THE CRITICAL NUMBERS FOR UNSYMMETRICAL
APPROXIMATION

RAPHAEL M. ROBINSON

1. Statement of the main theorem. If £ is an irrational number,
then the modulus of approximability from the right, M+(§), is de-
fined as the least upper bound of the values of u for which the in-
equality

A 1
0<——Et<—
B uB?
has infinitely many solutions. In a similar way, M—(£) is defined meas-
uring the approximability of £ from the left.

The number £ is called critical if there is no other irrational number
¢ for which

M*E) < M*(©), M) < M~().

That is, roughly speaking, £ is called critical if there is no other num-
ber which is harder to approximate both from the right and from the
left. The purpose of this paper is to give a necessary and sufficient
condition that £ be critical.

A few definitions are necessary before stating the main theorem. A
sequence of non-negative integers 7y, 73, 73, 74, + - + will be called
derivable if

lim inf 7, + 1 = lim sup 7, < o,

that is, if ultimately just two different numbers occur in the sequence,
and these are consecutive integers k& and k-41. In this case, the
sequence has the form

rura e e kb (B k(B4 1) &y (B+ 1), k- - -

the exponents denoting repetition of the term k+41. Here the s, are
non-negative integers; if there are consecutive k’s in the sequence,
then we must take some of the s, equal to zero.

We shall call sy, s3, 53, - - - the derived sequence. Together with £,
this derived sequence determines the end of the primitive sequence:

E (B4 1) & (B4 1), by (B4 )% &, -« - .
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It will be convenient in the proof to know that the preceding term 7,
is also either k or k+1. For definiteness, we may suppose that v is
chosen as small as possible so that this is true.

If the derived sequence is derivable, its derivative will be called
the second derivative of the primitive sequence, and likewise for
higher derivatives. The primitive sequence itself will be called the
zeroth derivative.

MaiN THEOREM. The number £ is critical if and only if its expansion
as a continued fraction has the form

£ = [qo, q1, -y Qu—1, 1,71, 1, 73, 1, 73, 1, tee ])

where the sequence 11, rs, 73, « « - either has infinitely many derivatives,
or its highest derivative is a sequence

tl) t21 t3) M
such that t,—k, where k is a positive integer, or t,—> .

2. Discussion of the theorem. By M(£) is meant the least upper
bound of numbers u such that the inequality

4 1

'B—"'E <—

has infinitely many solutions. Thus
M(§) = max {M+(®), M-(§)}.

The condition that £ be critical is strikingly similar to the known
condition that M(£) 3. We have indeed M(§) <3 if and only if the
continued fraction expansion of £ has the form

E = [40, g1y * * * y Qu—1, 71, "1, 72, 72, 73, 73, * * * ]y

where each r, is either 1 or 2, and the sequence ry, rs, 73, + - * satisfies the
same conditions as in the theorem.! Despite the similarity of the results,
no connection is apparent between the problems, and the methods

1 This result does not appear in the literature in exactly this form. However, it is
closely related to results obtained by A. Markoff, Sur les formes quadratiques indéfinies,
Math, Ann. vol. 15 (1879) pp. 381-406 and vol. 17 (1880) pp. 379-399. While the
problem he considered was different, the methods and results can be carried over to
the problem concerning M(%) £3. (Conversely, the main theorem of this paper could
be carried over into a theorem concerning the numerically smallest positive and
negative values of an indefinite quadratic form.) See also P. J. Heawood, Tke classifica-

tion of rational approximations, Proc. London Math. Soc. (2) vol. 20 (1921) pp. 233—
250.
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used to establish the two results are different.

In a previous paper,? which will be referred to as I, we showed how
to determine the values of M+(¢) and M—(£) from the continued frac-
tion for & Indeed, if

E = [q()y q1, G2, Q3 * * * ]’
and we set

)‘n = [11»+1, Jn+2s Qnt3y * * ° ] + [Oy Qny Qn—1y * * * 111],
then
M*(£) = lim sup Agni1, M~(¥) = lim sup Agn.

The proof of the theorem will depend entirely on a study of the \,.
A special notation was introduced for a sum of two continued frac-
tions, such as \,. We write

>\n = [Q1, g2y * 5 qny [qn+1]’ Jn+2y Qn+3y * * ° ]-

This expression will be called a double continued fraction, and will
be said to be centered at gn+1, Or ¢nt1 Will be called the marked term.

A knowledge of I, §§1-5, is required for the present paper. How-
ever, §§3-5 below are independent of I.

3. The average of two continued fractions. Suppose that the two
real numbers p and ¢ can be expanded in continued fractions

p = [rO) T1y * Yoy a]!

[7’0, Ty 0ty Yoy B],

o

which agree except for the last term, and in which all the terms are
positive. In what form can we write the continued fraction for the
average of p and o? We shall put

o+ 0)/2=[ro,r1, - -+, 7o-1, 7],

and investigate the value of 4. It is clear that v is between « and 8.
But we shall prove more, namely that v is between the harmonic and
arithmetic means of o and B:

2af é’ysa+ﬁ'
a+t B 2

We see that for =0, v is equal to the arithmetic mean, and for v=1

2 R. M. Robinson, Unsymmetrical approximation of irrational numbers, Bull. Amer.
Math. Soc. vol. 53 (1947) pp. 351-361. References to the work of Segre and others will
be found there.
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to the harmonic mean. Now suppose that the conclusion is known for
some v, and prove it for v41. We are given

= [ro, oo, roy@] = [ro, -+, 7oy, 7y + a7,
[ro, « « + s 701, 70, B] = [r0, -+, 70m1, 70 + B2,
and are to express their average in the form

(b4 0)/2=1[re, -, roc, 1o, v] = [r0, - -+, oty 70 + 771
We have, by the hypothesis of the induction,

2(1’,, + 0‘—1)(70 + 6_4) <y 4y < (7'1: + ahl) + (rv + ﬂ—l) .
(ro+a )+ (o +8Y " " - 2

The right side of the inequality is equivalent to v =2a8/(a+8), and
the left side when simplified gives

7<a+ﬁ+fv-2aﬁ_
T 24 r(a+B)

Since the right side here is between the arithmetic and harmonic
means of o and B, the desired conclusion follows.
REMARK. If we wish to “symmetrize” the double continued fraction

g

[ay To-1y * " * 71y [r(’]) 71, **° y To1, 6]

by replacing & and 8 by one and the same number v, then the required
value of v is between the arithmetic and harmonic means of « and 8.

4. Comparison of two double continued fractions. There is no
simple rule for deciding in general which of two double continued
fractions is the larger. We shall however give a rule which applies in
certain cases where the central parts of the continued fractions are
symmetrical.

THEOREM. Suppose that ro, 1, - - -, 7,1, and s are positive integers,
and that a, 8,7y, and & are real numbers greater than 1. Let R stand for the
sequence, tncluding a marked term,

Toiy ** * 5 7o, 71y [P0), 71, 72y 0 0 ¢y ot
Then if v is even, we shall have
[v, 1,5, R, s —1,1,8] < [o, 1,5, R, 5, 1, B8],
and provided o <4s-+3 and 8 <4s+3, also
[v,1,s, Rys+1,1,8] > [a, 1, 5, R, 5, 1, B].
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If v is odd, the inequalities are reversed.

ProoF. It will be sufficient to consider the case in which v is even.
To prove each inequality, we start with the left side, and apply the
results of §3 to symmetrize.

The proof of the first inequality proceeds as follows:

[v,1,s, R, s —1,1,8] < [s + 1, R, 5]
<[s+1/2,R s+1/2] < [a 1,5 R, s, 1,8].
Here we symmetrized using the arithmetic mean. For the second in-
equality we have
v, 1,5, R, s +1,1,8] > [s+ 1/2, R, s + 3/2]

= [4s+3,1,5 R, s, 1,45 + 3]

> [a, 1,5, R, s, 1, 8]
Here we symmetrized by introducing the harmonic mean; a simple
calculation shows that the harmonic mean of s+1/2 and s+3/2 is
[s, 1, 45+3].

We shall now prove a generalization of this theorem. The following
lemma is needed.

LemwMmA. If
[- s 7aet, [7a)s nsty Png2y o0 ] < [-- -, ety [7‘,’.], Patly Tuiay * * ° ]
and
[Fasts 7agey = oo 1> [Fngny ragey - -+ ],
then
[ sy Dl s+ 15 Lo e vy s Il rda - 1

PRrOOF. Let p=[fut1, 7n42y + » - | and o= [r,, 7,1, - - - ], and simi-
larly for p’ and ¢’. By hypothesis, p>p’; thus if ¢ <¢’, the conclusion

p+1/a > p + 1/d
is clear. On the other hand, if ¢>¢’, we have
p+1/p+o+1/c> 0 + 1/ + ¢ + 1/d.
Subtracting the inequality
o+ 1/p <o +1/0,

which is true by hypothesis, we again have the desired conclusion.
REMARK. Thus if the order of two double continued fractions is
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what would be expected by looking only at the part to the right of
the marked term, then when the marked term is shifted one place to
the right in each continued fraction, the order is reversed.

Using this lemma, we may generalize the preceding theorem. A
remark is necessary concerning a notation used in the extended

theorem. If by, - « -, b; is a sequence of numbers, then for any x with
1£x=<s we may form the marked block
bly tt b:c-—-ly [bz]y b:c+1, tt bc'

But B, may also be interepreted for other values of x. For example,
B,41 has such a meaning that for any b, the block By, b is

bly b2y Sty btr [b]‘

ExXTENDED THEOREM. Suppose that ro, 11, « * + , 7,1, and s are posi-
tive integers, and that o, B8, v, and  are real numbers greater than 1. For
0=n=v, let R, stand for the sequence, with a marked term at or to the
right of the middle,

Footy* ", 71, 70, 71 " " * [rn], cee Pt
Then if v—n is even, we shall have
[v, 1,5, Roys — 1,1,8] < [, 1, 5, Ry, 5, 1, B8],
and provided a<4s-+3 and B <4s+3, also
[v, 1,8 Ry s +1,1,8] > [, 1,5, Ry, 5, 1, B].
If v—mn is odd, the inequalities are reversed.

Proor. For #=0, we have the preceding theorem. If the theorem is
true for any # with 0=Sn# <v—1, then it is also true for 41, by the
lemma.

5. Lemmas on derivable sequences. Given a derivable sequence
whose terms are ultimately a and a+41. If
blybzr"° )bn

is a block of the derived sequence, then by the corresponding block of
the primitive sequence we shall mean

a, (e + ¥ qa, (a4 1), a, -+, a (a+ 1) a.

The block in the primitive corresponding to a block in the mth deriva-
tive is found by repeated use of this rule. Notice that abutting blocks
of a derivative correspond to overlapping blocks of the primitive. It
is also clear that a symmetrical block in the mth derivative cor-
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responds to a symmetrical block in the primitive.

Consider now a family of sequences, all having m derivatives (m = 1),
and all ultimately containing the same two numbers in the pth deriva-
tive, for each p with 0 =p<m. We wish to study the blocks in the
primitives corresponding to certain types of blocks in the mth deriva-
tives. It is understood that the primitive sequences occurring in the
following two lemmas belong to a family of the type mentioned. The
letters A and B will stand for blocks of terms.

LeMMA 1. Suppose that the block b, B, b in an mth derivative cor-

responds to a block a, A, a in the primitive. Then if ¢>b and d>0,
blocks

b, B, d; ¢, B, d; ¢, B, b

in mth derivatives will correspond respectively to blocks in the primitives
including

a, Ad,a+1; a+1,4,a4+1; e+ 1,4, a.

ProoF. Suppose first that m=1. Then to the block b, B, b in the
derivative corresponds the block

a,(@+ 1), (@+ 1) a

in the primitive. To the block b, B, d in the derivative corresponds the
block

a, (d+ 1)bv Ct (d+ l)d:a'
in the primitive, which includes the block
a, (J+ l)b) Tty (a+ l)b)a‘+ 1a

as required. The other two cases are similar. If m>1, the proof fol-
lows easily by induction, using the result for m=1.

LeMMA 2. If a term k in an mth derivative corresponds to a block
a, A, a in the primitive, then corresponding to any term greater than k in
an mth derivative will be a block in the primitive including a, A, a+1.

Proor. If m =1, then corresponding to a term k in the derivative is
a block

in the primitive, and corresponding to a term greater than k is a block
including

g, (e + Dk a+ 1.






