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plication and addition) on indeterminates (which first appear as indeterminate
coefficients). The situation is studied from several points of view. I (Abstract point
of view): One set of relations may imply another. A set may be contradictory. Ex-
amples are given of complete sets; a set is complete when any relation compatible
with it is implied by it. II (Realization): Here a linear vector space is considered and
linear operators on it which satisfy the same relations as those that are given. The
connection with I is given by the fact that relations satisfied in an invariant subspace
imply relations in the whole space. In I1I a ring is considered generated (with the aid
of a field) by operators satisfying given relations. The special case when the relations
involve multiplication only correspond to a group algebra. IV deals with relations
satisfied by operators as a result of their being operators on a vector space of a given
dimensionality. (Received October 23, 1943.)

16. H. E. Salzer: New tables and facts involving sums of four tetra-
hedral numbers.

The author has a second empirical theorem about tetrahedral numbers, that is,
(n3—n)/6 for integral n. Every tetrahedral number greater than 1 is the sum of four
other non-negative tetrahedrals. This theorem has been verified for the first 200 cases
in a table expressing every tetrahedral from 4 through 1373701 as a sum of four
non-negative tetrahedrals. With the exception of 153, the first 200 triangular numbers
n(n+1)/2 can each be expressed as the sum of four non-negative tetrahedrals. There
are only 45 integers less than or equal to 1000 which cannot be expressed as the sum
of four non-negative tetrahedrals. All numbers ending in 0, 5, or 6 which are less
than or equal to 2006 are expressible as a sum of four non-negative tetrahedrals. This
includes the first 201 cases of each type. It is interesting to note that the smallest
example of a number ending in 4 which is not expressible as a sum of four non-negative
tetrahedrals occurs at 1314. Thus here is an instance where a statement is true in the
first 131 cases, but fails in the 132nd. (Received October 13, 1943.)

17. L. R. Wilcox: Modularity in Birkhoff lattices.

The following theorem connecting G. Birkhoff’s upper semi-modular lattices with
the author’'s M-symmetric lattices is proved. Let a lattice be called upper semi-
modular if a-+b covers @, b when a and b cover ab; let a lattice be called M-symmetric
if (a+b)c=a+bc for every a<c implies (d+c)b=d+cb for every d =b; finally, let a
lattice be called of finite dimensional type if every a, b with a <b have a finite prin-
cipal chain connecting them. Then a lattice of finite dimensional type is upper semi-
modular if and only if it is M-symmetric. The purpose of this theorem is to replace
the condition of Birkhoff, forceful only when some chain condition is assumed, by, a
strictly algebraic condition which is suitable for use in the infinite dimensional case.
(Received October 19, 1943.)

ANALYSIS

18. Stefan Bergman: The determination of singularities of functions
satisfying a partial differential equation from the coefficients of their se-
ries development.

Let U(s, 2)=Ao+2 ol m Amnz™2* be a (complex) solution of the equation

L(0)=U,z+a1U,+a:U; +a3U=0 where ax, k=1, 2, 3, are entire functions of two
variables z=x414y, §=x—1y, x, ¥ real. Using the results of the papers Rec. Math.
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(Mat. Sbornik) N.S. vol. 2 p. 1169, and Trans. Amer. Math. Soc. vol. 53 (1943)
p. 130, §7, the author shows that the positions (that is, the coordinates x, y) of singu-
larities of U(3, £) are determined by the sequence {Amo}, =0, 1, 2, - - -, and are in-
dependent of the ax, k=1, 2, 3. He investigates further the connections between other
subsequences of {Amn} and the positions of singularities. For instance the A and
the af,’,?,, v=1, 2,3, m=0,1,2, .-, where g, -—-Zaf,i’,),z"'i", determine the positions of
the singularities. If a;=4 and @¢; is real and w=) Dp.2m2" is a real solution of
L(u) =0, then the Dnoand the aln, m=0, 1, - « +, determine the positions of singu-
larities. Finally the author shows that many properties of the singularities are deter-
mined by the Amo and are independent of the ag, k=1, 2, 3. (Received October 26,
1943.)

19. Lipman Bers and Abe Gelbart: On a class of functions defined
by certain partial differential equations.

This paper contains a detailed mathematical treatment of the results presented
in the Quarterly of Applied Mathematics vol. 1 (1943) pp. 168-188, and several new
results on the properties of the functions satisfying the system of equations
ai(x)uz =71(¥)vy, o2(x)vy = —73(y)v.. (Received October 4, 1943.)

20. Lipman Bers and Abe Gelbart: On functions satisfying certain
systems of partial differential equations.

This paper continues the study of the class of complex-valued functions f(z)
=u(x, y)+iv(x, ¥) where # and v satisfy the system of differential equations (1)
#z =11(Y)vy, %y, =72(¥)vs, 75 being positive and analytic. With the aid of the function
E(a, y) belonging to the class and corresponding to the analytic function exp (ay) (cf.
Quarterly of Applied Mathematics vol. 1 (1943) pp. 168-188), a “Laplace transforma-
tion” f(z) =*E(—a, 2)g(a)da is defined. Under suitable conditions f(z) belongs to
the class. If g(z) =1, f(2) =2¢D(2) corresponds to the analytic function 1/z, Its nth
Z-derivative corresponds to 1/z%, its Z-integral to log z. Properties of these functions
are investigated. (Received October 4, 1943.)

21. D. G. Bourgin and C. W. Mendel: Orthonormal sequences.

Let f(x) € L, be odd and periodic of period 2. Suppose {f(nx)}, n=1,2, .- ,is
an orthonormal sequence on 0 £x = 2. The investigation of functions satisfying these
conditions leads to certain natural subclasses. Explicit examples are given other than
the trivial solutions f(x) =sin kx. Properties of these solutions are developed and vari-
ous subsidiary conditions are formulated under which the trivial solutions alone are
possible. (Received October 22, 1943.)

22. Alfred Brauer: On certain limits.

The following theorem is proved: Let k and I be positive integers and m =k +41—2.
Suppose that the functions f(x) and g(x) and their first m +2 derivatives exist and are
bounded in the interval 0 <x<h. Suppose further that f(x) is positive there. Finally
suppose that lim f(x)=lim f'(x) = - + - =lim f¢1(x) =0, but lim f®(x)>0, and
lim g(x) =lim g’(x) = « + + =lim g(-Y{(x) =0, but lim g (x) 0. Then lim f(x)s@® =1,
In all limits x—+0. (Received November 19, 1943.)

23. W. B. Caton and Einar Hille: On the class of functions H,(1/2).
One says that f(z) ©Hy(1/2), 1<p =<2, if f(3) is holomorphic in R(z)>1/2 and
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if ffn| f(x+iy)|"d;v <M for all x>1/2. In this note a new proof is given of the
well known theorem which states that f(s) € H,(1/2) implies f(z) = [5e % F(u)du,
F(u)e /2 ©L,(0, =), 1/p+1/g=1. The proof follows a general plan outlined in a
paper of Hille (Compositio Math, vol. 6 (1938) pp. 93-102). (Received October 19,
1943.)

24. B. H. Colvin: The expansion problem associated with o third
order ordinary differential system of highly irregular type.

The expansion problem considered is that associated with the third order ordinary
differential system y'''(x)+Ny(x) =0, Hi(y)=hia(\)y"' (@) +hi(N)y'(a) +his(V)y(a)
+ (N y"' (b) +his(N)y' (B) +Ris(N)y(D) =0 (4=1, 2, 3), in which the boundary condi-
tions are of highly irregular type. The variable x is restricted to the real interval
a<x=<b: \ is an unbounded complex parameter and the coefficients k;;(\) are poly-
nomials in A with complex coefficients. The general mode of attack is that recently
employed by R. E. Langer in connection with highly irregular systems of the second
order. By the use of some rather general notions of summability (first introduced by
R. E. Langer) an expansion theory associated with such irregular systems is developed
for integrable vectors f(x) which fulfill certain conditions customarily imposed in such
theories. The third order boundary systems considered include as special cases those
discussed previously by J. W. Hopkins and L. E. Ward. The present theory, however,
provides summable expansions for a class of functions far wider than that for which
they obtained any results. (Received October 30, 1943.)

25. Paul Erdés and S. M. Ulam: Some combinatorial problems in set
theory. Preliminary report.

The following problems seem of some interest: 1. Given a class K of subsets of a
set E of power m, the class closed with respect to the operation of addition of less
than m sets belonging to the class, and with respect to complementation, and with this
additional property: For every subdivision of E into disjoint sets containing each more
than one element, there exists a set in K which contains exactly one element of each
of the sets of the subdivision. Must K under these conditions coincide with the class
of all subsets of E? If m=R,, the answer is negative; otherwise, unsolved. 2. Let E
be a set of power m. Is it possible to define # <2m™ completely additive measure func-
tions on the class of all subsets of E so that each subset will be measurable in at least
one measure function? 3. If the continuum hypothesis is true, every subset of the
continuum can be obtained by Borel operations effected on sets that are additive
subgroups of the real numbers. The statement that every subset can be obtained by
Borel operations on sets consisting of rationally independent numbers is equivalent
to the continuum hypothesis. (Received October 27, 1943.)

26. R. C. James: Orthogonality and differentiability in normed linear
Spaces.

Several definitions can be given of orthogonality in normed linear spaces. In this
paper, it is said that an element « is orthogonal to y if and only if ||x+&y|| 2|«] for
all . Such orthogonality is neither symmetric (x Ly does not imply ¥ 1 x) nor additive
(x Lyand x 1 zdo not imply x| y-+3). However, this orthogonality is never vacuous,
since for any x and y there exists an ¢ such that x L (ex-+7). An equivalent definition
of orthogonality is: “x 1 v if limnw”nx+y|| —”nx” =0,” provided x>0, and it follows
that this orthogonality is additive if and only if the norm is linearly Gateaux differ-
entiable at each nonzero point. Furthermore, if this differential exists at a point x,






