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J. SUTHERLAND FRAME 

1. Introduction. We are concerned in this paper with a study of 
some important properties of the matrices V of the commuting ring 
of a finite intransitive group of permutation matrices R whose 
transitive constituents we denote by R8, Rl, • • • . In particular we 
shall find an explicit method for obtaining the degrees and characters 
of the common irreducible components of two permutation represen­
tations R* and R* of a group G. 

Our interest in this subject was first aroused in connection with the 
study of molecular structure, in which theoretical chemists have 
made use of the theory of groups. The potential energy of the mole­
cule is approximated by a quadratic form whose matrix V must be 
commutative with all the matrices of the symmetry group of the 
molecule. Its characteristic roots are closely related to the molecular 
spectrum. This suggests the general problem: "What matrices are 
permutable with a given intransitive symmetry group?" 

Let G then be any finite group of order g, represented by an in­
transitive permutation group R, 

(1.1) R = Rl+ • • • + R8 + R' + • • -, 

which is the direct sum of transitive constituents R8, R\ • • • . The 
rectangular matrices Vu which intertwine R% and R8, 

(1.2) R*V" = Vt8R8, 

are submatrices of the matrices V which commute with JR. One basis 
for these matrices Vt8 is supplied by the fx8t double coset matrices 
V'J described in §2. An example is given in §3 to illustrate the theory 
at this point. 

After a change of basis by suitable unitary transformations 
U8, £ / ' , - • • obtained in §4, the permutation groups i?*, R* are re­
written as completely reduced groups, 

(1.3) -RÎr = (UY'R'U8 = • E Fi X î\ 
i 

which are the direct sums of ( /^-d imensional square blocks placed 
consecutively along the diagonal. In each block R!v is the direct 
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product of an irreducible representation Fj of degree ƒ,• by a unit 
matrix I) of degree juj. Under this same change of basis the double 
coset matrices Vjf of the set Vts are transformed into rectangular 
basis matrices $£ of the transformed linear set <£'*, 

(i.4) *:* = (u)-y:u'=• z //x *«„ 
where 7° is the unit matrix of degree /y=M? (corresponding to the 
identity subgroup H°) and where $% are rectangular matrices whose 
coefficients 4>%,p<r (p = l • • • /x}; cr = l • • • JU-J) we shall call double coset 
coefficients. Theorem 1 in §3 gives an explicit formula for the double 
coset coefficients in terms of the entries of the irreducible components 
Fj. Later we try in reverse to obtain information about the Fj by 
first computing the double coset coefficients. 

The double coset coefficients define a transformation from the basis 
$„ of $ts to a new basis E** described in §5. We use the single sub­
script 7j to replace the subscripts j , p, a arranged in dictionary order. 

( 1 - 5 ) <£« = Z2 ParjFr, *, Par, = #aj\p<r. 
V 

We shall prove in Theorem 2 of §5 that the double coset coefficients 
p ^ satisfy a set of orthogonality relations, which include as a special 
case the well known orthogonality relations among the coefficients of 
the irreducible representations Fj of G. 

Similarly in §6 the double coset traces rl
ai and their associated fac­

t o r s ^ , 

(1»6) Taj = 2-d<t>ctj,<TOy 
<r 

( 1 . 7 ) Vaj = Taj/TalTljl ^a l = 1, 

are shown to satisfy orthogonality relations including the well known 
relations among the group characters. The double coset traces are 
proved in Theorem 3 to be algebraic integers, and certain group char­
acters are obtained as linear combinations of the ^ . 

In §7 we assume that some properties of the permutation groups 
R* and R' and the related subgroups H8 and H' are known, but not 
the irreducible representations Fj. The problem is to find the degrees 
and characters of those Fj which are common components of R* and 
R'. The answer is given in terms of the double coset traces and the 
numbers &«x which define the number of elements of G common to a 
double coset H% and a class of conjugates C\. For subgroups of rela-
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tively small index in G, for which fx8t is small, the double coset co­
efficients can easily be determined by factoring a determinant of 
order ix8t using our principal Theorem 4. The characters of the F3- can 
then be obtained by a direct and unambiguous computation. 

2. Double coset matrices and the commuting ring. Let 71 = 1, 
72, • • • , yg be the elements of a finite group G, which is represented 
as the intransitive group of permutation matrices (1.1). Let H8 denote 
the subgroup consisting of the h8 elements of G which leave in­
variant the first symbol permuted by the matrices of R*f and let 
6\ (i = 1, 2, • • • , n8) be the right coset element in the group ring of G 
which is the sum of the elements of the right coset H8yi. In particular, 
6{ represents the sum of the elements in the subgroup H', and 6{/h8 

is an idempotent of the group ring. If h% denotes the order of the 
intersection of y~lH*ya and H*f and rfc the index of this subgroup in 
G, then we define the double coset element 0f of the group ring by1 

(2.1) 6a = SaSl/ha = ^«Ml /g = 0l7«0l/*« • 

This element 0* is the sum of h*/h% distinct right coset elements 0£. 
Each element of G occurs as a summand in exactly one of the 0f, and 
occurs there with coefficient 1. We form a column vector d' of nl rows 
having 6\ in the ith. row, and a column vector 6 oî nl+n2+ - ' - rows 
which is the direct sum of 01, 02, • • • . The transitive groups of 
matrices R* and their intransitive direct sum R can then be defined: 

(2.2) 

(2.3) Ô T , = 

Ô1! 

fl2 

Yi = 

0<<y.- = * '(7<)«'. 

# ( 7 * ) 0 • • • 0 

0 £ 2 ( Y * ) • • • 0 

r 6»M 

02 

= *(7<)9-

By applying the associative law and (2.3) to the product dyf/j wè 
verify that R is homomorphic with G, since 

(2.4) R(yi)R(yù = *(Ym). 

The double coset matrix F« is defined by the formula 

(2.5) 
St t 

Bad 
7 t^Tt8^8 

hVad . 
1 A. Speiser, Die Theorie der Gruppen von endlicher Ordnung. The notion of double 

cosets is explained on p. 63. 
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The entries of V%consist of h*/h% l 's in each of its nl rows, and h8/h% 
Vs in each of its n* columns, all other entries being O's. There are r?l 
l 's altogether in a particular F£. Since the sum over a of 0„ is the 
same as the sum of all elements of G, the sum over a of all F« is a 
rectangular matrix of l 's. 

The fact that F« intertwines the matrices Rl{yi) and R9(y%) is seen 
by combining (2.2) and (2.5). The scalar 0£ is permutable with the 
matrix R'iji) and we have 

(2.6) 
*W-*V t . . S* f 8 t t , . * 

i? (7<)M = 0«i? (7«)« 
St t ,t U 8 

M 7* = hVaSyi 

Comparing coefficients of hW8, we have an equation similar to (1.2) : 

(2.7) R\yi)Va^ VaR\yi), 

If V is any matrix in the commuting ring of R we have 

(2.8) RV = VR where V = 

It has been shown in an earlier paper2 that the submatrix Vts of (2.8) 
which satisfies (1.2) can be expressed as a linear combination of the 
ixs* double coset matrices V^, 

711 

721 

V*1 

yti 

yu . . 
722 . . 

ys2. . 

yti. . 

yi8 

72* 

yss 

yts 

yu.. . 
ytt. . . 

yst . . . 

ytt. . . 

(2.9) 
ts ^ n u 

Furthermore the transpose of the matrix V% is the matrix V%' 
which corresponds to the inverse double coset £[„>, 

(v:y - K. (2.10) 

The identity element of G will occur in the product H$HZ only if 
(3= a. Hence the trace (tr) of the product V£V$ is zero unless a = /3. 
I t is then equal to wf, the number of l 's in the matrix F«s. Thus 

(2.11) /TTt8 8t 8t 
t r (VaVp>) = Occfltlct. 

2 J . S. Frame, Double coset matrices and group characters, Bull. Amer. Math. Soc. 
vol. 49 (1943) pp. 81-92. 
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3. An example of double cosets. In order to fix ideas we illustrate 
the theory with an example in which G is the symmetric group of 
degree 4 and order 24 whose elements Y< we denote by writing them 
as permutations on 4 digits. Let Bl = I+(13) and 0î = I + ( 1 3 ) + (24) 
+ (13) (24), so that H' and Hl are subgroups of order 2 and 4 respec­
tively. Then the right cosets and double cosets are as follows. 

(3.1) Right cosets 

0i = I + (13) 

0*2 = (143) + (34) 

0*3 = (134) + (14) 

04 = (123) + (23) 

0*6 = (132) + (12) 

06 = (12) (34) + (1432) 

(3.2) Double cosets 

0i2 = (13) (24) + (24) 

0n = (234) + (1423) 

0Îo = (142) + (1342) 

09 = (243) + (1243) 

08 = (124) + (1324) 

0*7 = (14) (23) + (1234) 

c 
0i 

el = e 
el = e 

t 
04 = 

t 
06 = 

I 

06 = 

1 + 012 

+ 0n 
8 8 

#3 + 010 

04 + 09 
8 8 

06 + 08 
8 8 

06 + 07 

88 8 

0i = 0 i 
88 8 8 

02 = 02 + 03 
88 8 8 

03 = 04 + 05 
88 8 8 

04 = 06 + 07 

06 = 08 + 09 
88 8 8 

06 = 010 + 011 
88 8 

07 = 012 

0*l' 

02*' 

el' 
el' 

= 01 + 012 
8 8 8 8 

= 02 + 03 + 08 + 0 9 
8 8 8 8 

= 04 + 05 + 010 + 011 
8 8 

= 06 + 07 

J8 J 
01 = 0 1 

is t t 
02 = 02 + 03 

ts t t 
03 = 04 + 05 

ta t 
04 = 06 

J1 J 
01 = 0 1 

tt t t t t 
02 = 02 + 03 + 04 + 05 

tt t 
03 = 06 

Typical permutation matrices Ra(y) and R'iy) for y = (143) are 

(3.3) R'(y) -

0 1 0 
0 0 1 
1 0 0 

0 

0 

0 

0 0 

0 0 1 0 0 0 
0 0 0 0 0 1 
0 0 0 0 1 0 
0 1 0 0 0 0 
1 0 0 0 0 0 
0 0 0 1 0 0 

0 0 

0 

0 

0 

0 0 1 
1 0 0 
0 1 0 
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0 1 0 
0 0 1 
1 0 0 

0 

0 

0 0 1 
1 0 0 
0 1 0 

R'(y) = 

In writing the general double coset matrix V it will be easier to print 
and to read if we replace the arbitrary parameters c[s • • • cs

7
s by letters 

A B C D E F G, replace <£ • • • c? by X Y Z W, replace 4s • • • cf 
by x y z w, and replace 4f, 4'» 4f> hy a b c respectively. Then the 
matrix V becomes 

(3.4) F = 

A B B C C D 

B A B E D C 

B B A D E E 

C F D A C F 

C D F C A B 

D C F EBA 

D F C B E G 

F D C F G E 

F C D G F C 

E E G D B B 

EG E B D F 

D E E F F G 

E D C F G F 

C C D G F F 

B E G D B E 

F G E B D E 

G F C B E D 

A C F E B D 

C A B E D B 

E B A D E B 

F F D A C C 

B D F C A C 

G E E F F D D B B C C A 

X Y Y Z Z W 

Y X Y Z WZ 

Y Y X WZ Z 

ZYWXZY 

Z WYZ X Y 

WZ Y Z Y X 

WYZ Y Z X 

Y WZ Y X Z 

Y Z W X Y Z 

Z Z XWY Y 

Z X Z Y WY 

X Z Z Y Y W\ 

y y z z w 
x y y w z 

y % w y y 

z w x z z 

w z z x y 

w y y z z x a b b b b c 

y w z z x z b a b b c b 

z z w x z z b b a c b b 

y y x w y y b b c a b b 

z x y y w y b c b b a b 

x z z y y w c b b b b a 

A particular double coset matrix is obtained by setting one of the 
letters in (3.4) equal to 1 and all the rest 0. 

4. The transformation to irreducible components. A finite group G 
with k classes of conjugates C\ has exactly k non-equivalent sets of 
irreducible representations as a group of unitary transformations of 

w z z y y x 
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a vector space over a field K of characteristic 0 which includes the 
gth roots of unity. Let Fj of degree fj be a particular unitary repre­
sentation in the jth set, and denote by fj,99{y%) the entry in the pth 
row and <rth column of the matrix representing y4 in Fj. We order the 
g = ]£ƒ? s e t s °f three indices j , p, cr in dictionary order and assign to 
them the single index rj. Given rj we shall write rj* to denote the sub­
script j of the corresponding Fj. The complete set of coefficients in 
all the selected Fj for each 7» may then be written in a gXg matrix Z 
with entries 

(4.1) Zi, = fjtP*(yi). 

From Z we derive a unitary matrix T with entries 

(4.2) tn-zuVr/g)1'* 

which completely reduces both the right and left regular representa­
tions of G.z 

From T in turn we shall derive a decompossable unitary matrix 

(4.3) Ul = ixY'TQ' - ( ^ J) 

which is adapted to the subgroup J3* and contains in its upper left 
corner an n*Xn* matrix U* which reduces R* according to (1.3). This 
we do as follows. 

Denoting by 0° a column vector whose entries are the elements 
71 • • • y g of G, and by y an arbitrary element of the group ring of <•?, 
the regular representations R° and L are given by 

(4.4) 0°Y = R%y)6°\ yd* = L(y)0\ 

We define a new basis vector e such that 6° = Te. Then 

(4.5) €7 = r-*R°(7)r€; 7* = T~lL{y)Te. 

We further define Jy to be the idempotent matrix which vanishes 
except for ƒƒ 1 's as diagonal entries where rj* =7. Then 

/ ^ V ( 7 ) r / , = F7<7)- xil 
(4.6) _i 0 

IjT L(x)TI, = Ir XFj(y) 
where Ij is a unit matrix of degree fj and where • X denotes the left 
direct product in which the submatrices consist of the first matrix 

8 J. S. Frame, On the reduction of the conjugating representation of a finite group. 
Bull. Amer. Math. Soc. vol. 53 (1947) p. 589. 


