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1. Introduction. Within the past twenty-five years, a large body 
of statistical inference theory has been developed for samples from 
populations having normal, binomial, Poisson, multinomial and 
other specified forms of distribution functions depending on one or 
more unknown population parameters. These developments fall into 
two main categories: (i) statistical estimation, and (ii) the testing of 
statistical hypotheses. The theory of statistical estimation deals 
with the problem of estimating values of the unknown parameters of 
distribution functions of specified form from random samples as­
sumed to have been drawn from such populations. The testing of 
statistical hypotheses deals with the problem of testing, on the basis of 
a random sample, whether a population parameter has a specified 
value, or more generally whether one or more specified functional 
relationships exist among two or more population parameters. 

All of this theory has now been placed on a foundation of prob­
ability theory through the work of R. A. Fisher, J. Neyman, E. S. 
Pearson, A. Wald, and others. I t has been applied to most of the 
common distribution functions which occur in statistical practice. 
Many statistical tables have been prepared to facilitate application 
of the theory. 

There are many problems of statistical inference in which one is 
unable to assume the functional form of the population distribution. 
Many of these problems are such that the strongest assumption 
which can be reasonably made is continuity of the cumulative dis­
tribution function of the population. An increasing amount of atten­
tion is being devoted to statistical tests which hold for all popula­
tions having continuous cumulative distribution functions. Prob­
lems of this type in which the distribution function is arbitrary within 
a broad class are referred to as non-parametric problems of statistical 
inference. An excellent expository account of the theory of non-para­
metric statistical inference has been given by Scheffé [6O].1 In non-
parametric problems it is being found that order statistics, that is, 
the ordered set of values in a random sample from least to greatest, 
are playing a fundamental rôle. I t is to be particularly noted that the 
term order is not being used here in the sense of arrangement of 
sample values in a sequence as they are actually drawn. 

There are both theoretical and practical reasons for this increased 
attention to nonparametric problems and order statistics. From a 
theoretical point of view it is obviously desirable to develop methods 
of statistical inference which are valid with respect to broad classes 

1 Numbers in brackets refer to the references cited at the end of the paper. 
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of population distribution functions. It will be seen that a consider­
able amount of new statistical inference theory can be established 
from order statistics assuming nothing stronger than continuity of 
the cumulative distribution function of the population. Further im­
portant large sample results can be obtained by assuming continuity 
of the derivative of the cumulative distribution function. From a 
practical point of view it is desirable to make the statistical procedures 
themselves as simple and as broadly applicable as possible. This is 
indeed the case with statistical inference theory based on order sta­
tistics. Order statistics also permit very simple "inefficient" solutions 
of some of the more important parametric problems of statistical 
estimation and testing of hypotheses. The solutions are inefficient in 
the sense that they do not utilize all of the information contained in 
the sample as it would be utilized by "best possible" (and computa­
tionally more complicated) methods. But this inefficiency can be offset 
in many practical situations where the size of the sample can be in­
creased by a trivial amount of effort and expense. 

It is the purpose of this paper to present some of the more im­
portant results in the sampling theory of order statistics and of func­
tions of order statistics and their applications to statistical inference 
together with some reference to important unsolved problems at ap­
propriate places in the paper. The results will be given without 
proofs, since these may be found in references cited throughout the 
paper. Before proceeding to the technical discussion it may be of 
interest to make a few historical remarks about order statistics. 

One of the earliest problems on the sampling theory of order sta­
tistics was the Galton difference problem studied in 1902 by Karl Pear­
son [51 ]. The mathematical problem here, which was solved by 
Pearson, was to find the mean value of the difference between the 
rth and (r + l)th order statistic in a sample of n values from a popula­
tion having a continuous probability density function. In 1925 
Tippett [72] extended the work of Pearson to find the mean value 
of the sample range (that is, the difference between least and greatest 
order statistics in a sample). In the same paper Tippett tabulated, for 
certain sample sizes ranging from 3 to 1000, the cumulative distribu­
tion function of the largest order statistic in a sample from a normal 
population having zero mean and unit variance. In 1928 Fisher and 
Tippett [14] determined by a method of functional equations and for 
certain restricted regularity conditions on the population distribu­
tion the limiting distribution of the greatest (and also least) value in 
a sample as the sample size increases indefinitely. R. von Mises [35] 
made a precise determination of these regularity conditions. Gumbel 
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has made further studies of these limiting distributions and has made 
various applications to such problems as flood flows [19] and maxi­
mum time intervals between successive emissions of gamma rays 
from a given source [18]. In 1932 A. T. Craig [4] gave general ex­
pressions for the exact distribution functions of the median, quartiles, 
and range of a sample size of n. Daniels [7] has recently made an 
interesting application of the sampling theory of order statistics to 
develop the probability theory of the breaking strength of bundles of 
threads. 

One of the simplest and most important functions of order statis­
tics is the sample cumulative distribution function Fn(x), the frac­
tion of values in a sample of n values not exceeding x. In 1933, 
Kolmogoroff [30 ] established a fundamental limit theorem in prob­
ability theory which enables one to set up from Fn(x) a confidence 
band (for large n) for an unknown continuous cumulative distribution 
function F(x) of the population from which the sample is assumed 
to have been drawn. Smirnoff [66 ] extended Kolmogoroff's results to a 
treatment of the probability theory of the difference between two 
sample cumulative distribution functions Fni(x) and F^x) for large 
samples. Wald and Wolfowitz [76] have developed a method for de­
termining exact confidence limits for F(x) from a sample of n values. 

In 1936 Thompson [70 ] showed how confidence limits for the 
median and other quantities of a population having a continuous 
cumulative distribution function could be established from order 
statistics in a sample from such a population. His result was dis­
covered independently by Savur [59] in 1937. In 1941 the author 
[85] showed how the probability function of the portion of the 
distribution (continuous) of a population lying between two order 
statistics could be used to set up tolerance limits for the popula­
tion from which the sample is assumed to have been drawn. These 
ideas were extended by Wald [75] to the determination of rec­
tangular tolerance regions for populations having distribution func­
tions of several variables. More recently Tukey [73] has extended 
Wald's ideas to the determination of more general tolerance regions. 
Tukey's extensions give promise of a variety of applications in sta­
tistical inference. 

One of the most important properties of the probability distribu­
tion for a sample of n values from a population having a continuous 
cumulative distribution function is that the probabilities associated 
with the n\ different permutations of sample values are equal. Fisher 
[12, 13] initiated the idea of utilizing this property to develop the 
randomization method for constructing statistical tests and illustrated 
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his ideas in several examples. Friedman [16], Hotelling and Pabst 
[26], Pitman [55, 56, 57], Olmstead and Tukey [45] and Welch 
[83, 84] have used the randomization method and its extensions to 
several samples for developing various statistical tests valid for 
populations with continuous cumulative distribution functions. Wald 
and Wolfowitz [77] used the idea to develop a test of the statistical 
hypothesis that two samples have come from populations having 
identical continuous cumulative distribution functions. Wolfowitz 
[88] has proposed an extension of the Neyman-Pearson likelihood 
ratio method (a standard method for determining test criteria in para­
metric problems) for systematically determining test criteria in non-
parametric problems, making use of the randomization principle. 

2. Notation and preliminary definitions. Throughout this paper 
we shall consider only populations with continuous cumulative dis­
tribution functions. At certain points in the paper, which will be indi­
cated, we shall consider cumulative distribution functions (cdf) with 
derivatives which are continuous except possibly for a set of points 
of measure zero ; we shall refer to such derivatives as continuous with 
this understanding. 

A one-dimensional continuous cdf F(x) satisfies the following condi­
tions: 

(a) F(x) is continuous on the entire one-dimensional x space. 
(b) F (+oo) = l . 
(c) F ( - o o ) = 0 . 
(d) F(x) is nondecreasing. 

If X is such that the probability that X^x is F(x), or briefly if 

Pr (X ^ x) = F(x), 

then we say that X is a random variable which has the cdf F(x). If 
F(x) has a continuous derivative ƒ(#), then f(x)dx is called the 
probability element of X, and f(x) the probability density function 
(pdf) of X. 

Since we are considering continuous cdfs it should be noted that 
Pr(Xèx)=Pr(X<x)=F(x). 

Similarly, a ^-dimensional continuous cdf F(x\, #2, • • • , Xk) satis­
fies the following conditions: 

(a) F(xi, X2, ' • • , Xk) is continuous over the entire ^-dimensional 
(Euclidean) space !?&. 

(b) /?(+«>, + 00, . . . , +«>) = 1. 
(c) F(— 00, x*f • • • , Xk)=F(xi, - 0 0 , xz, • • • , Xk) = • • • 

= F(xi,X2, • • • , tfjb-i,— 00) = 0 . 


