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One of the most important of the many achievements of Willard 
Gibbs was the derivation of a single equation of universal validity, 
by which the properties of a macroscopic system in equilibrium could 
be expressed in terms of the submicroscopic mechanical properties of 
the molecules composing it. I wish to discuss the present status of the 
methods of numerical evaluation of one problem using this equation. 

It is known experimentally, with a simple extrapolation from ther­
modynamic theory, that any system composed of real molecules a t 
any finite nonzero temperature, T, and at infinite dilution, for which 
the number density, p~N/V, of molecules approaches zero, exists 
as a perfect gas. For the perfect gas the pressure, P , is given by the 
equation, P=pkT, with k equal to Boltzmann's constant, fe = 1.38 
X10~~16 ergs/deg °K. The energy of the perfect gas depends only on 
Ty and not on the density, p. At sufficiently high temperature, and 
what is high or low depends on the type of molecule, the material 
remains gaseous even if the pressure is increased to any experi­
mentally attainable value. The perfect gas equation is no longer 
obeyed exactly a t high densities, but P remains a smooth, and pre­
sumably analytic, monotonie function of p. At low temperatures, be­
low the critical temperature, condensation occurs as the density is 
increased. If only one species of molecule is present the condensation 
is abrupt on the pressure plot, that is the density increases discon-
tinuously from that of the gas to that of the condensed phase. Below 
the triple point temperature the condensed phase is crystalline. (The 
one exception is helium for which the triple point does not exist above 
zero.) Above the triple point the condensed phase is a liquid. 

The thermodynamic properties of a system are completely deter­
mined if one knows the equation for the energy, E0, as a function of T 
in the perfect gas state, EQ{T), and the equation of state, that is the 
equation for the pressure as a function of density and temperature, 
P=P(p, T). The energy, E0(T), of the perfect gas, can be readily 
expressed from the Gibbs formulation as SNkT/2 plus a sum over 
the internal quantum states of the molecules, and even for relatively 
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complicated molecules the equations can be evaluated numerically, 
often even with greater precision than calorimetric measurements 
achieve. For the gas, the pressure, at a given temperature, may be 
expressed as a power series in the density, p. The temperature de­
pendent coefficient of p", known as the p'th virial coefficient, can be 
expressed as an integral of a function of their mutual potential over 
the relative position coordinates of v molecules. Although numerical 
evaluation for coefficients higher than the second is relatively diffi­
cult, no fundamental problem seems to be involved. 

For the condensed phase the situation is less satisfactory. At low 
temperatures, for which the material condenses to a crystal, one pro­
ceeds by making use of this empirically known fact, and the known 
crystal structure. The integrand, which occurs in the Gibbs formula­
tion, is then assumed to have a (computable) maximum when the 
atoms are all situated on the lattice sites of the known experimental 
lattice. The energy is then assumed to be quadratic in the small dis­
placements from these equilibrium positions, and by the method of 
normal coordinates reasonably satisfactory computations are pos­
sible. 

For the intermediate temperature range between the triple point 
and the critical point, and for which the condensed phase is a liquid, 
the situation is in still poorer shape. In the liquid (as also in the very 
high density gas), each molecule is simultaneously in interaction with 
a large number of neighbors. The development of the virial expansion, 
in which one considers first pair interactions, then triples, etc., no 
longer converges. On the other hand there is no single, regular, peri­
odic configuration of dominant probability, which can be used as a 
starting point of a development for small displacements, as in the 
crystal. One is forced to a general consideration of the fundamental 
equations. 

The computation of the thermodynamic properties does not answer 
all possible questions about a liquid. Among others one would cer­
tainly wish to know what may be vaguely called its structure. For 
some time even a precise question had not been formulated, the 
answer to which would describe the structure of a liquid unambigu­
ously. At the present time, possibly unwisely, one assumes the de­
scription to be answered best in terms of the probability densities, 
pn , for n = l, 2, 3, • • • molecules. The function, pi(r), is defined con­
ceptually by the statement that pi(r)dr is the probability that a 
molecule will be found at the position r in the volume element dr. For 
a fluid pi(r) is a trivial constant equal to the average number density 
p. The quantity pz(ru t<i)dt\dti is defined as the probability of finding 
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simultaneously a molecule at t\ in dt\ and one at r2 in dr2. This pair 
density, p2, is a function only of the distance, r\% = 11\ — r2 j , in a fluid, 
and can be found experimentally as the Fourier transform of the 
X-ray scattering intensity. The higher probability densities, such 
as p*(ri, r2, r3), proportional to the probability of simultaneously 
finding molecules at ri, r2, and r3, are experimentally unobservable, 
at least at present, but are essential concepts in almost any at tempt 
to treat the transport properties of fluids such as viscosity or con­
ductivity. These probability densities for the equilibrium system 
are also formally derivable from the general Gibbs equation. 

The discussion of the status of the at tempt to obtain a general 
treatment by which the formal Gibbs equations can be evaluated 
numerically is my subject. Any such general treatment would apply 
equally to crystal, or to dilute gases, although in these cases more 
special methods lead to simpler solutions. 

The mathematical problem may be stated to be the evaluation for 
small values of n, n = 0, 1, 2, etc., of a set of functions, Gn{n}, given 
by the equation, 

(1) G - M - E - ^ - f f ••• fcSU{{n} + [N}}d{N}, 

where the symbol {n} is used for the 3n cartesian coordinates of n 
molecules in 3-dimensional space, 

(2) ri, ra, • • • , rn, 

and d{n} for the 3w-dimensional volume element, 

(3) d{n} = dri • • • drn. 

The parameter z is real positive, and we are interested in values up 
to those for which zV may be very large, zV=10n. The functions, 
G$\ are real positive symmetric functions of the coordinates of N 
molecules, such that the function G$+M approaches in value the 
product of functions GfflGffl when the coordinates, {N}, of N of the 
molecules are all very far distant from all the coordinates, {M}, of 
M of them, 

if r - -> • , l^nûN, N+l^mSN + M. 

The function Gf(rî) is unity, so that, 

i-N 

(5) G^ ) { iV}-* I lGr ) ( f < ) = l I >>,-> « ° , i \ r £ i > . / £ l . 
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Furthermore the functions Gffi approach zero in value if any of the 
distances, r»y, approach zero, 

(6) G™{N}->0, anyr< , -»0 . 

The volume, V, over which the integration is to be extended, is to 
be taken as very large compared to r% if r0 is the significant distance 
compared to which the relations (4), (5), and (6) become valid. 

The physical interpretation of the problem is that of the computa­
tion of the equation of state, with the Grand Canonical Partition 
Function of Gibbs, after summation over the internal molecular 
quantum states, and integration over the momenta. A macroscopic 
system of one kind of molecule, in equilibrium, has its thermo­
dynamic state specified by three variables, one of which must deter­
mine the over-all size of the system, and may be chosen as the vol­
ume, V. The other two may be chosen as intensive variables, one of 
which determines the concentration of energy in the system, and the 
other the concentration of molecules. Of these, the first is usually 
chosen as the absolute temperature, T. The other, that which deter­
mines the concentration of molecules or density, we choose as the 
activity, z. This is related to the chemical potential, JU, of Gibbs, by 
the equation, 

(7) z = exp [(M - no)/iT]9 

where JJ,Q is so chosen that z becomes equal to the number density, 

(8) P = N/V, 

at the limit that both become zero, 

(9) lim — = 1, (determines juo), 
*-*o L p J 

for which density the system always approaches a perfect gas in 
properties. 

If G$ is defined to be 

(10) Ĝ 0> = e r p ( - t M # } / * r ) , 
with UN{N} the mutual potential energy of the molecules, 

(11) UN{N}->0 a l l r o - x » , N ^ i > j ^ l , 

(12) UN{N} -» 00 anyr t f -*0 , 

then the function Go has the physical significance that 

(13) Go == epvl»T. 
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with P the pressure of the system. One might point out here that 
PV/kT is of the order of the number, 27, of molecules in the volume, 
Vf and we wish to choose V large enough that this is something like 
1023. 

Since P is expressed by the equation (1) for n = 0 as a function of 
z and r , the thermodynamic relations, 

(14) z[d{P/kT)/dz]r~p, 

(15) [d(P/kT)/dT], = H - üo, 

with H the Enthalpie and Ho the Enthalpie of the perfect gas state, 
serve to give the difference of all thermodynamic properties of the 
system from those of the perfect gas. 

The computation of the thermodynamic properties of the perfect 
gas is not only formally given by the equations of Gibbs, but is 
numerically evaluated with high precision for many even relatively 
complicated molecules, using spectroscopic data. Given UN, which is 
an appropriately averaged mutual potential over the internal molecu­
lar states, the evaluation of equation (1) for n = 0 would complete the 
computation of all of the thermodynamic properties a t all tempera­
tures and densities. Even for systems which are essentially quantum 
mechanical a modification of the meaning of G§\ leads to the correct 
equations. We might also mention that the extension to systems com­
posed of several kinds of molecules does not introduce essentially new 
complications. 

The functions Gn of Equation (1) for w = l, 2, etc., go beyond the 
thermodynamic specification of the system. In general the physical 
meaning is that 

(16) Gn{n) = e p W O n { w } , 

where pn {n} is the probability density that molecules will be found 
simultaneously at all of the positions {n}. Since for a fluid pi(r t) is a 
constant, 

(17) Pi(r) = p, 

the equation for n = l gives no essentially new information, but 
P2(ri, r2) for a fluid, which is a function of the distance, 

(18) f i 2 = | rx — r 2 | , 

(19) p2(ri, r2) = p2(ri2), (fluid) 

is the Fourier transform of the X-ray scattering intensity, and hence 
is known experimentally, (Fig. 1). 
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For a fluid n(r\y r2) =* P2(|n — r2|) 
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FIG. 1 

The theoretical physicist has one great advantage over the pure 
mathematician as recompense for the difficulty of the problems which 
he is forced to undertake: he usually knows the correct answers to 
his problems, answers supplied by the experimentalists. The solutions 
of Equation (1) for w = 0 lead to curves of P versus z that look 
qualitatively like those of Fig. 2. Starting a t the origin, P increases 
linearly with z with a slope kT. The curves then tend to bend up­
wards at all low temperatures, and a t sufficiently low T values there 
is a singularity followed by an enormous increase in slope correspond­
ing to the discontinuous density increase at the activity of con­
densation. For increasing T values the singularity moves toward 
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