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Of the many areas of mathematics shaped by his genius, none
shows more clearly the influence of John von Neumann than the
Theory of Games. This modern approach to problems of competition
and cooperation was given a broad foundation in his superlative paper
of 1928 [A].! In scope and youthful vigor this work can be compared
only to his papers of the same period on the axioms of set theory and
the mathematical foundations of quantum mechanics. A decade later,
when the Austrian economist Oskar Morgenstern came to Princeton,
von Neumann's interest in the theory was reawakened. The result of
their active and intensive collaboration during the early years of
World War II was the treatise Theory of games and economic behavior
[D], in which the basic structure of the 1928 paper is elaborated and
extended. Together, the paper and treatise contain a remarkably
complete outline of the subject as we know it today, and every writer
in the field draws in some measure upon concepts which were there
united into a coherent theory.

The crucial innovation of von Neumann, which was to be both the
keystone of his Theory of Games and the central theme of his later
research in the area, was the assertion and proof of the Minimax
Theorem. Ideas of pure and randomized strategies had been intro-
duced earlier, especially by Emile Borel [3]. However, these efforts
were restricted either to individual examples or, at best, to zero-sum
two-person games with skew-symmetric payoff matrices. To para-
phrase his own opinion expressed in [J], von Neumann did not view
the mere desire to mathematize strategic concepts and the straight
formal definition of a pure strategy as the main agenda of an “initi-
ator” in the field, but felt that there was nothing worth publishing
until the Minimax Theorem was proved.

As the leitmotiv of this article, the Minimax Theorem requires at
least informal statement at the outset. (A later section will present
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1 There are two bibliographies at the end of this article, one of von Neumann’s
work in the field and the second for other references. Letters in square brackets refer
to the von Neumann bibliography and numbers in square brackets refer to the other
bibliography.
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its mathematical structure in greater detail.) For any finite zero-sum
two-person game in a normalized form, it asserts the existence of a
unique numerical value, representing a gain for one player and a loss
for the other, such that each can achieve at least this favorable an
expectation from his own point of view by using a randomized (or
mixed) strategy of his own choosing. Such strategies for the two
players are termed optimal strategies and the unique numerical value,
the minimax value of the game. This is the starting point of the von
Neumann-Morgenstern solution for cooperative games, where all
possible partitions of the players into two coalitions are considered
and the reasonable aspirations of the opposing coalitions in each par-
tition measured by the minimax value of the strictly competitive two-
party struggle between them. In the area of extensive games, the
solution of games with perfect information by means of pure strat-
egies assumes importance only by contrast to the necessity of ran-
domizing in the general case. The Minimax Theorem reappears in a
new guise, when von Neumann turned to analyze a linear model of
production. Finally, in the hands of von Neumann, it was the source
of a broad spectrum of technical results, ranging from his extensions
of the Brouwer fixed point theorem, developed for its proof, to new
and unexpected methods for combinatorial problems.

In the attempt to encompass von Neumann'’s broad, yet detailed,
contributions to game theory and mathematical economics, this arti-
cle is divided into two main parts. The first deals with conceptual in-
novations that are rather strictly bound to the context of game theory
and linear economic theory. The second deals in stricter detail with
more technical results and computational methods centered on the
Minimax Theorem, but of interest in themselves, and also with vari-
ous mathematical ramifications.

ParT I. CONCEPTUAL INNOVATIONS

Cooperative games. Von Neumann'’s first attack on games that
offer opportunities for cooperation was made in his 1928 paper [A].
Attempting a parallel to the minimax value for zero-sum two-person
games, he sought appropriate numerical values for the players of a
zero-sum three-person game. With coalitions possible, strictly com-
petitive conditions no longer prevail, and so he proposed a solution
in terms of basic values for the players together with premiums and
penalties which depend on which coalition actually forms.

To describe this solution concept, he introduced the idea of a
characteristic function, defined on each set S of players, and taking
as a value v(S), the minimax value that S is assured in a zero-sum



102 H. W. KUHN AND A. W. TUCKER

two-person game against the complementary set of players. Then the
basic values for the three players in a zero-sum three-person game are
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If two players form a coalition against the third, they are each en-
titled to a premium of D/6, while the third player suffers a penalty
of D/3, where

D = ({1, 2}) + »({1, 3}) + o({2, 3}).

No further attempt was made in the 1928 paper to solve the general
cooperative game with more than three players. However, it was con-
jectured that the characteristic function provides sufficient data for
such a solution. The basic values proposed for n=3 find their gen-
eralization in the Shapley value [15, Paper 17] discovered more than
20 years later.

The characteristic function was again the foundation for the solu-
tions proposed by von Neumann and Morgenstern for cooperative
games. However, several new ideas are involved. The first of these is
that of an imputation, which is a distribution of the total gain among
the players of a game. For an #-person game, an imputation is a
vector a= (o4, * * * , a,) Where a; denotes the share of the sth player.
This share must be at least as much as he can win when playing
alone and, for games in which the total amount won by the players
is a constant ¢, ay+ - - - +a,=c. Otherwise, all distributions are
considered as possible.

Imputations are compared by the relation of domination. An im-
putation « is said to dominate another imputation B if there exists a
coalition S such that (1) a;>g;for :E€S, and (2) the amount allotted
to S by a does not exceed »(S), the amount they can assure them-
selves in play. Thus, if & dominates 8 and if neither is ruled out by
some accepted standard of behavior, the coalition S will prefer a to
B and has the means to enforce this preference.

With these definitions, a von Neumann-Morgenstern solution for a
cooperative game is not a single imputation but rather a set V of
imputations which is without internal domination and is such that
every imputation not in V is dominated by some imputation in V.
Any set V of imputations which satisfies these two conditions of con-
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sistency and stability is called a solution. It is of interest to note that,
in the 1928 solution of the zero-sum three-person game, the three
imputations corresponding to the three possible coalitions form the
only finite solution to this game.

In all of the n-person games that have been investigated thus far,
solutions have been found. Indeed, the number of solutions is em-
barrassing in the absence of a general proof of the existence of a
solution for every m-person game. The problem may be considered
without regard to game theory, by treating domination as an abstract
relation on a set of points. In [D] it is shown that, with additional
conditions on the relation, a solution exists and is unique. In a series
of papers [23] Moses Richardson has considerably weakened these
conditions but, to this date, the problem has not been solved.

Von Neumann’s interest in this question never waned and he fol-
lowed closely the attempts of Shapley [15, Paper 20] and Gillies [15,
Paper 19], [18] to expand the class of games for which solutions are
known to exist. Any hope for regularity in the solution sets was
dashed by Shapley, who has shown [18] that an #-person game can be
constructed with a solution containing an arbitrary closed set as iso-
lated component in an (#—3)-dimensional subset of the space of
imputations.

At this point it seems of interest to mention some remarks made
by von Neumann at Princeton, February 1, 1955, as chairman of a
round-table discussion of research in #z-person games. We quote
(freely) from Philip Wolfe's report:

“Von Neumann pointed out that the enormous variety of solutions which may ob-
tain for n-person games was not surprising in view of the correspondingly enormous
variety of observed stable social structures; many differing conventions can endure,
existing today for no better reason than that they were here yesterday. It is, therefore,
still of primary importance to settle the general question of the existence of a solution
for any n-person game. Another gap in present knowledge pertains to the formation
of the equilibria constituting the solution of an n-person game; even the beginning of
a dynamic theory is lacking.

“Von Neumann then outlined the program of a new approach to the cooperative
game by means of some (not yet constructed) theory of the rules of games. A class of
admissible extensions of the rules of the mon-cooperative game would be defined to
cover communication, negotiation, side payments, etc. It should be possible to deter-
mine when one admissible extension was ‘stronger’ than another, and the game cor-
respondingly more cooperative. The goal would be to find a ‘maximal’ extension of
rules: A set of rules such that the non-cooperative solutions for that game do not

change urder any stronger set. If this were possible, it would seem the ideal way in
which to sulve the completely cooperative game.”

Roughly two-thirds of the more than 600 pages of the von Neu-
mann-Morgenstern treatise [D] are devoted to cooperative games.
They contain a wide assortment of concepts and techniques, too






