DUALITY AND S-THEORY
E. H. SPANIER

This is an account of a systematization of certain parts of homo-
topy theory by means of the suspension category (also called the
S-category). One of the most important applications is that a formal
analogy becomes a rigorous duality in the S-category. We begin by
summarizing some of the background material and results leading
to the S-theory and duality.

1. Given topological spaces X and Y and two continuous mappings
fo and fi from X to Y (denoted by fo, fi: X—Y) we say that fo is
homotopic to fi (denoted by fo=~fi) if there exists a continuous family
of continuous mappings ks X—Y for 0=<¢=1 such that ko=f, and
h =fi. Intuitively fo=~f1 if the map f, can be continuously deformed
into the map fi. It is easily seen [4; 7] that the relation of homotopy
thus defined is reflexive, symmetric, and transitive and, therefore,
partitions the set of continuous maps from X to Y into disjoint
equivalence classes called homotopy classes. We denote the set of
homotopy classes of mappings from X to Y by [X, Y], and if
f: X—Y, then [f] will denote the homotopy class of f. It is of funda-
mental importance in present day topology to determine the struc-
ture of [X, ¥]. Specifically, we would like to have a method of deter-
mining whether two given mappings are homotopic, and also we
would like to determine how many elements there are in [X, ¥]. In
many cases our information is so limited that we do not even know
whether [X, V] contains more than one element. (In the above when
X is contractible we assume Y is arcwise connected.)

It is clear that if either X or Y is a contractible space then there
is exactly one homotopy class of maps from X to Y. In particular if
either X or Y is a cell of any dimension, the structure of [X, ¥] is
completely known as this set consists of a single element.

Perhaps the most natural spaces to consider after the cells are the
spheres. We denote by S* the unit sphere in a euclidean space of
(n+1) dimensions. We want to discuss the homotopy classes S*—Y
and X—S".
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2. Let us consider first the case where we map S” into a space Y.
We choose a base point » €S and a base point y& Y and restrict our
attention to maps f: S"—Y such that f(p) =y and to homotopies %,
such that k,(p) =y for all 0=¢=1. Given two maps f, g: S*—Y with
f(p) =g(p) =y we define a map

f+e:5"—>Y
with (f+g)(p) =y to be the composite

s By sl VEy

where S*\/S" denotes the subset S*Xp\Up X.S* of S*»X.S", A pinches
an equator of S” through p to a point and maps one hemisphere onto
S»Xp and the other hemisphere onto pX.S", and f\/g maps S*Xp
by f and p XS by g [4;7;9; 10]. It turns out that this “addition” of
maps defines a group structure on the set of homotopy classes of
maps of S* into ¥ which take p into ¥, and this group is abelian if
n>1. The resulting group is denoted by m,(Y, y) and is called the
nth homotopy group of ¥ with base point y. For n=1 the group is also
known as the fundamental group or Poincaré group of Y.

The group structure helps greatly in studying the structure of the
set of homotopy classes from S* to Y; not that the solution is known
in general but that many natural mappings between sets of homotopy
classes are homomorphic in terms of this group structure, and these
homomorphisms have provided a solution in some cases.

For example, a continuous map f: X—Y¥ induces homomorphisms
of the integral homology groups fx: Hy(X)—H,(Y) for every p and
fo~g implies fx =g« [5]. Since H,(S") is infinite cyclic, choice of a
generator s€H,(S") determines a map ¢: (Y, y)—H,(Y) defined
by @ [f]=f«s, and this map is a homomorphism between these two
groups. If Y is arcwise connected and simply connected and if H(Y) =0
Jor 0<i<n (where n>1), then (Y, y)=0 for 0<i<n and ¢ is an
isomorphism of w.(Y, y) onto H,(Y). This result, known as the
Hurewicz isomorphism theorem, shows that the first nontrivial homo-
topy group of a simply connected space can easily be determined
from its homology structure. It also follows that for such a space ¥
two maps f, g: S"—Y are homotopic if and only if fys=gss, which
can be regarded as a generalization of the theorem of Brouwer to the
effect that two maps of S* into itself are homotopic if and only if
they have the same degree [3].

3. Consider next the case where we map a space X into S=. If
we assume dimension X <2n—2, it turns out that we can make
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[X, S"] into an abelian group. Given two maps f, g: X—S" we define
a map (f, g): X—S"XS" by (f, g) (x) = (f(x), g(x)). Let S*\/ S*denote
the subset S*Xp\Up X S" of S*X.S* as above and define

Q:5\V S*—85n

by Q(z, p) =Q(p, 2) =2. Because of the dimension restriction on X
the map (f, g) is homotopic to a map k: X—S*X.S* such that
h(X)CS*\/ .S Then the composite Q& is a map of X into S” represent-
ing the sum of [f] and [g]. The definition of addition in this caseis
due to Borsuk [2; 12], and the resulting group is called the nth
cohomotopy group of X and denoted by 7w*(X).

A continuous map f: X—Y induces homomorphisms

f*: H¥(Y) — H?(X)

of the integral cohomology groups for every p and fo~g implies
f*=g* Since H*(S") is infinite cyclic, a generator s*& H"(S") deter-
mines a homomorphism

¢*: 7v(X) — HY(X)

defined by ¢*[f]=f*s*. If X is a complex and H(X)=0 for i>n,
then m4(X) =0 for i >n and ¢* is an isomorphism of 7*(X) onto H*(X).
This theorem is known as the Hopf classification theorem [4; 8; 22].
As in the case of the Hurewicz isomorphism theorem, it can also be
regarded as a generalization of Brouwer’s theorem on the degree.

The Hurewicz isomorphism theorem and the Hopf classification
theorem are examples of dual theorems. That is, if we interchange
homotopy group with cohomotopy group, homology group with
cohomology group, the map ¢ with the map ¢*, and lowest non-
trivial dimension for homology with highest nontrivial dimension for
cohomology, then one of them becomes the other (assuming simple
connectedness for the Hurewicz theorem and a suitable dimension
restriction for the Hopf theorem). The duality we seek is such as to
make these two theorems dual. There are, of course, other theorems
dual in the same sense. For example, the second nontrivial homotopy
group from below is related to the homology groups [21] in a way
dual to the way that the second nontrivial cohomotopy group from
above is related to the cohomology groups [12; 18] (again if suitable
dimension restrictions are imposed on the first nontrivial group in
each theorem).

4. When we consider maps S»—S* the resulting set [S™, S*] can
be regarded as a homotopy group and, if m <2x—2, also as a co-
homotopy group (the base point condition being unnecessary for the
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homotopy groups of spheres because a sphere is simple in all dimen-
sions [4; 7; 9]). The two group structures on [S™, S»] defined when
m=2n—2 turn out to be the same, and the groups [S™, S*] are
particularly important as the other groups of homotopy classes of
mappings between complexes are built from them. A complete knowl-
edge of the homotopy groups of spheres would be the major step in
obtaining information about the homotopy classes of maps from one
complex to another.

To study the homotopy groups of spheres Freudenthal [6] intro-
duced the swuspension homomorphism (Einhingung) S: wp(S™)
— 741 (S™*1) defined as follows. We regard S**! as the join of S* with
a pair of points (a, b); that is, S¥*! is the set of line segments joining
a point of an equator S* to the two poles ¢ and b. Similarly S*+! is
the join of S* with a pair of points (a’, b’). Given a map f: S*—S* its
suspension Sf: S**1—S7+1 is defined to map S* into S* (regarded as
equators of S¥+1, S»*1 respectively) as f does, to map ¢ into @', b into
b’, and a line segment from a point x of S* to a (or ) linearly onto the
line segment from f(x) to a’ (or b’). The map f—.Sf induces the sus-
pension homomorphism

S: mx(S7) = wpga (S,

This homomorphism is of great importance in the study of the homo-
topy groups of spheres. For k<2n—2 it is an isomorphism onto
[6;7; 19]. It follows that for fixed d in the sequence

S S
Tapd(S™) = Tap14a(S™) = - oo S anpa(S™) — - -

all the maps S except for a finite number at the beginning are iso-
morphisms onto. Note that .S is an isomorphism onto for the same
range of values for which the cohomotopy group #"(S*) is defined.

5. The suspension map can be extended to more general spaces.
If X denotes an arbitrary space, SX will denote the join of X with an
ordered pair of points. Then by a natural generalization of the map
S defined above we define a map

S: [Xx, Y] — [SX, SY]

called the suspension map. The isomorphism theorem for the suspen-
sion homomorphism for spheres has an extension to the more general
case [13; 16] and states that if 7,(Y) =0 for i <n and if X is a complex
with dimension <2n—2, then S is a 1-1 correspondence between [ X, Y|
and [SX, SY). In particular, it follows that for the range of values
for which the cohomotopy groups are defined S is an isomorphism of






