the imaginary part of the function ¢(z).

Thus the problems of trigonometric series may be treated as prob-
lems (boundary value problems) of the theory of analytic functions.
By complex methods in the theory of trigonometric series we however
mean something more special, namely the application of the methods
of analytic functions and in particular of the fact that the latter form
a field. Elementary operations performed on analytic functions lead
to analytic functions, as does also the operation of taking a function of
a function. Nothing like that holds for harmonic functions, since even
the square of a harmonic function need not be harmonic. Thus dealing
directly with analytic functions instead of with their real parts gives
obvious advantage.

The complex methods in trigonometric series have been systemati-
cally developed in the last quarter century, although some isolated
applications can be traced back to an earlier period. Roughly speak-
ing, in the development of complex methods we may discern three
major trends:

(a) The method of the classes H?,

(b) The method of conformal representation,

(c) The Littlewood-Paley method,

and it is the purpose of this talk to say a few words about each of
these methods. It goes without saying that in a talk like this the pres-
entation may be only very sketchy and must be limited to a discus-
sion of a few particular results.

2. Classes H? of analytic functions. One of the important prob-
lems of the theory of trigonometric series is to establish conditions
under which a given trigonometric series (1) is a Fourier series. In
other words: when is there an integrable function f(x) such that the
coefficients a,, b, are given by the familiar formulas

1 27 1 2%
(6) ay = —f f(x) cos nxdx, b, = —f f(x) sin nadx?
™ 0 ™ 0
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In the theory of Fourier series we often consider besides the most
general integrable functions (by “integrable” we always mean L-in-
tegrable) classes of more special functions, for example, continuous,
bounded, of the Lebesgue class L?, p =1, and so on, and we may ask,
in addition, under what condition does f belong to one of those classes.
The Fourier character of the series (1) may be easily detected by
means of the harmonic function (4) associated with the series. For
functions of the class L?, p>1, we have a very simple test: a neces-
sary and sufficient condition that (1) is the Fourier series of a function
f of the class L? is that the integral

) memww

be bounded for 0 =r<1. For p=1 this result is no longer true: a
necessary and sufficient condition for the boundedness of the integral

(8) f ) | u(r, 6) | do

is that there exist a function F(x), 0 <x =<2w, of bounded variation
and such that

1 2T 1 27
9) ay = ——f cos nxdF(x), b, = —f sin nxdF(x).
™ 0 ™ 0

Of course, if F(x) is absolutely continuous and F’(x) =f(x), these for-
mulas reduce to (6), but in general it is not true. The series (1) with
coefficients (9) is called a Fourier-Stieltjes series. The series (1) is a
Fourier-Stieltjes series if and only if the integral (8) is bounded for
0=7<1. A necessary and sufficient condition that (1) should be an
ordinary Fourier series is slightly more complicated: it is

27

(10) lim ‘ u(r, 6) — u(r’, 6) l dé = 0.
r,r’-—»1 0

(For the proofs of all these results see, for example, Evans [2]! or

Zygmund [33]; in the sequel, the latter book will be quoted TS.)
Let us now consider any function

(11) o) = 3 o

y=0

1 Numbers in brackets refer to the references listed at the end of the paper.
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regular for |z| <1. If the integral
2r

(12) f | #(rei®)| 7o
0

(analogous to (7)) is bounded for 0 =<7 <1, the function ¢(2) is said
to belong to the class H? (H stands for Hardy); p is here any positive
number. The case p =2 is of special interest since in this case the in-
tegral (12) is easily expressible in terms of the coefficients ¢, by means
of the Parseval formula

1 27 0
— l #(re®®) 12d0 = Z I c |2,2u‘
2 J v=0

Hence the function ¢(z) belongs to the class H? if and only if the
series Zlcyl 2 converges. No result of this kind holds for p2, and
this makes H? a central class (“central” in more than one sense),
whose properties are the easiest to study. The fact that if Z| c,l 2is
finite then the series

o0
Z c et
=0

is the Fourier series (with respect to the system {e#?}) of a function
of the class L? is the classical Riesz-Fischer theorem.

Of course, given any function ¢(2) regular in lz[ <1 and of the
class H? we might set

(13) ¢7(3) = ¢*(3)
so that the boundedness of the integral (13) is equivalent to that of

27
f | Y(rei®) |2d0,
0

that is to say to the fact that ¢ is of the class H?, but the formula (13)
defines a function ¢ regular in |z| <1 only if ¢ has no zeros there.
If ¢(2) does have zeros, the argument has to be modified slightly, and
following F. Riesz [26] (TS, [6]) we may proceed as follows. Let
21, %9 0 -+ ( z,‘ <1) be the zeros (counted according to their multi-
plicity) of the function ¢(2) 20, of the class H?, It may be shown that
the product

L

(14) II

v=1

% |
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converges. In other words, the sum »_ (1 — ] z,.l) is finite. Conversely,
given any sequence, finite or infinite, of numbers z,, | z,l <1, such that
the product (14) converges, there is a function B(z), regular and
bounded in IzI <1 (and so, in particular belonging to every class H?),
having zeros at the points 2, and only there. If, for example, the points
2, are all different from the origin, the function B(z) may be defined
as the product (“Blaschke product”)

2—3z 1

(15) B =11

v Z_Zy*

2 |

where 2,*=1/%, is the point conjugate to 2, with respect to the circum-
ference [zl =1. (If ¢ has a zero of order %k at the origin, we have to
insert the factor 2* on the right of (15).) It may be easily shown that
|B(z) <1 for |z| <1. Thus the function ¢(2)/B(z) =¢(2) is regular
for ]z <1, does not vanish there, and we have the decomposition

#(z) = B(2)y(2).

If ¢(2) has no zeros we set B(z) =1. It is an important fact that the
function ¢ also belongs to H? (more precisely, if for the function ¢
the integral (12) does not exceed a constant M for all r <1, the func-
tion ¥ has the same property). Since we may write

6(2) = ¥(2) + (B(2) — D¥(2) = ¥(2) + ¥1(2)

say, and since B(2) —1 does not vanish in Izl <1 and is absolutely
less than 2 there, we get the following decomposition theorem: every
Sfunction of the class H? may be represented as a sum of two functions
of the class H? which have no zeros in |z| <1. Since the functions of
the class H» and without zeros are reducible to functions of the class
H?, whose properties are particularly simple, those properties may be
extended to classes H?. In particular, we get the following fundamen-
tal theorem (in which by a non-tangential path we mean any con-
tinuous curve approaching a point 2,, |zo| =1, from inside the unit
circle and contained between two chords through z, of that circle).

Suppose that ¢(2) is of the class H?. Then for almost every point e®
on lzl =1,

(16) lim ¢(z)

2—¢'

exists and is finite provided that z approaches e® along any non-tan-
gential curve. Moreover, if ¢(e®) denotes the limit (16),
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) [ 7ot — stem a0,
0
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(18) f I o(rei®) — p(r'ei?) | rdo — 0,
0

asrandr’ tend to 1.

It must be added that for p>1 this result had been known before
the decomposition theorem was proved (for then, by what was said
before, the series Zc,e"”" is a Fourier series, and so may be studied
directly by familiar methods), but in the case 0<p =1 it brings to
light some new facts.

The most important case here is that of p=1. Suppose that ¢(2)
belongs to H (that is H?), say

(19) f " | p(re®®) | do < M
0

for 0=r<1. The function ¢(z) is a (complex-valued) harmonic func-
tion. Thus (by what was said before) the series

0

(20) > ce® = > c,(cos v8 + i sin »f)
v=0 v=0

is a Fourier-Stieltjes series. On the other hand, since (19) implies
(18) with p=1, we see that the series (20) is an ordinary Fourier
series. Thus it turns out that for the trigonometric series (20) which
are generated by power series on the circle of convergence, the dis-
tinction between ordinary Fourier series and Fourier-Stieltjes series
disappears. If we take into account the familiar fact [TS, 16] that
Fourier-Stieltjes series are obtained by differentiating formally Fourier
series of functions of bounded variation we obtain the following result.

If the series

(21) > Coei

v=0

is the Fourier series of a function of bounded variation, this function
must be absolutely continuous. In particular, if ®(z) is regular in
|z| <1, continuous in |z| =<1, and if ®(e®) is of bounded variation,
then ®(e*®) is absolutely continuous (F. and M. Riesz [27]).

This fact is of great importance for the theory of conformal mapping.
Another result which may be obtained by means of the decomposi-






