THEORY OF OPERATORS
PART II. OPERATOR ALGEBRAS
RICHARD V. KADISON

In his earliest work with operators (reported on in Part I of this
article), von Neumann recognized the need for a detailed study of
families of operators. Many of the subtler properties of an operator
are to be found only in the internal algebraic structure of the algebra
of polynomials in the operator (and its closures relative to various
operator topologies) or in the action of this algebra on the underlying
Hilbert space. His interest in ergodic theory, group representations,
and quantum mechanics contributed significantly to von Neumann'’s
realization that a theory of operator algebras was the next important
stage in the development of this area of mathematics. The dictates
of the subject itself had called for this development.

In [20], von Neumann initiated the study of the so-called “rings
of operators” also called “W*-algebras” and, most recently, “von
Neumann algebras” (by Dixmier [1]). The latter term seems par-
ticularly apt, and we shall refer to them in that way.

Let us set down some notation and definitions.

DEFINITION. A family of (bounded) operators § is said to be self-
adjoint when A in §F implies A* is in F, A* the adjoint operator to A.
The ‘commutant’, ', of F is the set of those operators which commute
with each operator in F.

We denote by “(x, ¥)” the inner product of the two vectors x, ¥ in
the Hilbert space 3 and by “||x||” the “length”, (¥, x)V'?, or “norm”
of the vector x. If 4 is an operator on 4C, the continuity of 4 is
equivalent to its boundedness;

4]l = sup {[| da]:[l«]] = 1} < =,

and || 4| is called “the bound” or “norm” of 4. Withd(4, B) =||4 —Bl|,
d is a metric on the bounded operators, and the topology induced is
called the “uniform” (also “norm” and “bound”) topology. The weak
operator topology is the topology on the bounded operators with the
fewest open sets for which the mappings 4—(4x, y) of bounded
operators into complex numbers is continuous, for each pair of vectors
x, v in 3. The strong operator topology is the topology on the
bounded operators with the fewest open sets for which the mapping
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A—Ax is continuous, for each vector x in 3¢ (employing the metric
topology on 3¢). When no confusion can arise, we shall use the same
symbol to denote an orthogonal projection operator and its range.

DEFINITION. A “von Neumann algebra” is a self-adjoint algebra of
operators which is closed in the weak operator topology. A “factor” is a
von Neumann algebra whose center consists of the scalar multiples of its
unit element.

The many different operator topologies defined are not devices for
multiplying the number of theorems one can state. They each arise
critically in important situations, often being tailored to implement
a particular point in a proof. It was von Neumann who recognized
this technique, developed it, and used it extensively (for example,
cf. [25]).

The key result of [20] is:

THE DoUBLE CoMMUTANT THEOREM. The strong closure, ®, of
the algebra generated by a self-adjoint family of operators, §, is the von
Neumann algebra generated by F, contains a unit element, E, its maxi-
mal projection, and, if E is the identity operator, I, then G =(F")’.

The proof reduces to showing that if 4 isin (§’)’ then 4 is a strong
limit point of ® (when ® contains I), i.e., if a positive € and vectors
X1, * * *, X, are given, we must find B in ® such that “ 4 —B)x;” <e,
i=1, - - -, n. The essence of von Neumann's proof is contained in
the following argument. Let [®x] be the closed linear manifold
generated by the vectors T, T in ®. Clearly, each operator T in &
leaves [®x](=E’) setwise invariant, so that E'TE’'=TE’. Since T*
lies in §, E'T*E’'=T*E’, and, taking adjoints, E'T=E'TE'=TE’,
so that E’ lies in §'. Thus, by assumption, 4 commutes with E’,
and 4 leaves [®x] invariant. Since ® contains I, [®x] contains x
and, hence, Ax; which gives the desired result for the single vector x
in place of x4, « + -, x,. To handle the case of # vectors, von Neumann
imbeds ® and 4 as operators on the n-fold direct sum of 3¢ with itself
by assigning to T the operator Ty defined by To(y1, « « ', Yu)
=(Ty, + -+, Ty.), notes that appropriate hypotheses are inherited,
and replaces x by (xq, « + *, %a).

In point of fact, von Neumann incorporated this idea in a some-
what more elaborate construction which gave him, at the same time,
the existence of a unit element (projection) in ®. The existence of the
unit can be obtained in an independent fashion, however. Observe
that the range projection of an operator A (the projection on the
closure of the range of 4) is the strong limit of a sequence of poly-
nomials in 4, by spectral theory, and therefore lies in ®. The union
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of two projections is the range projection of their sum, whence the
union of a finite family of projections in ® lies in ®. Finally, the
union of an arbitrary family of projections in ®, in particular, the
family of range projections of operators in ®, is the strong limit point
of the unions of finite subfamilies, and so lies in ®. The union of the
range projections is clearly a unit for ®& and the maximal projection
of ®.

This theorem has important uses in the study of von Neumann
algebras. It is the primary technique for determining when an opera-
tor, T, associated with a von Neumann algebra ® lies in ®. One
simply checks that T commutes with ®’, or just a generating subset
of ®'. Spectral theory tells us that the set of projections and the
set of unitary operators in a von Neumann algebra are both generat-
ing sets. An illustration of this technique arises from the canonical
(polar) decomposition of a closed, densely-defined operator, T" (cf.
Part I of this article). If VH is this (unique) decomposition of T
(so that H=(T*T)V? and V is the unique partially isometric operator
with initial space the range projection of H and range the range
projection of T) and T lies in & (so that T, V, and H are bounded)
then V and H lie in ®&. By the Double Commutant Theorem and our
previous comments, we need show only that ¥V and H commute with
each unitary operator U’ in ®’. However, since

T =U*TU' = U*VU'U'*HU,

we see that U'*V U’ and U'*HU’ provide another canonical decom-
position of T. Uniqueness of this decomposition gives the desired
commutativity and the conclusion.

In [21], abelian von Neumann algebras on separable Hilbert
spaces are dealt with. It is shown that the operators in such an
algebra are (Baire) functions of one self-adjoint operator in the
algebra. The proof is basically a measure-theoretic one and entails
the constructions which show that, under general conditions, a
separable, nonatomic measure space is isomorphic with the unit
interval under Lebesgue measure. The von Neumann result leads
very quickly to canonical forms for self-adjoint maximal abelian
algebras on separable Hilbert space. Each such is unitarily equivalent
to the algebra of multiplications by essentially bounded measurable
functions on L; of the measure space consisting of the unit interval
with Lebesgue measure and a finite or countable number of points
(equal to the number of minimal projections in the algebra), x,
%s, + - - where x, has measure 1/2%. More specifically, if @ is the al-
gebra, E the union of its minimal projections, and there are # such
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projections (where 7 is possibly ), then @ is the direct sum of QE,
the algebra of all diagonal matrices on the #-dimensional Hilbert
space E(3¢) relative to an orthonormal basis for E(3C) obtained by
choosing a unit vector in the range of each minimal projection, and
@(I —E) which is unitarily equivalent to the algebra of operators,
Ly, defined on Ly(0, 1) (with Lebesgue measure) by L;(g) =fg, pro-
vided I— E 0.

Recognizing the need for a further and more detailed study of the
weakly-closed, self-adjoint operator algebras before much progress
could be made in the rapidly developing theory of group representa-
tions of infinite groups (locally compact groups, in general, and Lie
groups, in particular), von Neumann undertook this project with
F. J. Murray in 1935. This research was to lead to the important
papers constituting the “Rings of Operators” series [17; 18; 19; 22].
The hope that this study might provide an adequate framework for
the mathematical formalization of quantum mechanics was an added
incentive. The resolution of this hope lies in the future, but a strong
case can be made for the cogency of these methods in that formaliza-
tion. Moreover, the study has reflected back on physics through its
use in the theory of representations of groups by unitary operators on
a Hilbert space.

Murray and von Neumann saw at once that the factors were the
basic constituents in the theory of von Neumann algebras and pro-
ceeded directly to the analysis of this special class in the first paper
[17] of the series. The prime example of a factor is the algebra of
all bounded operators on a Hilbert space. It must be noted that all
evidence from classical mathematical phenomena indicates that,
algebraically speaking, these are the only factors—the factor defini-
tion applied to finite-dimensional algebras yields algebras isomorphic
to #Xn complex matrices. Indeed, in any case, if the factor has a
minimal projection (minimal idempotent) it is algebraically iso-
morphic to the algebra of all bounded operators on some Hilbert
space. One might suspect that it is automatically the case that
minimal projections exist (as indicated by the classical situation).
This turns out not to be so, but the construction of factors for which
it is false is no simple matter. Less powerful mathematicians, might
have added the assumption that minimal projections exist, at an
early stage of the study, thereby characterizing the algebra of
bounded operators and bypassing the theory which is the vital force
in abstract operator theory.

Murray and von Neumann took a different path. Rather than
search for projections of a particular size in the factor (viz., the






