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Introduction. Recent developments of symbolic logic have con-
siderable importance for mathematics both with respect to its phi-
losophy and practice. That mathematicians generally are oblivious to
the importance of this work of Gédel, Church, Turing, Kleene, Rosser
and others as it affects the subject of their own interest is in part due
to the forbidding, diverse and alien formalisms in which this work is
embodied. Yet, without such formalism, this pioneering work would
lose most of its cogency. But apart from the question of importance,
these formalisms bring to mathematics a new and precise mathemati-
cal concept, that of the general recursive function of Herbrand-Gédel-
Kleene, or its proved equivalents in the developments of Church and
Turing.! It is the purpose of this lecture to demonstrate by example
that this concept admits of development into a mathematical theory
much as the group concept has been developed into a theory of
groups. Moreover, that stripped of its formalism, such a theory ad-
mits of an intuitive development which can be followed, if not indeed
pursued, by a mathematician, layman though he be in this formal
field. It is this intuitive development of a very limited portion of a
sub-theory of the hoped for general theory that we present in this
lecture. We must emphasize that, with a few exceptions explicitly so
noted, we have obtained formal proofs of all the consequently mathe-
matical theorems here developed informally. Yet the real mathemat-
ics involved must lie in the informal development. For in every
instance the informal “proof” was first obtained; and once gotten,
transforming it into the formal proof turned out to be a routine chore.?

We shall not here reproduce the formal definition of recursive func-
tion of positive integers. A simple example of such a function is an

An address presented before the New York meeting of the Society on February 26,
1944, by invitation of the Program Committee; received by the editors March 25,
1944,

! For “general recursive function” see [9] ([8] a prerequisite), [12] and [11]; for
Church’s “A-defineability,” [1] and [6]; for Turing’s “computability,” [24] and the
writer's related [18]. To this may be added the writer's method of “canonical systems
and normal sets” [19]. See pp. 39-42 and bibliography of [6]for a survey of the litera-
ture and further references. Numbers in brackets refer to the bibliography at the end
of the paper.

2 Our present formal proofs, while complete, will require drastic systematization
and condensation prior to publication.
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arbitrary polynomial P(xy, %2, - + +, %a), With say non-negative in-
tegral coefficients, and not identically zero. If the x’s are assigned
arbitrary positive integral values expressed, for example, in the arabic
notation, the algorithms for addition and multiplication in that nota-
tion enable us to calculate the corresponding positive integral value
of the polynomial. That is, P(x1, %3, « - * , %) is an effectively calculable
Sfunction of positive integers. The importance of the technical concept
recursive function derives from the overwhelming evidence that it is
coextensive with the intuitive concept effectively calculable function.?

A set of positive integers is said to be recursively enumerable if there
is a recursive function f(x) of one positive integral variable whose
values, for positive integral values of x, constitute the given set. The
sequence f(1), f(2),f(3), + - - is then said to be a recursive enumeration
of the set. The corresponding intuitive concept is that of an effectively
enumerable set of positive integers. To prepare us in part for our in-
tuitive approach, consider the following three examples of recursively
enumerable sets of positive integers.

(a): 12, 22, 32 ...,
OF 1, 2, 2142, 21+2+2‘“’ ce e
(c): 12, 22,32, . ..

13,23, 38, . ..

14, 24, 34, : ..

In the first example, the set is given by a recursive enumeration
thereof via the recursive function x2 In the second example, the set
is generated in a linear sequence, each new element being effectively
obtained from the elements previously generated, in this case by
raising 2 to the power the sum of the preceding elements. The set
is effectively enumerable, since the nth element of the sequence can
be found, given #, by regenerating the sequence through its first n
elements. In the third example, we rather imagine the positive in-

tegers 1, 2, 3, - - - generated in their natural order, and, as each
positive integer # is generated, a corresponding process set up which
generates n2, n8, n4, - - -, all these to be in the set. Actually, the stand-

ard method for proving that an enumerable set of enumerable sets is
enumerable yields an effective enumeration of the set.

3 See Kleene [13, footnote 2]. In the present paper, “recursive function” means
“general recursive function.”
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Several more examples would have to be given to convey the writ-
er’s concept of a gemerated set, in the present instance of positive
integers. Suffice it to say that each element of the set is at some time
written down, and earmarked as belonging to the set, as a result of
predetermined effective processes. It is understood that once an ele-
ment is placed in the set, it stays there. The writer elsewhere has re-
ferred to a generalization which may be restated every generated set of
positive integers is recursively enumerable.* For comparison purposes
this may be resolved into the two statements: every generated set is
effectively enumerable, every effectively enumerable set of positive
integers is recursively enumerable. The first of these statements is
applicable to generated sets of arbitrary symbolic expressions; their
converses are immediately seen to be true. We shall find the above
concept and generalization very useful in our intuitive development.
But while we shall frequently say, explicitly or implicitly, “set so
and so of positive integers is a generated, and hence recursively
enumerable set,” as far as the present enterprise is concerned that
is merely to mean “the set has intuitively been shown to be a gen-
erated set; it can indeed be proved to be recursively enumerable.”
Likewise for other identifications of informal concepts with corre-
sponding mathematically defined formal concepts.

At a few points in our informal development we have to lean upon
the formal development. The latter is actually yet another formalism,
due to the writer [19] but proved completely equivalent to that of
general recursive function. It will suffice to give the equivalent of
“recursively enumerable set of positive integers” in this development.

A positive integer # is represented in the most primitive fashion
by a succession 11 - - - 1 of # strokes. For working purposes, we in-
troduce the letter b, and consider “strings” of 1's and &’s such as
1161bb1. An operation on such strings such as “b1bP produces P1bb1”
we term a normal operation. This particular normal operation is ap-
plicable only to strings starting with 515, and the derived string is
then obtained from the given string by first removing the initial 515,
and then tacking on 1561 at the end. Thus 51bb becomes b1bb1. “gP
produces Pg'” is the form of an arbitrary normal operation. A system
in normal form, or normal system, is given by an initial string 4 of
1’s and b’s, and a finite set of normal operations “g.P produces Pg{,”
i=1, 2, ..., p. The derived strings of the system are 4 and all
strings obtainable from A be repeated applications of the g normal

¢ See [19, p. 201 and footnote 18]. In this connection note Kleene's use of the word

“Thesis” in [14, p. 60]. We still feel that, ultimately, “Law” will best describe the
situation [18].
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operations. Each normal system uniquely defines a set, possibly null,
of positive integers, namely the integers represented by those derived
strings which are strings of 1’s only. It can then be proved that every
recursively enumerable set of positive integers is the set of positive
integers defined by some normal system, and conversely.® We here,
as below, arbitrarily extend the concept recursively enumerable set to in-
clude the null set.

By the basis B of a normal system, and of the recursively enumer-
able set of positive integers it defines, we mean the string of letters
and symbols here represented by

A; g1P produces Pgi, - - -, g P produces Pg,/.

When meaningfully interpreted, B determines the normal system,
and recursively enumerable set of positive integers, in question. Each
basis is but a finite sequence of the symbols 1, b, P, the comma, semi-
colon and the letters of the word “produces.” The set of bases is there-
fore enumerably infinite, and can indeed be effectively generated in
a sequence of distinct elements

0: By, B2y B8’ Tt

Since each B; defines a unique recursively enumerable set of positive
integers and each such set is defined by at least one By, O is also an
ordering of all recursively enumerable sets of positive integers, though
each set will indeed recur an infinite number of times in 0. We may
then say, in classical terms, that whereas there are 280 arbitrary sets
of positive integers, there are but N, recursively enumerable sets.

By the decision problem of a given set of positive integers we mean
the problem of effectively determining for an arbitrarily given posi-
tive integer whether it is, or is not, in the set. While, in a certain sense,
the theory of recursively enumerable sets of positive integers is
potentially as wide as the theory of general recursive functions, the
decision problems for such sets constitute a very special class of deci-
sion problems. Nevertheless they are important, as is shown by the
following special and general examples.

One of the problems posed by Hilbert in his Paris address of 1900
[10, problem 10] is the problem of determining for an arbitrary di-
ophantine equation with rational integral coefficients whether it has,
or has not, a solution in rational integers. If the variables in a

8 We have thus restricted the normal operations and normal systems of [19] be-
cause of the following result. If in the initial string and in the normal operations of a
normal system with primitive letters 1, af, « - -, @,/ , each af, =1, + - -, u', is re-
placed by b1 - - - 1b with ¢ 1’s, a normal system with primitive letters 1, b results,
defining the same set of strings on 1 only as the original normal system.






