GROUP DECOMPOSITION BY DOUBLE COSET MATRICES
J. SUTHERLAND FRAME

1. Introduction. We are concerned in this paper with a study of
some important properties of the matrices V of the commuting ring
of a finite intransitive group of permutation matrices R whose
transitive constituents we denote by R?, R¢, - - - . In particular we
shall find an explicit method for obtaining the degrees and characters
of the common irreducible components of two permutation represen-
tations R* and R of a group G.

Our interest in this subject was first aroused in connection with the
study of molecular structure, in which theoretical chemists have
made use of the theory of groups. The potential energy of the mole-
cule is approximated by a quadratic form whose matrix ¥ must be
commutative with all the matrices of the symmetry group of the
molecule. Its characteristic roots are closely related to the molecular
spectrum. This suggests the general problem: “What matrices are
permutable with a given intransitive symmetry group?”

Let G then be any finite group of order g, represented by an in-
transitive permutation group R,

(1.1 R=R+4.---4+R+R .-,

which is the direct sum of transitive constituents R*, R?, - - - . The
rectangular matrices V* which intertwine R* and R,

1.2) RVt = VRe,

are submatrices of the matrices V which commute with R. One basis
for these matrices V* is supplied by the u’® double coset matrices
V% described in §2. An example is given in §3 to illustrate the theory
at this point.

After a change of basis by suitable unitary transformations
Us, U, - - - obtained in §4, the permutation groups R®, R! are re-
written as completely reduced groups,

(1.3) Ry = (U RU =X F; X I,

i
which are the direct sums of (f;uj)-dimensional square blocks placed
consecutively along the diagonal. In each block R} is the direct

Presented to the Society, December 28, 1946; received by the editors August 29,
1947,

740



GROUP DECOMPOSITION BY DOUBLE COSET MATRICES 741

product of an irreducible representation F; of degree f; by a unit
matrix Ij of degree uj. Under this same change of basis the double
coset matrices V¥ of the set V' are transformed into rectangular
basis matrices ®* of the transformed linear set &,

(1.4) o = (U VY = 1% &L,
7

where I is the unit matrix of degree f;=uj (corresponding to the
identity subgroup H and where ®%, are rectangular matrices whose
coefficients ¢ ,0 (0=1 -+ - pf; 0=1 - - - uj) we shall call doubdle coset
coefficients. Theorem 1 in §3 gives an explicit formula for the double
coset coefficients in terms of the entries of the irreducible components
F;. Later we try in reverse to obtain information about the F; by
first computing the double coset coefficients.

The double coset coefficients define a transformation from the basis
@4 of ®* to a new basis EY described in §5. We use the single sub-
script 7 to replace the subscripts j, p, ¢ arranged in dictionary order.

ts ts __ts ts ts
(1.5) (I’a = Z paﬂEr’ H Pan = ¢df'PV'
n

We shall prove in Theorem 2 of §5 that the double coset coefficients
Pay satisfy a set of orthogonality relations, which include as a special
case the well known orthogonality relations among the coefficients of
the irreducible representations F; of G.

Similarly in §6 the double coset traces 7%, and their associated fac-
tors ¥,

¢ tt
(1.6) Taj = Z Paijooy

o
1.7 Vei = Tei/Tamss; a1 = 1,
are shown to satisfy orthogonality relations including the well known
relations among the group characters. The double coset traces are
proved in Theorem 3 to be algebraic integers, and certain group char-
acters are obtained as linear combinations of the ¥,,.

In §7 we assume that some properties of the permutation groups
R+ and R¢ and the related subgroups H* and H* are known, but not
the irreducible representations F;. The problem is to find the degrees
and characters of those F; which are common components of R* and
Rt. The answer is given in terms of the double coset traces and the
numbers £, which define the number of elements of G common to a
double coset HY and a class of conjugates Cy. For subgroups of rela-
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tively small index in G, for which u?t is small, the double coset co-
efficients can easily be determined by factoring a determinant of
order p*t using our principal Theorem 4. The characters of the F; can
then be obtained by a direct and unambiguous computation.

2. Double coset matrices and the commuting ring. Let v:=1,
Y2y * + +, ¥y be the elements of a finite group G, which is represented
as the intransitive group of permutation matrices (1.1). Let H® denote
the subgroup consisting of the 4° elements of G which leave in-
variant the first symbol permuted by the matrices of R?, and let
0; (¢=1,2, - - -, n*) be the right coset element in the group ring of G
which is the sum of the elements of the right coset H*y;. In particular,

{ represents the sum of the elements in the subgroup H¢*, and 0/h*
is an idempotent of the group ring. If Y denotes the order of the
intersection of v, H*y, and H*, and % the index of this subgroup in
G, then we define the double coset element 6 of the group ring by

@.1) 0 = 0201/ b = nabur/g = O1yas/ h .

This element 6% is the sum of A!/AhY distinct right coset elements 6.
Each element of G occurs as a summand in exactly one of the 6%, and
occurs there with coefficient 1. We form a column vector 6 of #! rows
having 6; in the sth row, and a column vector 8 of n'4+n?+ - - - rows
which is the direct sum of 6%, 62, - - - . The transitive groups of

matrices R and their intransitive direct sum R can then be defined:

(2.2) 0% = R(v:)0",
o1 Riy) 0 ---0)(6
6 0  R(y)---0||6
(2.3) G‘Yi = . Vi = . . IR . = R(VI)O.

By applying the associative law and (2.3) to the product Ovysy; we
verify that R is homomorphic with G, since

(2.4) R(vi)R(yj) = R(vivi).

The double coset matrix V% is defined by the formula

st ¢ t__ts 8

(2.5) 050 = 1Va0.

t A. Speiser, Die Theorie der Gruppen von endlicher Ordnung. The notion of double
cosets is explained on p. 63.
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The entries of V¥ consist of A*//k* 1’s in each of its n' rows, and h*/k
1’s in each of its #* columns, all other entries being 0’s. There are n¥
1’s altogether in a particular V% Since the sum over « of 6% is the
same as the sum of all elements of G, the sum over « of all V¥ is a
rectangular matrix of 1’s.

The fact that V¥intertwines the matrices R(y;) and R*(v;) is seen
by combining (2.2) and (2.5). The scalar 6% is permutable with the
matrix R!(y;) and we have

(2.6 RG)VERS = Ri(y)ols’ = 65R (va)o' = 6%6'y: = 'Vt
' = V?Rs(ﬁ’i)htaa-
Comparing coefficients of 4¢, we have an equation similar to (1.2):

@2.7) R(v)Va = VeR (),

If V is any matrix in the commuting ring of R we have
Vll V12,.,'V18 'Vlt,..‘
V21 V22 .. V28 V2t ..
Vel Vs2... Ves Jst..
Vi yee... Vi Yt

(2.8) RV =VR where V =

It has been shown in an earlier paper? that the submatrix V* of (2.8)
which satisfies (1.2) can be expressed as a linear combination of the
wet double coset matrices V¥,

(2.9) v =S cave.

Furthermore the transpose of the matrix V% is the matrix V3
which corresponds to the inverse double coset HY,,

£1

(2.10) VoY = V.

The identity element of G will occur in the product HyHj only if
B=a. Hence the trace (tr) of the product V¥ V4 is zero unless ao=p.
It is then equal to n%, the number of 1’s in the matrix V¥. Thus

(2.11) tr (VaVy) = Saghin.

2 J. S. Frame, Double coset matrices and group characters, Bull. Amer. Math. Soc.
vol. 49 (1943) pp. 81-92.
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3. An example of double cosets. In order to fix ideas we illustrate
the theory with an example in which G is the symmetric group of
degree 4 and order 24 whose elements v; we denote by writing them
as permutations on 4 digits. Let 8{=I4(13) and 6} =I4(13)+(24)
+(13)(24), so that H* and H* are subgroups of order 2 and 4 respec-
tively. Then the right cosets and double cosets are as follows.

(3.1) Right cosets

6 = I+ (13) 0 = (13)(24) + (24) 61 = 6 + 6
6y = (143) + (34) 6%, = (234) + (1423) 6y = 03 + 6%,
65 = (134) + (14) 61 = (142) + (1342) 65 = 05 + 6%
6 = (123) + (23) 6 = (243) + (1243) 0, = 0%+ 0,
6y = (132) + (12) 6 = (124) + (1324) 65 = 6; + 65

6s = (12)(34) + (1432) 67 = (14)(23) + (1234) 65 = 05 + 07

(3.2) Double cosets

6y = 61 6y = 614 0% 6y = 6,

38 8 8 8t 8 8 8 8 ts t t
0 =02 + 03 0, =0+ 03+ 05 + 09 62 = 0+ 03
8 t 8 8 8 8 ts t t
6y =6 +05 603 =0i-+ 065+ 600+ 0 85 =0+ 0
8 8 8 8 8 t

6 =6y +067 6, =05+ 6, 0 = 6
oz=§-+§ 6y = 1

0 = 010+ 611 tt

¢ ¢ t ¢
0y = 024 03+ 64+ 65

0‘78 = 0812 0? _ 0;

Typical permutation matrices R*(y) and R(y) for v=(143) are

010 )
001 O 0 0
100
001000
o 4880l o
(3.3) Ri(y) = 010000
0 100000 O
000100
001
0 0 0 100
{ 010]




1948) GROUP DECOMPOSITION BY DOUBLE COSET MATRICES 745

[=]

010
001
RY(y) = 100
= 001
100
010
In writing the general double coset matrix V it will be easier to print
and to read if we replace the arbitrary parameters ¢f’ - - - ¢7 by letters
ABCDEFG, replace ¢f - - - ¢ by X Y Z W, replace ¢f - - - &
by x ¥ z w, and replace cf, 5, c§, by a b ¢ respectively. Then the
matrix V becomes

ABBCCD DEEFFG XYYZZW
BABEDC EDCFGPF YXYZ WZ
BBADEE CCDGPFF YY XWZZ
CFDACF BEGDBE ZYWXZY
CDFCAB FGEBDE ZWYZXY
DCFEBA GFCBED WZYZYX
DF CBEG ACF EBD WYZYZ X
FDCFGE CABEDB YWZY XZ
3.4) V= FCDGFC EBADESHB YZWXYZ‘
EEGDBB FFDACC ZZ XWYY
EGEBDF BDFCAC ZXZYWY
GEEFFD DBBCCA4 XZZVYYW
Xy yz 3 w wyysz sz x abdbddc
y *xyy wz Yy wsz 3z £33 badbdocd
Yy X wy Yy % 2 WX g 3 b b ac b d
2 3 WX 3 yyx wyy bbc aldd
2 ws 2z &y 2 x£9yywy bcbdbdad
wg 2z yyx %33 3yyw ¢cbdbdba

A particular double coset matrix is obtained by setting one of the
letters in (3.4) equal to 1 and all the rest 0.

4. The transformation to irreducible components. A finite group G
with £ classes of conjugates C» has exactly k non-equivalent sets of
irreducible representations as a group of unitary transformations of






