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1. Introduction and statement of the problem. The importance of
the spectral reduction theory for bounded and unbounded selfadjoint
and normal operators in Hilbert space is amply demonstrated by its
diverse applications to such far reaching fields of mathematics as the
theories of topological groups, almost periodic functions, harmonic
analysis, and selfadjoint boundary value problems. The problems
centering around the reduction theory for nonnormal operators are
among the most important problems in the theory of linear operators.
Notable among the many early contributions to such problems were
those of I. Fredholm [20] in 1903 and G. D. Birkhoff [5] in 1908.
Fredholm discussed a certain class of linear integral equations and
Birkhoff, a class of linear differential boundary value problems on a
finite interval. The operators discussed in the Fredholm theory are
compact and have spectra which are at worst convergent sequences.
The corresponding spectral resolutions need not be countably addi-
tive, or, what amounts to the same thing, the eigenvalue expansions
need not be unconditionally convergent. The Fredholm theory was
later given a more abstract basis, stated in operator form and free
of determinant theory, by F. Riesz [32], J. Schauder [33], and T. H.
Hildebrandt [22]. The deep and comprehensive work of Birkhoff on
eigenvalue expansions associated with (not necessarily selfadjoint)
differential operators of arbitrary order strongly suggests that, ex-
cept for certain irregular cases, linear differential boundary value
problems on a finite interval will have unconditionally convergent
(in Hilbert space) eigenvalue expansions. That this is indeed the case
is shown by the work of J. T. Schwartz! and H. P. Kramer [24] who
have given Birkhoff’s results in an abstract linear operator form. The
general formulation shows that the expansion theory is valid for
operators whose analytical expressions may involve integral and
difference operators as well as other types of terms. The recently
announced results of M. A. Neumark [28; 29; 30] on singular differ-
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ential operators of the second order suggests that a countably addi-
tive spectral reduction should be expected for a large class of nth
order linear differential boundary value problems on the infinite
interval. Schwartz has developed and applied operator theory to the
extent of being able to give an operator-theoretic basis for many
singular nonselfadjoint boundary value problems of the second order
and in particular he has established a countably additive spectral
reduction for the type of operators considered by Neumark. The
analytical difficulties arising in the nth order case have retarded cor-
responding progress for the general problem. However, the research,
as yet unpublished, of David McGarvey indicates that a large class of
nth order differential operators with periodic coefficients will have a
countably additive spectral reduction. It thus appears that enough
evidence exists to justify a serious study, in abstract form, of oper-
ators which admit a countably additive spectral resolution. In fact,
it has been conjectured by Schwartz that all singular linear differen-
tial boundary value problems on an infinite interval I with very mild
growth restrictions on the coefficients (except for those of a highly
irregular or pathological character similar to the irregular cases of
G. D. Birkhoff) determine, in a sense that will be made more precise
presently, operators in Lo(Z) which have a countably additive spectral
resolution.

The main problem, of course, is that of discovering conditions on
an operator which, on the one hand, are sufficient to insure the exist-
ence of a countably additive resolution of the identity and, on the
other hand, are stated in a form that may be applied to the more con-
crete problems of mathematical study. A beginning has been made
on this problem and on many related problems all pertaining to the
study of operators with countably additive spectral resolutions de-
fined on the Borel sets in the complex plane. In this lecture I shall
try to survey the present state of knowledge concerning such oper-
ators, which, for brevity, I shall call spectral operators, and in par-
ticular I shall describe briefly some of the applications of the theory
of spectral operators to boundary value problems.

A word about the speciral reduction problem as opposed to the
general reduction problem may be in order. The general problem is
that of finding all projections E which reduce an operator T i.e.,
which commute with it. For if E and thus E' =1 —E commutes with
T then the whole B-space ¥ in which T operates is the direct sum of
the invariant subspaces EX and E’¥ and the study of T is reduced to
the study of T on the invariant subspaces. Such a formulation of the
reduction problem is not one that will suit our purposes in the study
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of a spectral reduction of an operator. For example, the general prob-
lem when applied to the identity operator is that of finding all projec-
tions. Whereas, from the spectral point of view, the identity, whose
spectrum is a single point, may not be reduced further. A precise
formulation of the spectral reduction problem for a bounded linear
operator is as follows. For each set § in the family B of Borel sets in
the complex plane we wish to find a projection E(8) which reduces a
given operator 7" in the complex Banach space ¥ and is such that the
spectrum of the restriction 7| E(8)% of T to E(8)¥ is contained in the
closure § of 8, i.e.,

@) TE®) = E@®)T, o(T|E@®)¥) C3,5C B.

The map 6—E(8) of the Boolean algebra B into the Boolean algebra
of projections E(§) should be a homomorphism mapping the units in
B into 0 and [, i.e.,

E(¢) =0, E(p) =1,  E@) = E@O),
E(MNo) = E@®) N\ E(e), E(@\e)=E®) V E(),

where we have written ¢, p for the void set and the whole complex
plane respectively, 8’ for the complement of § in p, 4’ for the comple-
mentary projection I —A, and AN/B, AN\B for A+B—AB, AB re-
spectively. A third condition demanded of the projections E(8) is
that they be bounded in §, i.e.,

(iii) |E@®)| = M, 8 € B,

(i)

for some constant M independent of the Borel set §. Finally it is
required that E(8) be countably additive in § in the strong operator
topology, i.e., for every sequence {6,.} of disjoint Borel sets

(iv) E( U a,,) x = ), E@a)x, x EX.
==l ne=1
(According to a theorem of Orlicz-Pettis [31] this condition of
countable additivity will hold if each of the scalar functions x*E(6)x
with x in ¥ and x* in %* is countably additive on B.) The conditions
@), - - -, (iv) are clearly redundant but that does not concern us
here. They state in clear form the four basic properties of the map
E: 86— E(8) which, since it is uniquely determined by T, is called the
resolution of the identity for T or the speciral resolution of T. The
spectral reduction problem for an operator T in a complex B-space
% is thus that of finding a resolution of the identity for T, i.e., a map
§—E(8) of the Borel sets & in the complex plane into a family of
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projections E(8) having the properties (i), + - +, (iv). An operator T
which has a spectral resolution in this sense is called a spectral oper-
ator. It has been observed [11] that the spectral reduction problem
is, for finite dimensional spaces equivalent to the canonical reduction
of Jordan in classical matrix theory. Thus every operator in a finite
dimensional space is a spectral operator. The spectral theorem in
Hilbert space shows that every bounded selfadjoint or normal oper-
ator is a spectral operator. In the preceding formulation of the spec-
tral reduction problem the operator T was tacitly assumed to be
bounded. In case T is merely a closed linear operator with domain
D(T) in % the condition (i) must be replaced by the condition (i)’
that follows.

D(T) 2 E@)%, 8 bounded,
@’ EQ@)D(T) ESD(T), TEQ@=x=E@)Tx, =xz€ D(T),€E B,
o(T| E@)(¥) S35, 5 € B,

where the restriction T|E(8)X of T to E(8)% has domain D(T)
ME(8)X. As in the bounded case the spectral resolution is uniquely
determined? by T. Well known examples of unbounded spectral oper-
ators are the unbounded selfadjoint operators in Hilbert space.
Besides the finite matrices and the selfadjoint or normal operators
in Hilbert space I shall list here a few other examples of bounded
and unbounded spectral operators of frequent occurrence in mathe-
matical analysis. K. O. Friedrichs [21] has shown that the operator

W) (NG = 6 + [ K6, D0,

where the kernel K satisfies certain Lipschitz conditions, is actually
similar to the selfadjoint operation (4Af)(s) =sf(s) in Ly(a, b) and thus
T has a spectral resolution. The same result probably holds if T is
regarded as an operator in L,(a, b) with 1 <p< <« but, as far as I
know, the details have not been checked. Friedrich suggests in his
work that his result is also valid if, instead of assuming the Lipschitz
conditions on K, it is assumed that K belongs to a certain class of
Fourier transforms. This suggestion was carried out by J. T. Schwartz
who found that the operator T of equation (v) is a spectral operator
in L,y(e, b) with 1 <p < » provided that the kernel K is the Fourier
transform of a Borel measure u in the plane whose total variation is
less than (27)~L That is, the operator T of equation (v) is a spectral
operator in L,(a, b) with 1 <p < » provided that

2 Bade [1] has developed the theory of unbounded spectral operators. Further
results will be found in [15].






