ON THE HOMOTOPY TYPE OF ANR'’S
J. H. C. WHITEHEAD

1. Introduction. If X and Y are any spaces and if f: X—Y and
g:Y—X are maps such that gf=<1, then g is called a left homotopy in-
verse of f and f a right homotopy inverse! of g. In this case we shall
say that Y dominates? X. If ¥ dominates X and Z dominates Y
then it is easily verified that Z dominates X. If g is both a right and
left homotopy inverse of f it is called a homotopy inverse of f and f will
be called a homotopy equivalence. Thus the assertion that f: X—Y is
a homotopy equivalence claims that X and ¥ are of the same homot-
opy type and, moreover, that f has a homotopy inverse.

Two maps, fo, fi: X— Y are said (cf. [1, pp. 49, 50] and [2, p. 344])
to be n-homotopic if, and only if, fudp=2fip for every map, ¢:P—X,
of every (finite) polyhedron, P, of at most # dimensions. By an
n-homotopy inverse of a map, f: X—Y, or an n-homotopy equivalence
we mean the same as a homotopy inverse or a homotopy equivalence
with homotopy replaced by #-homotopy throughout the definition.

By a CR-space we shall mean a connected compactum, which is
an ANR (absolute neighborhood retract). Any CR-space, X, is dom-
inated by a finite simplicial complex [5, Theorems 12.2, 16.2, pp. 93,
99], even if its dimensionality is infinite. We shall use AX to denote
the minimum dimensionality of all (finite, simplicial) complexes
which dominate X. Then AX =dim X and we may think of AX as a
kind of “quasi-dimensionality,” noticing, however, that AX may be
less than dim X, even if X is itself a finite polyhedron.

Let X, ¥ be CR-spaces, and let N=max (AX, AY). Let f: X—Y
be a given map and let f,:m,(X)—m,(Y¥) be the homomorphism in-
duced by f. If f is a homotopy equivalence then f, is an isomorphism
onto for each n21. In §3 below we prove a sharper theorem than the
converse, namely:

THEOREM 1. If fu.:m.(X)—>m.(Y) is an isomorphism onto for each
n=1, .., N, then f: X—Y is a homotopy equivalence.®
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1 Cf. [1]. Numbers in brackets refer to the references cited at the end of the paper.

2 In this case the homomorphisms H,(Y)—H.(X) induced by g: Y—X are all onto,
likewise the induced homomorphisms m,(Y)—m.(X), assuming X, ¥ to be arcwise
connected. In fact H,(Y), or mn(¥) (n22), may be represented as the direct sum of
H,(X), or ma(X), and the kernel of this homomorphism.

3If X and Y are of the same homotopy type, then each dominates the other and
AX =AY. Theorem 1 is formulated with a view to applications in which it is possible to
calculate separate upper bounds for AX, AY (for example, dim X, dim Y).
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We shall also prove:

THEOREM 2. The map f: X—Y is an (N —1)-homotopy equivalence
if, and only if, faima(X)—ow.(Y) is an isomorphism onto for each
n=1,--., N—1.

If AX=AY =0 then it is obvious that X and Y, being connected,
are both absolute retracts. Therefore any map, X—7Y, is a homotopy
equivalence and Theorem 1, likewise Theorem 3 below, is trivial.
Similarly Theorems 2 and 4 are trivial if N =1. Therefore we shall as-
sume that N=1 in Theorems 1 and 3 and N =2 in Theorems 2 and 4.

Theorem 2 is significant in the theory of polyhedra or cell com-
plexes. For the (n—1)-homotopy type of the #-section is a homotopy
invariant of a given complex K (that is, is the same for any complex
of the same homotopy type). It is equivalent to what I have previ-
ously called the n-group (see [6] and [7]) of K, but now propose to
call the n-type. These statements will be proved in a later paper in
which the n-type of a complex will be further discussed.

A map f: X—Y is not necessarily an m-homotopy equivalence if
fu + ¢+, fm are isomorphisms onto, where m <N —1. For example,
let ¥ be a complex projective plane, let X C Y be a 2-sphere, which is
acomplex line in ¥, and let f: X— ¥ be the identity. If g: Y—X were a
2-homotopy inverse of f, then g| X =gf:X—X would be of degree
—+1 and would therefore induce the identical automorphism of m3(X).
But fism3(X) =0. Therefore it would be absurd to suppose that g[X
can be extended to a map g: V—X.

Theorem 1, restricted to polyhedra and weakened by replacing N
by max (dim X+1, dim Y), is essentially a restatement of parts of
Theorems 15 and 17 in [6, pp. 273 and 277]. The generalization to
CR-spaces was suggested by a theorem proved by Sze-Tsen Hu in
[9]. However we do not actually use Hu’s theorem. Instead we fol-
low Lefschetz’s approach to the subject and eventually deduce Hu's
theorem in a modified form. Of course Theorem 1 does not mean
that X and Y are necessarily of the same homotopy type if m,.(X)
=1,(Y) for all valuest of . The crux of the matter is not merely that
mu(X) =m.(Y) but that a certain set of isomorphisms, fa:ma(X)
—7m,(Y), can be “realized geometrically” by means of a map f: X— V.

Let X be the universal covering space of a given CR-space, X,
with base point & X. Then a point, £ X, is a homotopy class of

4 For example m,(P*X.S%) = m,(S* X S?) for every n 21, where P* is a complex pro-
jective plane and S is an 7-sphere. This example is due to Hsien-Chung Wang. For
other examples see [10].
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paths, with fixed end points, joining xo to the point pZ& X, where p
is the projection, p: X—X, which is thus defined. Thus X contains a
base point, Zo& X, which corresponds to the constant path on xo.
If m(X) =1 we identify X with X, taking #=p#. Let H,(X) be the
nth homology group® of X. Let Y be another CR-space, let 7,
H,(V) be similarly defined and let p also denote the projection
p:Y—Y. Then a given map f: X—Y can be “lifted” into a unique
map f: X—¥, such that fp = pf, % = 5o, where yo=Ffxo and ¥, are the
base points in ¥ and ¥. The map f induces homomorphisms H,(X)
—H,(¥), which we shall also describe as induced by f: X—Y. In par-
ticular ¥ may be a finite, AX-dimensional polyhedron, which dom-
inates X, and f: X—Y a map with a left inverse g: Y—X. Let §: ¥—X
be the map obtained by lifting g. Then a homotopy gf—1 may be
lifted into a homotopy gf—wu, where u: X—X is a transformation in
the covering group (that is, pu = p). Therefore »~1§ is a left homotopy
inverse of f (likewise fu~! is a right homotopy inverse of g) and ¥
dominates X. It follows that H,(X)=0 if >dim ¥=dim Y=AX.
Therefore, if X, ¥ are any two CR-spaces, H,(X) =0, H,(¥) =0 if
n>max (AX, AY). We shall prove:

TaEOREM 3. If X, Y are any CR-spaces, then a map f: X—Y is a
homotopy equivalence if each of the induced homomorphisms fiimi(X)
—1(Y), Ho(X)—>H.(V)(n=2, 3, - - -) is an isomorphism onto.

As a corollary to this we have:

CoroLLARY 1. If X, V are simply connected CR-spaces, then a map
f:X—>Y is a homotopy equivalence if each of the induced homomorphisms
H,(X)-H,(Y) (n=2,3, - - +) is an isomor phism onto.

Let X be a finite cell complex.® Then the groups H,(X) may be
defined in terms of chain groups,” C.(X), which are free R(X)-
modules, where R(X) is the group ring of m(X), with integral co-
efficients. According to Eilenberg and Steenrod a map, f: X—Y, of
X into another complex Y, is said to be cellular if, and only if,
fX*C Y for each n=0, 1, - - -, where X», Y* are the #n-sections of

5 It is to be understood that all our homology groups are defined, as in [12], in
terms of singular chains with integral coefficients.

¢ That is, a complex of the sort defined on p. 1235 of [7] or in a forthcoming book
by S. Eilenberg and N. E. Steenrod.

7 Cf. [11, chap IV, §17]. The generalization from ordinary polyhedral complexes to
the more general cell complexes will be described in the book by Ellenberg and Steen-
rod Ca(X) is the relative homology group Hn (X, X»), where Xr is the r-section of
X. For an account of chain mappings and chain equivalences see [4] and [12].
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X, Y. A cellular map, f: X—Y, determines a chain mapping, v: Cn(X)
—C,(Y), which is an operator homomorphism, for eachn=0, 1,
in the sense that <y(pc) = (ap)yc, where pER(X), cGC,.(X) and
a: R(X)>R(Y) is the homomorphism induced by fi:m(X)—m(Y).
A chain mapping v:C(X)—C(?) of the family C(X)={C.(X)}
into the family C(¥) = {C.(¥)} is defined in purely algebraical terms
as a homomorphism, a:m(X)—m(Y), together with a family of oper-
ator homomorphisms, v: Ca(X)—C.(¥), such that dy=v9, where 9
is the boundary operator. If v is the chain mapping, which is induced
by some (cellular) map f: X— Y, then f will be described as a geo-
metrical realization of v. From Theorem 2 we have the corollary:

COROLLARY 2. If a given chain equivalence® v:C(X)—C(Y) has a
geometrical realization, f: X —Y, then f is a homotopy equivalence.

This corollary shows that the problem of determining conditions
for a given chain mapping to have a geometrical realization is funda-
mental in the homotopy theory of complexes. In a later paper we
shall prove that, if X is at most 3-dimensional, then any chain map-
ping, v: C(X)—C(¥), has a geometrical realization, subject to certain
conditions on v: Co(X)—Co(Y).

Let X, ¥, f:X—Y be as in Theorem 2 and let N=max (AX, AY).
Then we prove, as a companion to Theorem 2:

THEOREM 4. The map f: X—Y is an (N —1)-homotopy equivalence if

(a) each of the induced homomorphisms fyim(X)—m(Y), H.(X)
—H,(Y) (n=0, - - -, N—=2) is an isomorphism onto,

(b) the induced homomorphism Hy_(X)—Hn_1(¥) is onto,

(©) fy—:imaa(X)—ww_1(Y) is an isomorphism into.
Conversely, if f:X—Y is an (N—1)-homotopy equivalence, so is the
lifted map, f: X—7Y, and H.(X)—>H.(¥) is an isomorphism onto for
n=0,1,---, N-—1.

2. Alemma on mapping cylinders. Let 4, B be any two spaces and
A,CA, ByCB any subsets of 4, B. We shall say that the pair (B, By)
dominates (A, 4,) if, and only if, there are maps, f:(4, 4.)—(B, Bo)
and g:(B, Bo)—(4, 4,), such that gf is deformable into the identity
by a homotopy of the form £;:(4, 40)—(4, 4,).

Let X, Y be any compacta and f: X—Y a given map. We form the
topological product X X I and, replacing X by a homeomorph, if nec-
essary, assume that no two of X, ¥, X XI have a point in common.

8 It is to be understood that the homomorphism f; :m(X)—m(Y) associated with a
chain equivalence is an automorphism onto.






