TOPOLOGICAL ANALYSIS
G. T. WHYBURN

1. Introduction. Apart from the really spectacular development of
the field of topology during the last 50 years, one of the most inter-
esting and satisfying related phenomena has been the widespread
interaction between topology and other branches of mathematics.
This has occurred in nearly all fields of mathematics. It has been nota-
ble in algebra, algebraic geometry, differential geometry and in vari-
ous types of analysis. However it is the connection with the theory
of functions, and particularly functions of a complex variable, which
has developed and is being actively developed at present that I should
like to discuss in some detail today. As I have used the term, fopologi-
cal analysis refers to those results of the analysis type, theorems about
functions or mappings from one space onto another or about real or
complex valued functions in particular, which are topological or
pseudo-topological in character and which are obtainable largely by
topological methods. Thus in a word we have analysis theorems and
topological proofs. As just indicated however, what I shall say today
will be confined largely to results closely related to analytic functions
of a complex variable. Since one of the main roots—if indeed not
the taproot— of topology rests firmly in the recognition by Riemann
and Poincaré of the fundamental and inescapable topological nature
of such functions, much of the work to be described represents a
return of topology to some of the original situations and problems
which motivated its beginnings and to which it owes much for its early
development.

Contributions of fundamental concepts and results in this type of
work have been made during the past 25 years by a large number of
mathematicians. Among these should be mentioned (1) Stoilow [1],
the originator of the interior or open mapping, who early recognized
lightness and openness as the two fundamental topological properties
of the class of all nonconstant analytic functions; (2) Eilenberg [2]
and Kuratowski [3] who introduced and used an exponential repre-
sentation for a mapping and related it to properties of sets in a plane,
(3) Morse and Heins [4], whose studies on invariance of topological
indices of a function under admissible deformations of curves in the
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complex plane greatly clarified the action of the mapping in the region
and near the boundary and opened the way toward admissible
simplifying assumptions, (4) the Nevanlinna [5] brothers and L. Ahl-
fors [6] whose oustanding work on exceptional values of analytic
functions lead to conclusions partly topological in character which
contain the suggestion of new connections with topology still await-
ing development, and (5) Ursell and Eggleston [7] as well as Titus
and Young [8] who have contributed elementary proofs for the light-
ness and openness of analytic mappings using novel methods which
have stimulated considerable further effort using these methods in
the same area as well as for mappings in a more general topological
setting. My own work on this subject began around 1936 as a result
of reading some of Stoilow’s early papers, and has been published in
an extended sequence of papers spanning the interval of nearly 20
years to the present. On two occasions, however, summaries of some
of my results have been given and these are to be found in Memoirs
No. 1 of the American Mathematical Society series, entitled Open
mappings on locally compact spaces and as Lecture No. 1 in the Univer-
sity of Michigan’s recently published Lectures on functions of a com-
plex variable. In what will be said today an attempt will be made to
minimize the overlapping with these earlier lectures—although some
will be unavoidable—and concentrate mostly on recent results not
previously announced and on some promising areas for new develop-
ment.

2. Openness and closedness of mappings. We begin with a brief
discussion of openness and closedness of mappings in a general set-
ting, together with some closely related mapping types. Spaces men-
tioned will always be assumed to have an open set topology in which
the weak separation axiom is satisfied that for any two distinct points
x and y there is an open set containing x but not y. Thus we have
Ti-spaces. Actually the points to be considered are of primary inter-
est in much more restricted spaces, such as separable metric ones or
even Euclidean spaces so that little will be lost in following the dis-
cussion if one thinks in terms of these spaces. A mapping f(X)=17Y,
that is, a single valued continuous transformation, of a space X onto
a space Y is open or closed provided the image of every open or closed
set in X is open or closed respectively in the space Y.

For example, the mapping of the complex z-plane Z onto the
w-plane W generated by the function w =22 is open since the image of
any open set in the z-plane such as a sector is an open set, a larger
sector in the w-plane. On the other hand, if the function is modified
making it w=32? on the left-hand half-plane and keeping it w=25? on
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the right half-plane, the mapping is no longer open. For the effect
now is to fold the left half-plane onto the right half-plane across the
y-axis and then stretch the right half-plane so as to cover the whole
w-plane by drawing the positive and negative y-axis together along
the negative u-axis. Thus, a circular region with center on the posi-
tive y-axis would have as its image a semicircular region containing
points of the negative u-axis but no points below this axis so that the
image is not open.

Similarly, for closedness, any mapping on an ordinary compact
metric space is necessarily closed, since all closed sets in such a space
are compact and compactness is an invariant property for all map-
pings. On the other hand the mapping w=e* of Z into W is not closed
because, for example, the set of points on the right arm of the hyper-
bola y=1/x is closed in Z whereas its image under the exponential
mapping approaches the circle |w| =1 asymptotically but contains
no point of this circle. For an even simpler example it is of interest
to note that the mapping x=cos ¢, ¥ =sin ¢ of the half-open interval
0={<2x onto the unit circle C, although a 1-1 mapping, is neither
open nor closed. A sequence of values of ¢ converging to 2w is closed
in our original space whereas its image converges to the point (1, 0)
of C and thus is not closed. For 1-1 mappings such as this openness
and closedness are equivalent properties and each implies that the
mapping is topological. In a general way it may be said that a map-
ping is open provided the vicinity of a point is not violated or in-
truded on under the mapping—nothing comes from outside in and
approaches the image of the point without actually doing it through
the image of the given vicinity. Similarly a mapping is closed pro-
vided that a set which wanders off to infinity (i.e., has no limit point)
in the original space, has as image a set which behaves similarly—it
cannot come in and approach a limit in the image space.

Openness and closedness of a mapping are relative properties in
case the image YV of X under f is embedded in a larger space Y. In
such a situation we say that the mapping is strongly open (or closed)
provided the image of each open (closed) set in X is open (closed) in
the whole containing space Y, This is particularly significant for
analytic functions when we usually are considering mappings of re-
gions in the z-plane 4nto but not onto the w-plane. However, we note
that the distinction disappears whenever the image set ¥ of X is
itself open (or closed) in the larger space Y.

3. The Brouwer theorem. A problem. Perhaps the earliest theorem
of note concerned with openness of a mapping was the celebrated one
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due to Brouwer to the effect that Every homeomorphism of a Euclidean
space into itself is necessarily strongly open. This basic proposition
seems to have been a powerful influence in the studies of Stoilow and
probably suggested to him the concept of openness for a mapping in
general when he had noted that many other mappings, among them
the ones generated by analytic functions, have this property. Other-
wise stated, the Brouwer theorem asserts that Iz a given Euclidean
space any set homeomorphic with an open set is itself necessarily an open
set. In this connection it seems worthwhile to suggest consideration
of the converse question, namely, To what extent are the Euclidean
manifolds characterized by this property? In other words, if a suitably
restricted space X has the property that each subset of X which is
homeomorphic with some open set in X is necessarily open, what, if
any, additional conditions are needed to insure that X is a manifold
of some dimension? Phrased still another way: How does one char-
acterize those spaces having the property that any subset homeomorphic
with an open set is open? The answer here is entirely unknown to me,
but it probably could be had by some concentrated effort using al-
ready available tools in topology and it might well be worth the effort
required.

4. Quasi-compactness. If instead of requiring that all open (or
closed) sets in X have open (closed) images, this restriction is limited
to open (closed) inverse sets, we obtain the notion of a quasi-compact
mapping. An inverse set in X is a set X satisfying Xo=/"1f(X,), i.e.,
a set which is the inverse of its transform under f. Thus a mapping is
quasi-compact provided the image of every open inverse set is open—
or provided the image of every closed inverse set is closed. Clearly
the same concept is obtained whichever way we state the condition
because for inverse sets the image of the complement is the comple-
ment of the image. Thus quasi-compactness is a weaker condition
than either openness or closedness for a mapping and in many re-
spects represents the common ground shared by these two properties.
Quasi-compactness is of particular interest in connection with map-
pings generated by decompositions of a topological space and it was
in this connection that the concept was initially formulated by
Alexandroff and Hopf [9], who referred to it under the name of
strong continuity. The natural mapping for any such decomposition
of a space X onto the hyperspace X’ in which a set is open provided
the union of its elements is open in X is always quasi-compact.
Further, a given mapping f(X) = Y will be quasi-compact if and only
if the decomposition of X into point inverses f~1(y), yEY, has a






