A PARTITION CALCULUS IN SET THEORY
P. ERDOS AND R. RADO

1. Introduction. Dedekind’s pigeon-hole principle, also known as
the box argument or the chest of drawers argument (Schubfach-
prinzip) can be described, rather vaguely, as follows. If sufficiently
many objects are distributed over not too many classes, then at least one
class contains many of these objects. In 1930 F. P. Ramsey [12] dis-
covered a remarkable extension of this principle which, in its simplest
form, can be stated as follows. Let S be the set of all positive integers
and suppose that all unordered pairs of distinct elements of S are dis-
tributed over two classes. Then there exists an infinite subset A of S such
that all pairs of elements of A belong to the same class. As is well known,
Dedekind’s principle is the central step in many investigations. Simi-
larly, Ramsey’s theorem has proved itself a useful and versatile tool
in mathematical arguments of most diverse character. The object
of the present paper is to investigate a number of analogues and ex-
tensions of Ramsey’s theorem. We shall replace the sets S and 4 by
sets of a more general kind and the unordered pairs, as is the case al-
ready in the theorem proved by Ramsey, by systems of any fixed
number 7 of elements of S. Instead of an unordered set .S we consider
an ordered set of a given order type, and we stipulate that the set 4
is to be of a prescribed order type. Instead of two classes we admit
any finite or infinite number of classes. Further extension will be ex-
plained in §§2, 8 and 9.

The investigation centres round what we call partition relations
connecting given cardinal numbers or order types and in each given
case the problem arises of deciding whether a particular partition
relation is true or false. It appears that a large number of seemingly
unrelated arguments in set theory are, in fact, concerned with just
such a problem. It might therefore be of interest to study such rela-
tions for their own sake and to build up a partition calculus which
might serve as a new and unifying principle in set theory.

In some cases we have been able to find best possible partition
relations, in one sense or another. In other cases the methods avail-
able to the authors do not seem to lead anywhere near the ultimate
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truth. The actual description of results must be deferred until the
notation and terminology have been given in detail. The most con-
crete results are perhaps those given in Theorems 25, 31, 39 and 43.
Of the unsolved problems in this field we only mention the following
question. Is the relation N—(wo2, wo2)? true or false? Here, N denotes
the order type of the linear continuum.

The classical, Cantorian, set theory will be employed throughout.
In some arguments it will be advantageous to assume the continuum
hypothesis 2% =N, or to make some even more general assumption.
In every such case these assumptions will be stated explicitly.

The authors wish to thank the referee for many valuable sugges-
tions and for having pointed out some inaccuracies.

2. Notation and definitions. Capital letters, except A, denote sets,
small Greek letters, except possibly w, order types, briefly: types,
and &, I, m, n, k, \, u, v denote ordinal numbers (ordinals). The letters
7, s denote non-negative integers, and @, b, d cardinal numbers
(cardinals). No distinction will be made between finite ordinals and
the corresponding finite cardinals. Union and intersection of 4 and
B are A+B and AB respectively, and A CB denotes inclusion, in
the wide sense. For any 4 and B, 4 —B is the set of all x&4 such
that x&B. No confusion will arise from our using 0 to denote both
zero and the empty set. If p(x) is a proposition involving the general
element x of a set 4 then {x:p(x)} is the set of all x€4 such that
p(x) is true.

n and N are the types, under order by magnitude, of the set of all
rational and of all real numbers respectively. A will also be used freely
as a variable ordinal in places where no confusion can arise. The rela-
tion @ =8 means that every set, ordered according to 8, contains a
subset of type a, and a £ is the negation of o 8. To every type «
there belongs the converse type a* obtained from « by replacing every
order relation x <y by the corresponding relation x>y. We put

[m, n] = {vim < » < n} for m < n.
The symbol
{@o, 21, - -+ }<
denotes the set {xo, X1, ¢ ¢ } and, at the same time, expresses the
fact that xo<x; < - - - . Brackets { } are only used in order to define

sets by means of a list of their elements. For typographical con-
venience we write

2 [x € 4]f()
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instead of E,e 4f(x), and we proceed similarly in the case of products
etc. or when the condition x &4 is replaced by some other type of
condition.

The cardinal of S is | S|, and the cardinal of & is |a|. For every
cardinal @, the symbol a* denotes the next larger cardinal. If a =5%
for some b, then we put a—=b, and if a is not of the form bt, i.e. if
a is zero or a limit cardinal, then we put ¢~=ga. Similarly, we put
k—=l, if k=141, and k~=k, if k=0 or if k is a limit ordinal. If .S
is ordered by means of the order relation x <y, then the type of S
is denoted by S< and, if no confusion can arise, by S. For any a>1
we denote by a’ the least cardinal |#| such that a can be represented
in the form Y [v <n]a, where a, <a for all »<#. This cardinal a’, the
cofinality cardinal belonging to a, is closely related to the cofinality
ordinal ¢f(8) of an ordinal 8 introduced by Tarski [17]. A regular
cardinal is a cardinal a such that a’ =a. The least ordinal of a given
cardinal @ is the initial ordinal belonging to a. Initial ordinals are
the finite ordinals and the infinite ordinals w, of cardinal N,. We put

[S]e = {x:XCS; | X| = o}.
In particular, [S]*=0 if | S| <a. The relation
A=2"lry<kldy=Ao+"'dr+"---
means, by definition, that 4 = Z [v<k]A4, and, also,
A4,4,=0 (v <v<k).
Fundamental throughout this paper is the partition relation
a— (b, d)?

introduced in [6]. More generally, for any a, b,, k, 7 the relation

(1) a— (b01 bly t e )’I;

is said to hold if, and only if, the following statement is true. The
cardinals b, are defined for v <k. Whenever

|sl=a;i [s} =X <K,
then there are BC.S; v <k such that
| Bl =b; [BFCK.
For k <w, we also write (1) in the form

a— (bo, by, + - -, bp—1)",
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and if k is arbitrary, and b, =0 for all » <k, then we may write (1) in
the form

a— (b);:

We also introduce partition relations between types. By definition,
the relation

(2 a— (Bo, By, - -+ )

holds if, and only if, 8, is defined for v <k and if, whenever a set S is
ordered and

S=a; [SI =2 <klK,
there are BC.S; v <k such that
B =28 [B] C K..

If 2 <wo, or if all B, are equal to each other, we use an alternative
notation for (2) analogous to that relating to (1). The negation of (1),
and similarly in the case of (2), is denoted by

a- (bo, by, -+ + )i

We mention in passing that the gulf between (1) and (2) can be
bridged by the introduction of more general partition relations re-
ferring to partial orders. These will, however, not be considered here.

If a =N then, clearly, @’ is the least cardinal 8, such that a-+(a).,.
Also, N, is regular if, and only if, Na—Nn)s, for all # <m. Finally,
the relation a— (b, b7, - - - )} is equivalent to Y, [v<k]b, <a.

We now introduce some abbreviations. Let .S be ordered. Then, for
xES,

L) = {y:{y, 2}<CS}; R@) = {y:{s, y}< C S}
If, in addition, [S] = D_[v<k]K,, then, for BCS; » <k,
F(B) = {4:4 C B; [A] C K.},
[K.] = F.(S).

In the special case r =2, we put, for xES; v <k, L,(x) = {y: {y, x}<
€K,}; R(x)={y:{x, v}<EK,}; U,=L,+R,. U, is independent of
the order of S. If 024 CS, and if W(x) is any one of the functions
L, R, L,, R, U, then we put

w(4) = I1lx € 41w ().

Also, W(0) =S. If #n <wo, then we write W(xo, + + + , X,—1) instead of
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W({xo, cee, x,._l}). It will always be clear from the context to
which ordered set S and to which partition of [S]" these functions
refer. We shall occasionally make use of the notation and the calculus
of partitions (distributions) summarized in [5, p. 419]. The meaning
of canonical partition relations

a— +(8)"
and that of polarized partition relations

ao bOO bOI o e e Yot T

1788} be1,0 tt ok

will be given in §§8 and 9 respectively. The relation a—(8); will be
defined in §4.

3. Previous results.
THEOREM 1. If k<wo then No—N0); [12, Theorem A].
THEOREM 2. If k, n<wy, then, for some f=f(k, n, 7) <Ny,

f— ()
[12, Theorem B].

THEOREM 3. (i) If a =Ny, then a— Ny, a)?.
(i) Ro, N, Ro,)2

(i) is proved in [2, 5.22]. This formula will be restated and proved
as Theorem 44.
(i) is in [3, p. 366] and will follow from Theorem 36 (iv).

THEOREM 4. (i) If a 2Ny, then (a®)*—(a™)i.
(i) If a =Wy, then a®+(3)2.
(i) If 2% =Ry, then Roya— Masr, Rago)®.

(i) is given in [3] and will be deduced as a corollary of Theorem 39.
(ii) is in [3, p. 364], and (iii) is [3, Theorem II] and follows from
Theorem 7(i).!

THEOREM 5. If ¢ S\; ]¢] >V, then, for a <we2; B<wy; v <wi,
() ¢—(wo, 1)
(i) ¢— (e, B)2

1 The partition relations occurring in (i) and (ii) are to be interpreted in the ob-
vious way. Their formal definition is given in §4.
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(i) is [5, Theorem 5], and (ii) is [5, Theorem 7]. Both results will
follow from Theorem 31.
THEOREM 6. 17—, 1)2.

This relation, a cross between (1) and (2), has, by definition, the
following meaning. If S=17; [S]?=K,+ K, then there is 4 CS such
that either

| 4] =No; [4]* C Ko
or
A= [A]2C K.
This result is [5, Theorem 4].

THEOREM 7. If a =N, and if b is minimal such that a®>a, then
(i) at—(b, at)?
(i) b+, a*)e.

These results are contained in [6, p. 437]. (i) will follow from
Theorem 34.2

THEOREM 8. If 2% =N, for all v, and if a is a regular limit number®
then, for every b<a, a—(b, a)2.

This result is [6, Lemma 3], and will follow from Theorem 34.
THEOREM 9. If ¢ SX; |@| =|\|, then A(¢, P)L.

This result is due to Sierpifiski who kindly communicated it to
one of us. It will follow from Theorem 29. Our proof of Theorem 29
uses some of Sierpifiski’s ideas.

TuEOREM 10. For any a, a0, No)™o.

This is in [5, p. 434]. The last result justifies our restriction to the
case of finite “exponents” 7.

4. Simple properties of partition relations.

THEOREM 11. The two relations

r

() a— Bo, By, - -+ )i (i) o — (8o, B+ + + n

are equivalent.

2 By methods similar to those used in [17] one can show that (i) b<a’ for all
a>1, (ii) b=a’ for those a>1 for which d <a implies 2¢<a.
81t is not known if regular limit numbers >N, exist or not. Cf. [13, p. 224].
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Proor. Let (i) hold; Sc=a*; [S]'= 2 [v<k]K,. Then S>=a.
Hence, by hypothesis, there are ACS; v<k such that A>=8,;
[4]7CK,. Then A.=g¥. This proves (ii), and the theorem follows
by reasons of symmetry.

THEOREM 12. Let a—(Bo, B1, + * * )i aSa®; k2 kM,
6= 6 (v < k%),
ﬂv =7 (k v < k)
Then

@ @

C( ——') (BO ’ Bl y 20 );(D-
An analogous result holds when the types ., 3, are replaced by cardinals.
Proor. It suffices to consider the case of types. Let

=M @

5° =a%; [T = b <271k
Then there is SCS® such that S=a. Then
[SI =2 [ < ®lK,

where K,=K"[S] for v <k®, and K, =0 otherwise. By hypothesis,
there are A C.S; v<k such that

4 =8, [4] C K..

If 2 k®, then |4] =|B,| =7; 05 [4 ] CK, which is a contradiction.
Hence »<k®, There is ADCA such that A4 =8, Then [4®]r
Cl4]"CK,CK®, and the assertion follows.

TaEOREM 13. If a—(Bo, B1, + + )i then
|al_)(l60|1 |B1!1 . ')kr-

Proor. Let |S|=|a|; [S]'=2[v<k]K,. We order S so that
S=a. Then there are 4 CS; v<k such that A=8,; [4]"CK,. Then
| 4| =|B.|, and the theorem follows.

THEOREM 14. If B, is an initial ordinal, for all v <k, then the two rela-
tions

3 m — (Bo, B, * * );,
(@) | m|— (|8l |8, - -

are equivalent.

Proor. By Theorem 13, (3) implies (4). Now suppose that (4)
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holds. Let S=m; [S]'= 3 [v<k]K,. Then | S| =|m|, and hence, by
(4), there are A CS; »<Fk such that | 4| =|8,|; [4]*CK,. Then, as
B, is an initial ordinal, 4 =8,, and there is BC 4 such that B=g,. This
proves (3).

THEOREM 15. If 1+a—(1+Bo, 1+61, + - - ', then

a— (Bﬁs 61’ vt );.

In this proposition, 1 +a and 140, may be replaced by a+1 and 8,41
respectively. Also, the types e, 8, may be replaced by cardinals.

Proor. Let S=a. Let xo be an object which is not an element of S,
and put So=S+ {x0}. The order of S is extended to an order of So
by stipulating that x&L(S). Then So=1+4a. Now let [S]
=Y. [v<k]K,. Then [S,]* = 3. [r<k]Ko, where Ko, = {{»o, - - -,
yey<i{m oo, W} EK}. If 14a—(1+Bo, 146, - - - )™, then
there are AoCSo; v<k such that Ao=1+8,; [4¢]"*"CKo. Then
Ao={y} +4; y.EL4);

=08 [4) C K,.

This proves the first assertion.
Next, if a+1—(Bo+1, - - - )i*!, then, by Theorem 11 and the
result just obtained, we conclude that

14r

14+a @48 1+8, %

o — Bo, -+ i a— (Boy - -+ e

Finally, let 14a—(1+4bo, 1+b1, - - + )i*". Let @ and B, be the initial
ordinals belonging to a and b, respectively. Then, by Theorems 14
and 13, 1+a— 1+, - - - 1",

a—Bo - ) a— (b, - ke
THEOREM 16. If a—(Bo, B1, * + * Vigz; Bo—(vo, Y1, + * + )i, then
o> ('YOy Y1, * Bl’ 62) A );-Hc-

In this proposition the types e, By, vy may be replaced by cardinals.

In formulating the last theorem we use an obvious extension of the
symbol (2).
Proor. We consider the case of types. Let S=a,
[SI" =22 <!]Kan + 20[0 <» <1+ E]K.

Put Ko= E [)\ <1]Ko. Then, by hypothesis, there are 4 CS; v <1-+k



1956} A PARTITION CALCULUS IN SET THEORY 435

such that 4 =8,; [4]"CK,. If »>0, then this is the desired conclusion.
If »=0, then 4 =po; [4]"C X[\ <I]Ko and so, by hypothesis, there
are BCA; N <Isuch that B=v,; [B]rCKan which, again, is a conclu-
sion of the desired kind. This proves the theorem.

It is clear that, instead of replacing in the relation a—(B,,
B1, + + + )iux a single type Bo by a well-ordered system of types
Yo, Y1, * * +, we could have replaced simultaneously every type 8, by
a system of types and in this way obtained a more general form of the
transitive property of the partition relation than that given in Theo-
rem 16.

THEOREM 17. If aa—(Bo, By, * * * )i Ya=Bn (N<I), where A—p) is a
one-one mapping of [0, 1] into [0, k] such that B,2r for vE]0, k]
—{on:N<i}, then

r
a= (Yo v, ¢

In particular, the condition on the mapping A—p) is satisfied
whenever this mapping is on [0, %].

The types «, 8, may be replaced by cardinals.

Proor. Let N= { oA <l} , and let y—a, be the mapping of N on
[0, 7] which is inverse to the given mapping A—p\. Now let S=q;
[S]'=2_[N<I]K». Then

[SF =2l enNlk, + 2 e o k] - Nlo
By hypothesis, there are A CS; » <k such that 4 =8, and either

6] vEN; [A] CK,,
or
(ii) v & N; [4]" = o0.

In case (ii), r £ 4 =4, which contradicts the hypothesis. Hence (i)
holds, 4 =v»; [4]"CK\, where A\=0¢,<I, and the result follows.

We note that the hypothesis relating to 8,27 cannot be omitted,
as is seen from the pair of the obviously correct relations 4—(1, 3, 3)?;
4-(3, 3)2.

CoroLLARY. If a—(B)}; | k] =]1|, then a—(B);.

This shows that, as far as % is concerned, the truth of the relation
a—(B); depends only on !kl . We are therefore able to introduce the
relation

a— (B)a
which, by definition, holds if, and only if,
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a— (B)x

for some, and hence for all, & such that || =d. A similar remark
applies to the relation

a— (b)a
THEOREM 18. Let k <wo; a—(Bo, B1, + + * )i
S=a; [SI=Ko+  + K
Then there are sets M, NC[0, k] such that | M| +| N| >,

8. € [K.] foru €E M;v EN.
In the special case k=2 we have either
@) Bo € [Ko][K:1] or (ii) 1 € [Ko][K:]
or
(iii) Bo, B1 € [Ko] or (iv) Bo B € [Ku].
Proor. Let

P, = {M:M < kB [K,.]},
Q. = [0, ] - P, v <4).

We have to find a set NC [0, %] such that | [[[p€N]P,| >k —|N]|
or, what is equivalent, | 25 [vEN]Q,| <| N|. If no such N exists, i.e.
if |2 [eN]Q|=]|N| for all NCJ0, k], then, by a theorem of
P. Hall [8], it is possible to choose numbers p,EQ, such that p,p,
(u<v<k). Then B, & [K,] (?<E). On the other hand, by Theorem 17
and the hypothesis, a—(B,,, B5;, * * + )i- This is the required contra-
diction.

THEOREM 19. Let a—(B, v)?, and suppose that m is the initial ordinal

belonging to |a| . Then at least one of the following four statements
holds.*

(1) B <wo (ll) v < wo (lli) BySam (lV) Bs Y g m*,

ProorF. Let S be a set ordered by means of the relation x <y and
also by means of the relation x<y, and let the corresponding order
types of S be S=a; S<c=m. Then [S]?=K,+'K; where Ko={ {x,
y}<:{x,¥}<<CS}. Then, by Theorem 18, we have at least one of the
following four cases.

Case 1. BE[Ko]<[K1]<. Then there are sets 4, BCS such that
Ac=4A<c=B; Bc=B>>=8, and hence B=A<c<S<c=m. Then B is

4 (iii) means that 8Sa; BSm; vy<a; ySm.
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an ordinal. If B =wo, then the contradiction we* SB*=BccS<Scc=m
follows. Hence 8 <wo.

Case 2. vE [Ko]<[Ki]<. Then, by symmetry, v <wo.

Case 3. 3, Y& [Ko]<. Then, for some sets 4, BCS, A<=A<<=8;
B.=B.c=v, and B, y=Sa, m.

Case 4. 8, Y& [Ki]<. Then, similarly, d<=4>>=8; B«=B>>=%;
B8, v =«, m*. This proves the theorem.

COROLLARY. For every «,
6 (r—2) +a (o (r—2) + ) r 2 2).

For none of the relations (i)—(iv) of Theorem 19 holds if B=ws;
v =w¢*. Hence a-+{wo, wo*)?, and Theorem 15 yields (5).

The method employed in the proof of Theorem 19, i.e. the defini-
tion of a partition of [S]2 from two given orders of .S, seems to have
been first used by Sierpifiski [15]. In that note Sierpifiski proves
8,-»Ny, V)2 Cf. Theorem 30.

TrEOREM 20. (i) If Bo<a; |Bo| <7, then a—(Bo, By, - - + )i holds for

any k, By, Ba, - - - .
(i) If B,=r for v <k, then the two relations

(6) a— (ﬂﬂ) Bl: R (e S VR );+ly
(7) o —> (707 Y, * );
are equivalent.

Proor oF (i). If S=a; [S]'= X [v <k]K,, then there is 4 CS such
that 4 =8. Then [4 ] =0CK,.

Proor oF (ii). By Theorem 12, (6) implies (7). Now suppose that
(7) holds. Let S=a; [S]'= X [v<k-+I]K,. If there is » <k such that
K,50, then we can choose A EK,, and we shall have ACS; 4=8,;
[4)CK,. If, on the other hand, K,=0 for all »<k, then [S]
= > [N<I!]Ki, and there exist, by (7), BCS; A<l such that
B=v); [B]"CKps. This proves (6).

THEOREM 21. Let
) a— (8o, B+ * e

Then either (i) there is vo<k such that B, ,Sc; IBVOI <r,or (i) B, S«
for all v<k.

ReEMARK. If (i) holds then (8) is true trivially. For, let S=a;
[S]"= >_[v<k]K.,. Then we can choose BC S such that B=8,,. Then
[B]'=0CK,,. We see, therefore, that the relation (8) need only be
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studied in the case in which 8, £« for all v <k. In particular, if o is an
an ordinal, then we may assume, if we wish, that every §, is an
ordinal.

Proor. Suppose that (ii) is false. Then there is » <k such that
B,,%a. Let S=a, and put [S]'=2 [v<k]K,, where K, =[S]".
Then, by (8), there are BCS; »o<k such that B=g,,; [B]'CK,,.
Then B,,= BES=a; v #n; [B]"=0; |B,,| =| B| <r. Hence (i) holds.

THEOREM 22. The following two tables give information about a num-
ber of cases in which the truth or otherwise of any of the relations

(9) a—> (30’ Bl) st );1
(10) a— (bo, by, + - * )i

can be decided trivially.

k=0
r S |a| "
r<a
r > ‘ al
r>a
kE>0:
BSa | B=a |BZa;Bofe| ffa|pota| pZa |Bofa | Bokr
byLa | by=a | bZa;b>a | by>a | bo<ka | boSa | bo>a | bo<lr
r=0 + -
0<r<|al - + +
0<r<ea
r=‘a| >0 + - +
r=a>0
r>lal — +
r>a
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The proofs may be omitted. When a row or column is headed by
two lines of conditions the first line refers to (9) and the second line
to (10). Every condition involving the suffix » is meant to hold for
every v<k. An entry 4+ means that both, (9) and (10) are true, and
an entry — means that both, (9) and (10) are false. The one entry +
marks the only case worth studying, i.e. the case in which (9) or (10)
can be either true or false, and this for nontrivial reasons. In each
row the entries are chosen in such a way that all possibilities are
covered. In the column headings we may, of course, replace 8o and
bo by B,, and b,, respectively, for any choice of o <k. The case k=0
has, obviously, only curiosity value but is included for the sake of
completeness.

5. Denumerable order types.
THEOREM 23. If n<wo; a <wo2, then
(11) won — (m, a)?,
(12) won + (n+ 1, wo + 1)2

Proor. We may assume % >0.

(@) In order to prove (12), consider the set S={(», \)ivr<n;
)\<wo}, ordered alphabetically: (v, \) <(¥1, M1) if either (i) »<» or
(ii) »=»1; N<A1.. Then [S]2=K,+'K,, where K is the set of all sets
{(u, N), @, )\1)}<CS. Then, clearly, S=wm; n+1&E[Ko]; wot+1
& [K.], and (12) follows.

(b) We now prove (11). Let the set A= 2 [v<n]A4, be ordered,
A,=wo for v<n, and 4,CL(4,41) for v+1<n. Suppose that [A]2
=Ko+K:;néE [Ko] a€E [K,]. We want to deduce a contradiction.

By Theorem 1, there is, for every » <u, a set B,& [4, Yo such that
[B.]*CK,,, for some p,<2. Since n€ [K,], we have p,=1. Let
A<u<n. We define an operator py, as follows. There is at least one
set BCBy+B, such that | BBy| =Ro; [B]*CK,. For instance, B, is
such a set B. Since o€t [K;], we have, for every such B, wo<B<o
<wo2. Hence we can choose B such that B is maximal. We fix such
a B by any suitable convention and put

P)\u(BO, Blv Tty Bn—l) = (CO; C1, Tty Cn-l),

where Ca,=BB,; C,=B,—B, and C,=B, for v\, u. Then C,=uwo;
leLl(x)I <Ny for v<n; x&C,. We now apply, in turn, all

(2)
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operators py,, corresponding to all ‘choices of N, u, to the system
(Bo, ¢+ +, Bsa), applying each one of the operators, from the second
onwards, to the system obtained by the preceding operator, and
obtain, as end product, the system (Do, : + +, D,_1). Then D,CA4,;
D,=wy (v<n); ]D,,Ll(x)l <Noforv<n;xED, 3+ - - -+ +D,1. Hence
it is possible to choose, in this order, elements x,_1, Xn—2, * * * , %o such
that

Xy E DVLO(xV+1) Tyg2y * ° * xn—l) (V < n).

Then, putting D = {x,:u <n } , we have D=#; [D]?*CK, and therefore
n€& [Ko] which is the required contradiction.

THEOREM 24. If a <wi4, then
(13) a -+ (3, we2)?,
(14) wod — (3, wo2)2.
This theorem is a special case of the following theorem.

THEOREM 25. Let 2 Sm, n <w,, and denote by ly=1o(m, n) the least
finite number 1 possessing the following property.s
Property Pn. Whenever p(\, p) <2 for {\, u}.C|0, 1], then there is

either {No, * + +, Nt} C [0, 2] such that

pAey Ng) =0 fora < B8 < m,
or there s {)\0, Cee, )\n_l},ﬁc[O, 1] such that

phay Ag) = 1 for {a, B} C [0, n].
Then
(15) wolo — (m, won)?,
(16) v > (m, won)? for v < wolo.

Moreover, if L—(m, m, n)?2, then Iy =1.

Deduction of Theorem 24 from Theorem 25. We have to prove that
16(3, 2) =4. (i) By considering the function p defined by

p(0, 1) = p(1,2) = p(2,0) = 0; p(2,1) = p(1,0) =p(0,2) =1,

we deduce that 3 does not possess the property Py. (ii) Let us assume
that 4 does not possess Ps. Then there is p(\, u) such that the condi-
tion stipulated for Pj does not hold, with /=4, If

§ The existence of such a number ! follows from Theorem 2. It will follow from
Theorem 39 that we may take = (1-432m+n=5)/2,
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{a, 8,7}« C [0,4];  p(e,B) = p(a,7) =0,
then the assumption p(B, v) =0 would lead to
pa, B) = p(B, v) = o(e, 7v) =0,

i.e. to a contradiction. Hence p(B, ¥) =1 and, by symmetry, p(y, )
=1. This, again, is a contradiction. This argument proves that

(17) if {0‘1 B, 'Y};é C [0’ 4]; p(aa B) =0, then p(a, 'Y) =1

Since at least one of the numbers p(0, 1), p(1, 0) is zero, there is a
permutation «, 8,7, 6 of 0, 1, 2, 3 such that p(a, 8) =0. Then repeated
application of (17) yields p(@, v) =p(e, 8) =1; p(v, @) =0; p(y, §) =1;
p(8, &) =p(8, v) =0, which contradicts (17). This proves /y(3, 2) =4
and, in conjunction with (i), % (3, 2) =4.

ProOF oF THEOREM 25. 1. We begin by proving the last clause. Let

(18) Iy — (m, m, n)*
Suppose that p(\, u) <2 for {\, p}.C[0, 4]. Then
[S] = Ko+ Ky + Ko,
where S=[0, 1], and K, is the set of all {\, u}<C[0, 4] such that

P\ 1) =0 (»=0),
p(N, 1) > p(u, N) (=1,
e\ 1) = p(u, N) =1 (v =2).
By (18), thereis S; = {)\o, IR YA } <C Ssuch that one of the follow-
ing three statements holds.
(19) k=m; [$:]® C Ko,
(20) E=m; [S:1]: C Ky,
(21) k= mn; [8:]2 C K.

(19) implies that p(Ae, Ag) = 0 for a < B < m;
(20) implies that p(Ap—1—a) Am—1-g) = Ofora < B < m;
(21) implies that p(\s, As) = 1 for {a, 8} C [0, z].
This shows that Io(m, n) <.
2. We now prove (15). Let I=1Io(m, n); A= [0, wil]; N=[0, wo];

[4]* = Ko + 'Ky (partition A).

We use the notation of the partition calculus given in detail in
[4, p. 419] which can be summarized as follows. If A is an equivalence
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relation on a set M or a partition of M into disjoint classes then |A|
denotes the cardinal of the set of nonempty classes, and the relation

x=y(-4)

expresses the fact that x and y belong to M and lie in the same class
of A. If, for pER, A, is a partition of M, and if {—f,(¢) is a mapping
of a set T into M, then the formula

A’ =I1le € RIA((0) ¢tETD
defines that partition A’ of T for which
s= (-4
if, and only if,
fo(s) = fo((- ) for p € R.

We continue the proof of (15) by putting
A'({tr, T}) = H[)\, p < l]A({wo)\ + o, wop + 'r}) (0 <7 < w).
By Theorem 1 there is N’& [N ]* such that |A’| =1 in [N’]2 Then,
by definition of A’, there is p(\, u) <2 such that
{wok + o, wou + 7} € Koo for\, u < ; {o, r}< C N

By definition of I this implies that there is a set {No, * * *, i1 }
C [0, 1] such that either

(22) k= m; Py Ng) =0 fora<pg<m

or
(23) E=n;  pQads) =1 for {a, 8}« C [0, n].
If (22) holds, then we put

A" = {wohg + oaia < m},

where ¢, is chosen such that {go, 01, - - *, Omo1}<CN’. Then
[4’]2CK,, so that the desired conclusion m& [K,] is reached.

If we now assume that m [Ko], then p(\, \) =1 for A</, and,
furthermore, (23) holds. Then we put N'={ao, o1, - - - Y<i 47
= {wohatTartnia<n; t<wo}. We find that [A”]*<K:; wm=A4"
€ [K1]. This proves (15).

3. Finally, let ¥ <wio. Then there is I<ly such that wol
Sv<wo(l4+1). Then, by definition of l,, there is p(\, u) <2 for
{\, 1}«C0, 7] such that, whenever {Xo, - - -, Ano }C [0, 1], then

(24) P(>\m )‘ﬂ) # 0
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for some {a, ﬁ}<C[O, m], and, whenever {)\o, cee, )\,...1},‘C[O, 1],
then
(25) p(Aay Ag) # 1

for some {a, 8} «C [0, n]. Then, if 4 = [0,v], we have [4 |*=K,+'K,,
where K is the set of all {wo)\-i-a, wou—l-f} such that {)\, ,u.},‘C [0, 7];
o <7 <wo; p(\, p) =0. If, now, A’E[4]™; [A’]*CK,, then

4" = {wo)\..+¢ra:a<m}; g0 < - < O < 05
{)\o, try }\m—l}# C [Ov l];
pAay Ng) =0 fora < B < m,

which contradicts (24). If, on the other hand,
A" C 4; A" = won; [A"]2 C Ky,

then there is {No, - + +, A—1}<C [0, 1] such that B.=wo for a<mn,
where B,=A"[woha;, wo\a+1)] (a<n). Then p(\ay Ng)=1 for
{a, B} .C[0, n], which contradicts (25). Hence neither 4’ nor 4"
exist, with the properties stated, so that (16) follows. This completes
the proof of Theorems 24 and 25.

6. The linear continuum. Our object is to investigate relations of
the form

)\—>(a0yaly"°);

and their negatives. It turns out® that every positive relation we were
able to prove holds not only for the particular type N of the set of all
real numbers but for every type ¢ such that

(26) o] > No; o £ ¢

This fact seems to suggest that, given any type ¢ satisfying (26),
there always exists \; such that

MENG M| >N

i.e., that every nondenumerable type which does not “contain” w; or
w* contains a nondenumerable type which is embeddable in the real
continuum. This conjecture has, as far as the authors are aware,
neither been proved nor disproved.’

Throughout this section S denotes the set of all real numbers x
such that 0 <x <1, ordered by magnitude. The letters x, ¥, 2 denote
elements of .S, and A=S.

¢ Cf. Theorems 31, 32.
7 Since this paper was submitted E. Specker has disproved this conjecture.
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THEOREM 26.
@) A > (1) forr = 0; > 0.
(ii) Ao (r + 1o, forr = 2.

Proor. (i) is trivial, in view of w;£\. In order to prove (ii) it
suffices, by Theorem 15, to consider the case #=2. Let {x,:»<wo} be
the set of all rational numbers in .S, and denote, for #n <w,, by K, the
set of all {x, y}< such that the least » satisfying x <x, <y is v=mu.
Then [S]?= 3 [v<wo]K,. Also, if [{x, y, 2}<]2CK.,, then the con-
tradiction x <x, <y <x, <z follows. Hence 3& [K,], and Theorem 26
is proved.

THEOREM 27. A-+>(wo, wo+2)" for r = 3.

Proor. By Theorem 15, we need only consider the case » =3. We
have [S]*=K,+'K,, where K;= { {x, Y, z}<:y—x <z—y}.

AssumpTiON 1. Let [{xo, %1, - - - }<]*CKo. Then lim x,=u as
v— o, and we have, for 0 <m <w,,

{xOy Xy xm+1} E KO; Xm — %o < Tmy1 — Xm.

If m— =, then the contradiction % —x¢ <u —u follows.

AssumPTION 2. Let ACS; A=wi+2; [A]PCK:. Then A4
=B+{y, z}<; B={x0, Xy, v }<CL(y); lim x,=u as v— o, and
we have, for m <w, {x,,., Xmt1y z} EKi; Xmp1 —Xm =2 —Xmp1. 1 m— o0,
then the contradiction # —u =2z—u follows. This proves Theorem 27.

THEOREM 28. A-+(r+1, wo+2)" for r = 4.

Proor. It suffices to consider the case r=4. We have [S]*
=K0+/K1, where Ko = { {xo, X1, X2, x3}<:x2—x1 <x3—x2, xl—‘IXIo} .

AssUMPTION 1. Let [{wo, 21, %3, %3, %4} <*C Ko. Then {0, %1, %2, %3}
€K, and hence x; —x; <x3—x5. Also, {xl, X3, X3, x4} & K, and hence
X3 —x3 <X —x;. This is a contradiction.

AssuMPTION 2. Let ACS; 4=wo+2; [4]*CK;. We define B, y,
3, %y, % as in the proof of Theorem 27. Then there is 7, <wo such that,
for mo = m <wo, 4 — X <%m —x0. Then, for mo = m <w, {xo, Xmy Xmt1y z}
EK1; Xt —Xm <U =X <Xm —%X0} Xmy1 —Xm =2 —%ms1, and if m— oo,
then the contradiction » —u =2 —u follows. This proves Theorem 28.

The next two theorems are extensions of results due to Sierpifiski.

TueoreM 29. If 2= | k| |\ || Z [N (0 <E), then
A+ (a0, 0, - - )I];

Sierpifiski proved that A-+(a, @)t if @ =\; || =|\| (Theorem 9).
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Proor.

Case 1. There is u <k such that a, £N. We consider the partition
S= Y [v<Ek]K,, where K,=S. We have o, £\ =X, and, for »#u,
o, $0=K,. Hence o, £ K, (v <k).

Case 2. o, SN (v<k). We choose a fixed set 4oC.S such that
Ao =a,. Generally, the letter 4 denotes sets such that 4 C.S; 4 =aq.
Corresponding to every 4, there is a real function f4(x), defined and
strictly increasing for x&4,, such that x—f4(x) is a mapping of 4o
on 4. We extend the definition of f4 by putting fa(x) =0 for x ©L(4,)

and
fa(x) = sup [y < x; 9 € Aolfa(y)  for x & L(4o).

Then f4(x) is nondecreasing in S. The set 4 is uniquely determined
by the function f4 and the set 4,. Let D(A4) be the set of those x, for
which f4(x) is discontinuous at x =x,. Then | D(4)| <No. The func-
tion f4 is uniquely determined by (i) the set D(4) and (ii) the values
of fa(x) for x&D(A) and (iii) the values of f4(x) for all rational x.
Therefore

| 204 = [ 20} [ = AP = [N = [ {4l ],

and | D2 {4}| =]\ =8,, say. Now we can write D {4} ={40,:
p<w,{. By symmetry, we have, for every v <k, a set {Ay,,:p <wn}
whose elements are all subsets of S of type o,.

The set N={(v, p):v<k; p<w,} satisfies |N] =Ik|l‘§n=N,,. We
order N in such a way that N =w,. Then we can find, inductively,
%y such that, for (v, p) EN,

Xvp E Avp - {xua:(,u'v U) < (Vr p)}'

For, I {(u, 0):(u, 0) <, p)}| <|N] §|A,,,|. We have x,,7%x,, for
(», p) # (u, 0). Now, S= Z [v<k]K,, where K,=S— {x,,,:p <wn} . For,
if x&S, then, since £=2, there is v <k such that x&EK,. If, now,
o, <K, for some v <k, then there is p such that x,,E4,,CK,, which is
the required contradiction. This proves Theorem 29.

TureorREM 30. || -»®y, R)" for r=2.

Proor. The substance of this theorem is due to Sierpifiski [15]. By
Theorem 15 we need only consider the case r=2. Let x <y be, as
throughout this section, the order of S by magnitude, and let x<y
be an order of S such that Scc=w,, where |\| =N,. Then [S]?
=Ko+'K,, where Ko={ {«, y}< x<<y} Now let ACS; [4]*CK,.

If 1/=0, then Z<§S< )\ A<~—A<<<S<< =Wn, and hence A< <w1;

A’ <R1. If V=1, then A>SS> )\* A>—-A<<<S<< =W} A><OJ1,
]A <N
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This proves Theorem 30. We note that this theorem is, in fact, an
easy corollary of [5, Example 4A].

7. The general case. We shall consider relations involving certain
types of cardinal N, as well as relations between types of any cardi-
nal. We begin by proving a lemma. We establish this lemma in a
form which is more general than will later be required, but in this
form it seems to possess some interest of its own. We recall that a’
denotes the cofinality cardinal belonging to a which was defined in §2.

LEMMA 1. Let S be an ordered set, and | S|’ =R,; wa, wr £5. Then,
corresponding to every rational number ¢, there is S:CS such that
| Se| =|S|; S:CL(S.) for t<u.

Sierpifiski, in a letter to one of us, had already noted the weaker
result that, if [S| =N; w1, wf £T, then n<3S.

Proor. Case 1. There is A C.S such that
|AL@x)| < | 4] = | S| (x € 4).

Then we define x, for v<w, inductively as follows. Let vo<w,;
x,EA (v <vo). Then, by definition of #,

[ X < wl(AL@) + {w})| < | 4],

and hence there is x,,E4 — X [v<vo](L(%xo)+ {#,}). Then x,<x,
(u<v<w,) and so w, <8, which is false.
Case 2. There is A C.S such that

| AR@)| < | 4| = | S| (x € 4).

Then, by symmetry, the contradiction w.*< S follows.
Case 3. There is A C.S such that

min (| 4L(x) |, | AR@)]) < | 4] = | S| (x € 4).
Then we put
4o = {x:x € 4; | AL(®)| < | 4]},
A= {x:x € 4; | AR(x)| < |41}
Then A=A4,+A4,.
Case 3.1. |Ao|=|S|. Then |AoL(x)| =|AL(x)|<|S|=]4
(x&A4,), and hence, by Case 1, we find a contradiction.
Case 3.2. IAol ;élS[. Then (A1l =[S| and, by symmetry, a con-
tradiction follows.

We have so far proved that, if ACS; | 4| =|S|, there is 2E4 such
that |AL(z)| =|AR(z)| =|S|. Then A =4’+A", where A’=AL(2);

I
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|4’| =|4"| =]|S|; A’CL(A"). By applying this result to 4’ we find
a partition 4 =4(0)4+A4(1)+A(2) such that
|l40) |=|S| #<3); 4() C L(A@ + 1)) (v < 2).
Repeated application leads to sets
Aoy My ¢ - ¢y M) k <wos M <3)

such that

| 40, -+ M) | = | S5

AQo, -+ M) = 2[r < 3140, - -+, Nty 9);
Ao, » + oy My ») C LA, -+ ) Mgy v + 1)) (v <2).

Let NV be the set of all systems (Ao, - - -, A\) such that % <wo;
NE {0, 2 } (v<k); Me=1, ordered alphabetically. More accurately, if
p=QNo, - - -, M) and g=(uo, - + -, m1) are elements of N, then we put
p<qgif D [p<kIN37< D [r<!]m3~. Then we have A\o, - - -, A&)
CL(A (o, + * * y10), 1 Noy =+ + ) <(uo, - - ). It now suffices to show

that N is dense in itself. In fact, if {()\o, <o M), (uoy ¢ - ,m)}<CN,
then
(>\Ov tt )\k) < (“Ov oty M- 01 2| 21 Sty 21 1) < (MOI Sty ul)v

provided only that the inner bracket contains a sufficiently large
number of two’s. Lemma 1 is proved.

THEOREM 31. Suppose that ¢ is a type such that

|¢| > No; wi, wf$ ¢.
Let a <wo2; B<wi; v <wi. Then

(27) ¢ — (¢, @, @)?,
(28) ¢ — (o, B)%,
(29) ¢ — (wo, 7)%,
(30) ¢ — (4, @)’

THEOREM 32. Let ¢, o, 7y be as in Theorem 31. Let S be an ordered
set, S=¢, and [S]*=K,+K;. Then
(a) there is VCS such that either

() V=0a; [V]2CK,
or

() V=2 [VIPCK,
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or
(i) V = wv*; [VIPC Ky
and
(b) there is WS such that either
() W =w+w; [W]C Ko,
or
(i) W =1; [W]2 C Ky,
or
(i) W = ~*; [W]C Ku
In proving Theorems 31 and 32 we may assume that [¢| =N,. There
is m such that

4 < m < wo; o £ wo + m; B £ wom.

Let S=¢. The letters 4, B, P, Q denote subsets of S, and we shall
always suppose, in the proofs of the last two theorems, that

|4 ]=1B[=8; P=0=uw
Proor oF THEOREM 31, (29). Let [S]2=K,+K;, and
&Y wo € [Ko].
We want to deduce that
(32) v € [Ki].
There is B such that
(33) | BRo(x) | < No(x € B).

For otherwise there would be elements x, such that

x € S; | Ro(xo) | = Ny,
%1 € Ro(xo); | Ro(o, 1) | = Ny,
generally, x, ERo(xo, * + * , X4_1),
l Ro(xo, * + -, x,)| =N v < wo).
Then [{xo, %1,  + - }<]?*CK,, and hence wy& [Ko] which contradicts

(31).
By hypothesis, w;, w*£ B. Hence, by Lemma 1,
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> [t rational |B(t) C B

for some sets B(¢) such that B(¢t) CL(B(u)) (t<u).

There is a set T of rational numbers which, if ordered by magnitude,
is of type v. Let T'= {t,:u<vy} where £,<t, for u<v<vy. We define
inductively elements x,(» <<) as follows. Let v <7, and suppose that
x,&B(v <w,). Then, by (33),

| [» < w]BRo(w) | = o < | B(by) |,

and therefore we can choose x,,EB(t,)— 2 [r<vi|Ro(x,). Put
X ={x,:v<y}. Then X=v; [X]2CK;. Hence (32) holds, and (29)
follows.

Proor oF THEOREM 32 (a). Let the hypotheses be satisfied but
suppose that (a) is false, i.e. that

(34) a& [Ko]i v €& [Ki];  wor* €& [Ki]
AssumpTiON. If A C.S, then there is xo& A4 such that
| ALo(x0) | > No.
Then there are x,, 4,(v <m) such that
X & Ao = S; AoLo(x0) = Ay; x & As; A1Lo(x1) = Ao

and so on, up to

Am = Am-lLo(xm_O = A()Lo(xo, X1, * x,,,_l).
Then, by (29), An—(wo, ¥)?; Y& Fi(4An), and hence wo& Fo(4,).
There is PCAn such that [P]2CK,. Then [P+ {xo, - - -, Xma}]?

C K, which contradicts (34). Hence our assumption is false, and there
is 4 such that

(35) | ALo(x) | = No (x € A).

By Lemma 1, there is B(f) CA, for rational ¢, such that B(¢) CL(B(u))
(¢<u). There are rational numbers ¢, (v <) such that £, >¢, (u<v<7y).
We define sets P, (#<7v) as follows. Let »o<7, and suppose that
P,CB(t) (v<wo). Then we may put, by (35),

B = B(t,)Li(2_[v < »)P,).

Then, by (29), B'—(a, wo)?; aEFo(B'); wo& Fi(B’), and there is
P,,CB’such that [P,,]2!C K. This defines P, for» <v. Put ), [v<y]P,
=X. Then X =wey*; [X]?CK,. But this contradicts (34), and so
(a) is proved.

Proor oF THEOREM 32 (b). Let the hypotheses be satisfied but
(b) be false. Then
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(36) wo + ws & [Ko]; v & [Ki]; ‘Y*G (K]

Choose any 4.

ASSUMPTION. | ARo(x)| =N, (xE4).

Then, by Lemma 1, there are sets B(t) CA4, for rational ¢, such that
B(¢) CL(B(u)) (¢<u). There are rational numbers #, (v <7) such that
<ty (u<v<y). We define x, (» <7) as follows. Let v, <7, and sup-
pose that x,&B(t,) (v <vo). Then, by our assumption, there is

%oy € Bllyy) — 2.[v < »0]Ro(,).

Then the set X = {x,:v<7y} satisfies X=1v; [X]*CK; which is a
contradiction against (36). Hence our assumption is false, i.e., given
any A, there is x&A4 such that |ARo(x)| =N,;. By symmetry, it
follows that there also is y& A4 such that IALo(y)l =N,. By alternate
applications of these two results we obtain elements x,, ¥, and sets
A,, B,(v <wg) such that the following conditions are satisfied.

20ES; YERo(x0) =Bo; x1EBoLo(v0) =A1; S A1Ro(x1) = By;
generally, for v <w,,
Xy41 & B,Lo(y,) = Av+1; Yo41 = Av+lR0(xv+l) = B,+1.

Then the set > [v<wo]{x,, 3.} =D satisfies D=wo+wg; [D]*CK,.
This contradiction against (36) completes the proof of Theorem 32.

ProoF oF THEOREM 31, (27). Let [S]2=Ko+ K+ Ko,
(37) a & [K,] (» <3).

Our aim is to deduce a contradiction. We shall reduce the general
case to more and more special cases. For the sake of convenience of
notation we shall use the same notation for the sets in question at
each stage.

We put Ki;=K;+K,. The functions Fi, L1z, Ris refer to Ky in
the same way as the functions F,, L,, R, refer to K,.

Let ACS. By Lemma 1, there are sets Ao, A1CA4 such that
AoCL(A4,). Let xo&4;. Then lAL(xo)I =N, and there is vo <3 such
that lAL,o(xo)I =N1. By repeating this argument we find numbers
v, <3 and elements x, (p <wo) such that

Xp E SLvo(xO)Lvl(xl) st va—x(xﬂ—l)r

l SL'o(xO) vt va(xp)l =N (p < wo).
There are po<p1< - * * pm—y <wo such that »,,= - - - =p, . We may
assume 7,,=0. Put Lo(x,,, - * * , %5,,_,) =4Ao.

ASSUMPTION 1. woE Fo(4o).
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Then there is PC4, such that [P]2CK,. Then «=<C; [C]*CK,,
where C=P+ {x,,:v<m}, which contradicts (37). Hence the As-
sumption 1 is false, and we have wo& Fo(4,). We may assume that

(38) wo € [Ko].

For a later application we remark that in what follows we may re-
place S by any nondenumerable subset of .S without any of the con-
clusions becoming invalid.

Now let AC.S. Then, by (29), 4—(wo, )2 Also, we—(wo, wo)2.
Therefore, by Theorem 16, 4—(w,, wo, @)% Hence at least one of the
following three relations holds.

(i) wo € Fo(4),  (ii) wo € F1(4),  (iil) a € Fu(4).

Since (i) and (iii) are false, it follows that

(39 wo € Fi(4) 4CsS).
By symmetry,
(40) wo € Fa(4) 4 CS9).

AssuMPTION 2. There are x,, 4, (¥ <wo) such that xe&Ao; AoRo(x0)
=A1; x1E€41; A1Ro(x1) = As; %2E A, etc.

Then [{xo, X1, ¢ v }<]2CK0 which contradicts (38). Hence the
Assumption 2 is false, and there are vy <wo; x,&.S (¥ <w) such that
we may put 4 =R(xo, * * +, %y,—1) and we then have IARo(x)I =N,
(x&EA4). We may assume that

(41) | Ro(x) | < Mo (x € 9).

By Lemma 1, there are sets 4, B such that A CL(B). By (39), there
is PCA such that [P]*CK;. For a later application we remark that
at this stage we might have applied (40) in place of (39) and
in this way could have interchanged the roles of K; and K,. By (41),
| 3 [xEP]Ry(x)| =No, and hence | BRi2(P)| =N.. Therefore we may
assume

(42) [PPC Ki; P C Lu(S — P).
AssumptiON 3. If QCP; ACS, then there is x&4 such that
| QLy(x) | = No.

Now we argue as follows. By Lemma 1, there are sets 4, C.S— P such
that 4,CL(4,) (u<v<wem). We define inductively x,, P, (v <wom)
as follows. There is xo& A4, such that, if Po=P, we have | PoLy(xo)|
=No. Let 0 <yyp <wom, and suppose that
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»wed; PCP (v <),

|PV—P,“<N0 (r < v < ).

Then we can write [0, »o]= {px:A <wo}. We can choose 3\ such that
I\ E PooPpy - P = {30, -+ + ) ru} (\ < wo).

By (41) and Assumption 3, there is x,,&E4,,— > [» <vo|Ro(x,) such
that l {yo, Y1y - }Ll(x,(,)[ =N,. We put P,,= {yo, Y1, o }Ll(x,o).
Then, if v<w,, there is A<wy such that »=p). Then |Pyo—P,,|
<|{yo, 3, -~ }—P,,)‘I <. This completes the definition of
%y, Py (v <wom).

We have |P,,—P"| <Ny (u<y<wom); P,CPLi(x,) (v<wom). Put
X= {xytu<wgm}. Then, by (11), [X2)CK,+Kz; X =wem—(m, &)

Case 1. There is D= {x,,, - + +, %,,_,}<CX such that [D]*CK;.
Then we put P’=P,  and have, for 7 <m,

I'P,_—Ll(x“7)| é IP,_P“TI_*_ lPFr_Ll(x“f)l <N0+0'

By summing over 7 we obtain |P’—L1(D)| <Ny. Hence we may put
P'Ly(D)=0Q, and we then have Q+D=2«; [Q+D]*CK; which con-
tradicts (37).

Case 2. There is DCX such that D=a; [D]?*CK,. This, again,
contradicts (37). Hence the Assumption 3 is false, i.e., there are
P'CP; A’CS such that

| PLi(x) | < No (x € 4.

Then there is A””CA’ such that the set P’L;(x) is constant for
xEA". Then there is P’ such that P'Ly(x) =P"” (x&A’). We have
therefore proved that there is P’/, A" such that

(43) [P"]2 C Ky; P C Ly(4").

The whole argument from (38) onwards remains valid if .S is replaced
by any set 4. Hence it follows from (43) that if A CS, then there are
P, A’CA such that

(44) [P C Ky; P C Ly(4").

By Lemma 1, there are 4o, By such that A4oCL(By). By repeated
application of (44) we obtain sets P,, 4,) (v <wo) such that

Py + Ad C Ao; [Po]? C K13 Py C La(4J),
Py + A - Ao'; [Pl]2 C Ky; P, C Lz(Al'),

generally, P,+A4/CA4,.; [P,]2CK1; P,CLx(4/) (0<v<wo). Then
P,CAocCL(Bo) (v<wo),
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P, C Ly(4,) C Ly(4,1) C Ls(P)) (0 < < wo).

We put Bi=BoRi2(Po+P1+ - - -). Then we have the result that
there are sets P,, B: (v <w,) such that

{wmcm; P, C Lix(By) (v < wo),
P, C L(Py) (< v < wo).

Now let vo <wo; BsCB,y; P'CP,,.

AsSUMPTION 4. | P'Ly(x)| <o (xEBy).

Then there is B3 B; such that the set D =P’L,y(x) is constant for
xEBs. By (39), there is QCBs such that [Q]2!CK;. Then [(P'—D)
+Q]2CK;; w2 € [K:1] which contradicts (37). Hence the Assumption
4 is false, i.e.

(45)

if v < wo; P' C P,,, then
I {x:x & By; I P’Lg(x)] < No} I = No.

To B, the same argument applies as to S, from (38) onwards. The
only change we make is that, after (41), we apply (40) instead of
(39), so that now the roles of K; and K, are interchanged. We find
sets Q,, BoC B: such that, in analogy to (45), (46), the following state-
ments are true.

(46)

(47) [0, ]2 C K Qy C Lis(B) (v < wo),
Qu C Ll(Qv) (M <r< wo).
If vo <wo; Q"CQ,,, then
(48)

| {2:2 € By; | Q'Li(®) | < Ro} | = No.

By Lemma 1, there is B) CB; (v<w) such that B/ CL(B/)
(u<v<wo). Let P/ CP,; Q) CQ, (v<wo). Then, by (46), (48), there
are at most Ny elements x © B, such that at least one of the relations

| PLa() | <Ro; | Q/Li(@)| < No

holds. By using this result repeatedly we find elements xx (A <wo) such
that, for all v <w,

%0 € B{; | P.Lo(x0) | = | QuLa(20) | = No,
w € Bl; | PuLa(ao, w) | = | QLa(xo, @) | = Ro,
generally, x,EBY ;
I P,Ly(x0, - - -, x;\)| = l QyLi(zo, * -+, xx)l = No (¥, N < wo).

Since wo— (wo)3, there is a number » <3 and a sequence Ao <\ < + - - ;






