THE FIRST SUMMER MATHEMATICAL INSTITUTE

The First Summer Mathematical Institute, devoted to Lie algebras
and Lie groups, was held from June 20 to July 31, 1953 at Colby
College, Waterville, Maine. It was supported by a grant from the
National Science Foundation to the American Mathematical Society.
The Organization Committee consisted of C. C. Chevalley, A. M.
Gleason, and Nathan Jacobson (chairman).

The following twenty mathematicians attended the Institute by
invitation of the Organization Committee: Armand Borel, C. C.
Chevalley, W. L. Chow, A. M. Gleason, Morikumi Goto, G. P.
Hochschild, Kenkichi Iwasawa, Nathan Jacobson, Irving Kaplan-
sky,! E. R. Kolchin, W. G. Lister, Deane Montgomery,! G. D.
Mostow, Hans Samelson, R. D. Schafer, E. V. Schenkman, H. C.
Wang, Hidehiko Yamabe, Hans Zassenhaus, and Leo Zippin.!

The Institute was open to all interested mathematicians and the
following nine attended: S. A. Amitsur, S. G. Bourne, J. L. Brenner,
H. E. Campbell, C. W. Curtis, E. C. Paige, Jr., A. J. Penico, G. B.
Seligman, and M. L. Tomber.

The formal program of the Institute consisted of a seminar on sim-
ple Lie algebras and the following four series of lectures:

Armand Borel, The cohomology of compact connected Lie groups and
their coset spaces;

C. C. Chevalley, Cartan subalgebras and Cartan subgroups;

Hidehiko Yamabe, Structure of locally compact groups;

Hans Zassenhaus, Representation theory of Lie algebras of character-

istic p.

These are summarized below.

In addition there was a series of single talks on various mathemati-
cal topics as follows:

Kenkichi Iwasawa, On some totally disconnected compact groups.
H. C. Wang, Closed manifolds with homogeneous complex analytic

Structure.

Morikumi Goto, Dense imbeddings of locally compact connected groups.
E. R. Kolchin, Galois theory of differential fields.

W. L. Chow, The Albanese variety of an algebraic variety.

A. M. Gleason, Lattices of topologies.

Hans Zassenhaus, Trace functions of characteristic p.

G. D. Mostow, Uniform subgroups of solvable groups.
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C. C. Chevalley, Galois theory of semi-simple Lie algebras.

Colby College provided office space and dormitory accommoda-
tions for the members of the Institute and their families and made
available their recreation area on Great Pond where a picnic was held
on the fourth of July.

Beyond the lectures themselves, the informal contacts that the
Institute afforded were tremendously valuable. Several papers, many
of them collaborations, will soon appear in a Memoirs volume en-
entitled Proceedings of the First Summer Mathematical Institute, and
it is expected that many other results will evolve from the stirring of
ideas effected by the six weeks of study and conversation.

A. M. GLEASON

THE COHOMOLOGY OF COMPACT CONNECTED LIE GROUPS AND
THEIR COSET SPACES

Lectures by Armand Borel

This seminar was devoted to a survey of the main results obtained
so far in the study of the cohomology ring of compact connected Lie
groups and their homogeneous spaces. One may roughly divide these
twelve talks into four groups.

In the first part were discussed general properties of groups, i.e.,
properties which derive solely from the existence of a product (say
associative with unit); that such an approach is fruitful was shown
by H. Hopf, who proved that the cohomology ring H*(X, K,) of
such a compact manifold, with respect to a field of coefficients K, of
characteristic zero, is a Grassmann algebra generated by elements of
odd degrees, or in other words that it is isomorphic to the cohomology
ring of a product of odd-dimensional spheres. A generalization of this
theorem, valid for coefficient fields of any characteristic, was estab-
lished. The product in X also allows one to define a product (intro-
duced by Pontrjagin) in the homology group of X, which thus be-
comes a ring; over a field of characteristic zero, it is again an exterior
algebra (Samelson’s theorem), but this result has been generalized
only in some special cases; the chief new difficulty arising here is the
fact that the Pontrjagin product does not have the familiar anticom-
mutativity property of the cup-product in general.

The second part was devoted to relations between the cohomology
ring H*(G, K,) (K, field of characteristic ) of a compact connected
Lie group G and the cohomology ring H*(Bg, K,) of a classifying
space Bg for G, a point which is at the source of most of the progress
made recently in these questions. We recall that a fiber bundle E,
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with base B and typical fiber F, is said to be a principal bundle with
structural group G if G operates on E, leaving each fiber invariant,
and being simply transitive on them (thus F is homeomorphic to G);
it is a universal bundle for G and for # if moreover its % first homotopy
groups vanish. The existence of universal bundles for any compact
Lie group and any # is well known and important. The base space of
a universal bundle is called a classifying space for G (and for %), and
denoted Bg; it owes its name to the fact that the different structures
of principal bundles with structural group G over a given locally
finite polyhedron B (of dimension =#) are in 1-1 correspondence
with the homotopy classes of continuous maps of B into Bg. By use
of Leray’s spectral sequence of fiber bundles one can establish rela-
tions between H*(G, K,) and H*(Bgq, K,), or more precisely one can
see how certain assumptions on the structure of one of them affect
the other; that study has not yet been performed in the most general
case; however, partial results (with a rather wide range of applica-
tions) have been obtained and were discussed. The main one says
that if H*(G, K,) is an exterior algebra generated by 7 elements of
odd degrees 7; (1S71=<m), then H*(Bg, K,) is a ring of polynomials
over 7 variables of degrees r;+1, and conversely.

When U is a closed subgroup of G, there exists a natural map of
By into Bg, denoted p(U, G), which is particularly interesting when
U=Tr is a maximal torus of G; in that case H*(By, K,) is a ring
of polynomials in 7 variables of degree two, on which the Weyl group
of G acts in a natural fashion (e.g., over the real field, H*(Bz", R)
may be identified with the ring of polynomials with real coefficients
on the Lie algebra of 7). It was shown that under suitable assump-
tions, always fulfilled in characteristic zero (mainly H*(G, Z) has no
p-torsion, i.e., has no torsion coefficient divisible by p), the homo-
morphism p*(T™, G) induced by p(T*, G) maps H*(B ¢, K,) isomorphi-
cally into H*(Br", K,), essentially on the ring of invariants of the
Weyl group. Thus one gets a group-theoretical interpretation of
H*(Bg, K,), which, via the theorem stated at the end of the preced-
ing paragraph, also gives relations between H*(G, K,) and the Weyl
group (obtained first in characteristic zero by C. Chevalley). Whether
one can tie up so closely H*(B g, K,) with group theoretical properties
of G in the general case where G has p-torsion is unknown; modulo 2,
however, a special case has been worked out, that of the orthogonal
group, where replacing the maximal torus by the subgroup of di-
agonal matrices leads to results bearing a close and suggestive anal-
ogy to the preceding ones.

The methods and results expounded in the first two parts do not
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allow one in general to determine H*(G, K,) for a given G having p-
torsion, and for that purpose one has to use special devices, taking
advantage of some particular properties of the group in consideration.
The third group of talks described how the above general theorems
combined with the study of spectral sequences of special fiberings
give the cohomology mod p of the classical groups, the spinor groups,
and the first two exceptional groups G,, Fa.

The last part of the seminar was devoted to homogeneous spaces.
Here the problem is to find relations between the cohomology rings of
a group G, a subgroup U, and the coset space G/ U; to be more specif-
ic, one wants mainly to determine the last one by means of the two
others and of some information describing the position of U in G.
Rather complete results in that direction have been obtained for the
cohomology over the real numbers, by use of differential-geometric
and algebraic methods, the most comprehensive one being a theorem
of H. Cartan; it shows how to calculate (at least theoretically)
H*(G/U, R), knowing H*(G, R), and certain data which turn out to
be essentially H*(By, R) and p*(U, G), and there was given here
a topological proof, in the framework of fiber bundle theory.

Mod p, the situation is less satisfactory; though the methods and
results known so far are sufficient to deal with many classical homo-
geneous spaces, they nevertheless pertain only to special cases. The
discussion was restricted mainly to one of these, that of equality of
ranks (i.e., G and U have a maximal torus in common); also, the
analogy mentioned previously between the role of maximal tori in
real cohomology and of the diagonal matrices for the cohomology
mod 2 of the orthogonal group O(z) was pursued further and allowed
us to determine H*(O(n)/ U, K,) when U has the same “rank mod 2”
as O(n), i.e., when it contains an abelian subgroup of type (2, - - -, 2)
maximal in O(#n).

ARMAND BOREL

CARTAN SUBALGEBRAS AND CARTAN SUBGROUPS
Lectures by C. C. Chevalley

We consider a field K of characteristic zero and a vector space V
of finite dimension # over K. The set L(V) of all K-endomorphisms
of V is a vector space of dimension #? over K. L(V) becomes a Lie
algebra if it is endowed with the bracket operation [X, V]=XY
— YX; we denote this Lie algebra by gl(V). If the intersection & of
some algebraic variety in L(V) with the group of nonsingular endo-
morphisms of V is a group, then @ is called an algebraic group of






