
THE JUNE MEETING IN VANCOUVER 

The four hundred thirty-seventh meeting of the American Mathe­
matical Society was held at the University of British Columbia, 
Vancouver, Canada on Saturday, June 19, 1948. The attendance was 
approximately fifty, including the following 42 members of the 
society: 

S. P. Avann, C. R. Ballantine, J. P. Ballantine, Samuel Beatty, R. A. Beaumont, 
E. F. Beckenbach, A. L. Blakers, Gertrude Blanch, J. L. Brenner, Daniel Buchanan, 
Albert Cahn, J. W. Campbell, W. B. Caton, C. M. Cramlet, Harold Davenport, 
Douglas Deny, S. P. Diliberto, D. G. Duncan, N. S. Free, W. H. Gage, J. W. Green, 
Olaf Heimer, M. G. Humphreys, R. D. James, S. A, Jennings, D. H. Lehmer, L. H. 
McFarlan, B. N. Moyls, D. C. Murdock, R. E. O'Connor, T. G. Ostrom, Edmund 
Pinney, Peter Scherk, W. H. Simons, Fritz Steinhardt, Otto Szâsz, Olga Taussky-
Todd, John Todd, W. L. G. Williams, Wilfrid Wilson, R. M. Winger, Clement 
Winston. 

In the morning, there was a short session for research papers, at 
which Dean Daniel Buchanan presided. This was followed by the 
hour address, Recent progress in the Goldbach problem, by Professor R. 
D. James, of the University of Biitish Columbia. Professor James was 
introduced by Professor Harold Davenport. In the afternoon, addi­
tional papers were presented in two sections, a t which Professor 
R. M. Winger and Dean Samuel Beatty presided. 

In the evening, those attending the meetings were the guests of 
the University of British Columbia at a dinner and social gathering 
a t the student union. In addition, those who were fortunate enough to 
be able to spend several days in Vancouver were most hospitably 
entertained in many other ways by the University members and 
townspeople. 

Abstracts of all papers presented at the meeting are given below. 
Papers read by title are indicated by the letter utJn Paper number 367 
was presented by Mr. Todd, number 379 by Professor Jennings, and 
number 402 by Mr. Carter. Professor Volkoff and Mr. Carter were 
introduced by Professor R. D. James. 

ALGEBRA AND THEORY OF NUMBERS 

364^. Richard Bellman: On the number of squarefrees of the form 
P+2. 

It is demonstrated that the number of squarefree numbers less than x of the form 
p+2, where p is a prime, is asymptotic to ex/log x, where c is a determined constant. 
The method also furnishes an error term. (Received April 29, 1948.) 

365. J. L. Brenner: Equivalence of pencils of hermitian matrices 
under unitary transformations. Preliminary report. 
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Necessary and sufficient conditions are obtained for the equivalence of pencils of 
hermitian matrices under unitary transformation. (Received June 18, 1948.) 

366/. Harold Chatland: On the Euclidean algorithm in quadratic 
number fields. 

The problem of determining whether or not the Euclidean algorithm exists in 
quadratic number fields has been worked out in all cases except for primes of the 
form 24»+l. L. Rédei has shown that the algorithm exists in R(73V2), R(971f2), 
Recently H. Davenport showed that the Euclidean algorithm does not exist for quad­
ratic fields whose discriminant exceeds 16384. In this paper, using a method due 
to Erdös and Ko, it is shown that for primes of the form 24»+1 greater than 97 the 
algorithm does not exist in Rtf1!*) except possibly for ƒ>» 193, 241, 313,337,457, 601. 
(Received May 14, 1948.) 

367. S. D. Chowla and John Todd: The density of reducible integers. 
An integer « is said to be reducible if the greatest prime factor of 1 +» 2 is less than 

2». It has been shown (John Todd, Amer. Math. Monthly, in the press) that re-
ducibility of « is a condition necessary and sufficient for the existence of a relation of the 
form arctan » = 2 J ƒ» arctan m, where the ƒ»• are integers and the »»• are positive integers 
less than ». It was noticed that the density of reducible integers (in the range 1 £5» 
££5000) was always very close to .3 . . . . No result of this kind has yet been estab­
lished but it has been shown that the density of those integers » whose largest prime 
factor is less than 2»1'2 is 1-log 2«.3069 . . . . (Received May 11, 1948.) 

368. Harold Davenport: A divisor problem. 
Many of the results proved in the analytic theory of numbers in the period up to 

1937 can be improved by making use of the powerful inequalities for exponential 
sums devised by Vinogradov. As an example, consider the problem of the error term 
R(x) in the formula ]Cn£*<r(»)/» = (l/6)7r2a:—(l/2)log x+R(x)t where <r(») denotes 
the sum of the divisors of ». The classical estimate is 2?(#)=»0(log x)t and Walfisz 
(Math. Zeit. vol. 26 (1927) pp. 66-88) proved by means of Weyl's inequality that 
jR(#)=0[(log ff)/(loglog x)]. By using one of Vinogradov's inequalities, in the form 
given by Titchmarsh (Quart. J. Math. vol. 9 (1938) pp. 97-108), it is possible to prove 
that R(x) =0(log *)*/*+« for any e>0. (Received May 17, 1948.) 

369/. W. M. Gilbert: Associative elements of quasi-groups. 
An element a of a quasi-group 5 is called left, center, or right associative if 

a(xy) = (ax)y, x(ay) = (xa)y, or x(ya) = (xy)a for all x and y in S. G. N. Garrison (Ann. 
of Math. vol. 41 (1940) p. 479) has shown that in a commutative quasi-group left 
associative elements are right associative, and vice versa, and that left and right asso­
ciative elements are center associative. An eighth order quasi-group is exhibited which 
shows that center associative elements need not be left or right associative. D. C. 
Murdoch has termed a quasi-group S abelian if (ab)(cd)'=(ac)(bd)1 for all a, b, ct 

and d in 5. As a trivial extension of a lemma due to R. H. Bruck (Trans. Amer. Math. 
Soc. 55 (1944) p. 45), it is shown that if an abelian quasi-group contains a center 
associative element, or a left associative element and a right associative element, then 
it is an abelian group. (Received May 11, 1948.) 
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3 70/. Franklin Haimo : Subgroups with division properties in A belian 
groups. 

Generalizations of the serving subgroups of Prtifer (Math. Zeit. vol. 20 (1924) pp. 
165-187) and of the convex subgroups of Riss (C. R. (Doklady) Akad. Sci. URSS. 
N.S. vol. 13 (1947) pp. 987-988) are defined. If a subgroup has a generalized Riss 
property and a generalized Prüfer property of the types discussed, it is also convex. 
If a group G contains a torsion-free cyclic subgroup with a generalized Prüfer property, 
then all the cyclic subgroups of G have this property. A group is torsion-free if, and 
only if, all of its subgroups have some generalized Riss property or the convex prop­
erty; and if a group contains a torsion-free subgroup with such a property, then the 
group itself is torsion-free. (Received May 14, 1948.) 

371/. J. L. Hodges and Alfred Horn: On Maharam's conditions f or 
measure. 

In a recent paper (Ann. of Math. vol. 48 (1947) pp. 154-167), Dorothy Maharam 
gave a set of necessary and sufficient conditions that a countably complete Boolean 
algebra have a strictly positive, countably additive measure. The purpose of this note 
is to point out that one of these conditions (Condition I) is a consequence of two of the 
others (Conditions II and Ilia). The proof uses Theorem 2 of Maharam's paper, 
(Received May 14, 1948.) 

372/. Eri Jabotinsky: The arithmetical properties of the coefficients 
An in the expansion (ez — l)/(e*—z) = ^2oAnz

n/nl 

The An satisfy: AQ~0 and 1 +^4„_i= X^/Lo^*'*)^*»anc* ̂ n *s integral. Explicitly: 
i 4 » - ( » + l ) ! £ L o (-n-l+k)<+-»/k\, wX)7Therefore, ^ « ( - l ) * - * mod n and for 
«>0,no -4nisO.Also-4n= —wlmod («+1); whence, by Wilson's theorem, An^l mod 
(»+l ) if and only if (»+l ) is prime. If n—m—p is prime, then, by Fermat's theorem, 
An s A'm mod p, where A'm = (m+1 ) ! 2*Lo ( "~ m ~~ * "^^*/£ •• More generally, for integral 
^ 0 , l e t ^ = (m+l) !ELo(-^- - 1 +^"" 1 + J f c ) /^ Ï .The4^are integral a n d ^ - C m + l ) 
•WÜi""^») ** n—m—p is prime, then Al

n*zAl+l mod (n—m). Hence An~Al 
^Al

n_plmodp. Examples: form^l ,A^n = 1 mod 2 and -42w+is0 mod 2,and for m^2 , 
Atm-i=0 mod 3, 48m = (-l)m""1 mod 3, and i 4 t m + i s - l + ( - l ) « - i mod 3. Also 
I1[_Q (-VKChùAÏ^O, so that îor prime pt £ L o ( -1 )*(CJMMI+*< P - I )=0 mod p. 
Consider the function F(w, z) = (ez—w)/(ex—wz) and the operator a = —w(d/dw). Then 
alF(l, z) = ]£Lo A^tP/nl. Let X&""* designate the sum over all roots b of the equation 
b=é>. Then X ^ - " » —-4n-i, which permits to extend the definition of An to all real 
n greater than zero. (Received April 20, 1948.) 

373. D. H. Lehmer: Six multiplicative functions associated with 
Ramanujan9s r(n). 

Let ah(n) denote the sum of the &th powers of the divisors of n and let 
r(n) =Ti(tt) be the coefficient of xn~l in the expansion of the 24th power of the product 
(1 —x)(l — x2)(l —x3) • • • . We consider six functions r\(n) defined for X = 1, 2, • • •, 6 
by TX(W) —Ti(n)-\-A £ ^ <rw(m)ri(«—m) where (A, h)~(A\, h\) have the six values 
(0, - 1 ) , (240, 3), (-504, 5), (480, 7), (-264, 9) and ( -24, 13). These functions, al­
ready noticed by Ramanujan and Hecke, are of interest in connection with a question 
recently raised by S. Chowla concerning the sum X)oi(ai)oï(oi) • • • <n(am) extending 
over all positive integers a< whose sum is n. Besides the functions ak(n), these six are 
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the only multiplicative functions occurring in the expression for this sum. They all 
have properties similar to those of Ramanujan's n(»). For n=*pa,pa. fixed prime, T(») 
form a recurring series of the second order whose scale is x2 —r\(p)x-\-ph+12. There are 
numerous congruence properties. For example r\(n) is congruent to <rh+n(n) modulo 
the numerator of the (ft-fl3)th Bernoulli number. The Fourier series, Dirichlet series, 
and certain Bessel series involving Kv(x)t whose coefficients are r\(»), all have char­
acteristic properties. (Received May 13, 1948.) 

374. B. N. Moyls: The structure of valuations of the rational f unction 
field K(pe). 

Let Vo be a rank one valuation of a field K with value group Go and residue 
class field Fo', and let V be a rank one extension of Vo to the field K(x) with value 
group G and residue field F. By a method due to S. MacLane (cf. Trans. Amer. 
Math. Soc. vol. 40 (1936) pp. 363-395, for a treatment of the case in which Vo is 
discrete) it is shown that the sum of the transcendence degree T[F/Fo] of F over Fo 
and the rational rank of the factor group G/Go must be less than or equal to one. If 
the equality holds, F and G can be finitely generated over Fo and Go, respectively. If 
T[F/Fo\ — l, F is a rational function field over a finite algebraic extension of Fo. In 
every case, F and G are at most denumerable extensions of F0 and Go, respectively. 
Conversely it is shown that extensions of Vo to K(x) with prescribed value groups 
and residue class fields conforming to the above restrictions can be constructed in all 
cases except perhaps where G /Go is finite and Fis a finite algebraic extension of Fo. 
(Received May 13f 1948.) 

375. Ivan Ni ven: On the location of the roots of a polynomial and its 
derivative. 

It is proved that, for a polynomial with real roots, the average distance between 
the roots is not less than the corresponding average for the derivative. It has been 
conjectured by Paul Erdös and the writer that this result holds for any polynomial 
with complex coefficients. (Received May 17,1948.) 

37 6t. H. E. Salzer: Table expressing every square up to one million 
as a sum of four non-negative tetrahedral numbers. 

The author's empirical theorem that every square integer is the sum of four non-
negative tetrahedral numbers, »(w+l)(»+2)/6, w^O (whose verification was an­
nounced previously for the first 300 squares), has now been verified as far as the first 
1000 squares. A manuscript table establishing this fact is in the author's possession. 
Thus to disprove this conjecture would necessitate finding a square greater than 
1,000,000 (that isf after the 1000th case) which requires five tetrahedral numbers. 
(Received April 9, 1948.) 

377. W. H. Simons: Modular f unctions of stuf e 2. 
Convergent series are obtained for the Fourier coefficients of *C2=*X(T), the funda­

mental modular invariant of stuf e 2, and also for the reciprocal of X(r). Moreover, the 
series obtained for the Fourier coefficients of \(r) and MM «l/XÇr) are subseries of 
that obtained by Rademacher for Klein's absolute invariant / ( r ) . The terms whose 
subscripts are of the form 4W-J-2 in the series for the Fourier coefficients of 7(r) give 
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the terms of the series for X(r), while the terms whose subscripts are of the form 4# 
give those for JU(T). (Received May 13, 1948.) 

378. Olga Taussky: Bounds for characteristic roots of matrices. 
A. Brauer (Duke Math. J. vol. 13 (1946)) proved that all the characteristic roots of 

the nXn matrix (a»-,) with complex elements lie inside or on the boundary of the 
circles with centres an and radii ]£jy»|o»/|. Several generalizations are made; for 
example, the boundary points of the domain formed by the circles cannot, in general, 
be roots. If » = 2, inner points in common to both circles cannot be roots. Results 
concerning multiple roots are obtained. (Received May 13, 1948.) 

379. R. M. Thrall and S. A. Jennings: Some remarks on quasi-cyclic 
algebras. 

In a recent paper (Bull. Amer. Math. Soc. 53 (1947) pp. 369-377) G. Hochschild 
has introduced the notion of quasi-cyclic algebra, and has shown that to every sepa­
rable algebraB with radical!? 5*0 there exists a unique maximal quasi-cyclic extension. 
The present note is concerned with some of the properties of quasi-cyclic algebras. 
In particular, examples are given to show that no minimal quasi-cyclic extension 
exists in general. (Received May 15, 1948.) 

ANALYSIS 

380. E. F. Beckenbach: On harmonie, subharmonic, and linear 
functions of several variables. 

Equalities and inequalities between area and circumferential means of positive 
functions are investigated. It is shown, for instance, that if f(x, y) is positive and of 
class Cn in a domain D, then its harmonic area mean is equal to its geometric circum­
ferential mean for all circular discs in D if and only if ƒ(#, y) is a linear function. 
(Received May 15, 1948.) 

381/. Richard Bellman: On analytic point transformations and inter­
polation of iterates. 

It is shown that if f(x) = X)an#n, 1 Sn< «>, is an analytic point transformation 
satisfying the conditions that £ | a * | < 1 , ai9*0, then ƒ(x) is the value at t = l of the 
solution of an analytic differential equation of the form y'^J^bny", 1 ^ « < °°, y(0) =#, 
provided that \x\ is sufficiently small. This shows that ƒ(#) and its iterates may be 
imbedded in a continuous semi-group of functions, ƒ(xt /), having the properties that 
ƒ(ƒ(** 0» s) ^/(tf» s+t), and that ƒ(xf n) is the nth iterate oîf(x), for s and Jj^O. (Re­
ceived April 29, 1948.) 

382/. Richard Bellman: On the asymptotic behavior of solutions of 
linear differential equations. Preliminary report. 

The behavior of solutions of the differential equations, a(t)y"~\-y'+y=*0f 

y" -\-b(t)y' -{-y^O, is studied as t—•+<», under the assumptions that a(t)—»0 and 
&(<)"•*+ «> as /—•+ oo. It is shown that all solutions of the second differential equation 
do not necessarily —»0 as / -*+ oo. (Received April 29, 1948.) 


