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The purpose of this note is to announce results obtained in the 
analytic continuation of the (nondegenerate) "principal series" of 
representations of the nXn complex unimodular group. This study 
has as its starting point a similar one for the 2X2 real unimodular 
group previously carried out by us in [4]. 

We let G be the nXn complex unimodular group and C its diagonal 
subgroup consisting of elements c=(ci , c2l • • • , cn). A continuous 
character X of C is given by 

«')-(ra)"-(rari«'i*-ifci" 
where the sequences of integers mi, m2, • • • , mw and complex num
bers si, s2, • • • , sn are uniquely determined by setting 0 ^ m i + m 2 

+ • • • +mn<n and Si+s2 + • * * +s„ = 0. Notice that X is unitary, 
i.e., has values in the circle group, if Re(sy)=0, i = l , 2, • • • , n. 
Gelfand and Neumark have shown how to construct for each unitary 
X an irreducible unitary representation a—^T{a, X) of the group G [2]. 
To describe these representations (i.e., the principal series) we follow 
the method but not the notation of [2]. 

Let V be the subgroup of G of elements having ones on the main 
diagonal and zeros above the main diagonal. Then G acts on F in a 
natural way; we denote the action of a £ G on vG V by va (the trans
formations v-^vâ are linear fractional transformations when n — 2 and 
generalizations thereof in higher dimensions). The operators of the 
representation T( •, X) are given by 

T(a, \)f(v) = m(p, a; \)f(vâ) 

where m(v, a; X) is an appropriate multiplier, and the underlying 
Hubert space is L2(V). 

In order to state our results we introduce a tube 3 lying in the 
complex hyperplane $ i + s 2 + • • • + s n = 0. The base B of (3 is the 
smallest convex set which contains the points (a, — a, 0, 0, • • • , 0), 
— 1 <<T<1 and is invariant under all permutations of coordinates. A 
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point (si, s2, • • • , sn), Sj = <Tj+itj belongs to 3 if and only if S i+s 2 + 
• • • +s„ = 0 and (cri, <r2, • • • , t r B ) £ 5 . 

THEOREM 1. For each character \=\(mi,m2, • • • , w»;$i, s2, • • • ,s») 
/or which (si, s2, • • • , sn) G 3 there exists a representation a—>R(a> X) 
of G on L2(V). The family of all such representations has the following 
properties: 

(1) For each fixed X, a—>R(a, X) is a continuous uniformly bounded 
representation. 

(2) For fixed a, R(a, X) as a function of (si, s2l • • • , sn) is analytic 
in the tube 5. 

(3) Wfeew X is unitary y R(-,X) is unitarily equivalent to T(', X), /fte 
corresponding member of the principal series. 

(4) R(-, \)=R(-, p\) for every "permutation" p of the character X. 
(5) R(-,\)'=R(-,\') whereR(at\)'=R(a~\X)*and\'(c) = l(c~l). 

In their work on the principal series Gelfand and Neumark ob
tained a trace formula for certain operators associated with the repre
sentations a—*T(a, X), [2, p. 73]. The formula involves a function 
(the character of the representation) which we denote by \[/(a, X). 
I t is initially defined for unitary characters X but extends in an obvi
ous way by analyticity to nonunitary characters. We prove the fol
lowing result. 

THEOREM 2. Let X be as in Theorem 1 and ƒ be the convolution of two 
bounded functions on G with compact support. Then the operator 

*(ƒ, X) = f f(a)R(at X)da 
J a 

is of trace class, and 

tiR(f,\)= f f(a)t(a,\)da. 
J G 

REMARKS, (i) It is known that T( •, X) and T( •, pX) are unitarily 
equivalent for every permutation p [2, p. 118]. In the present context 
this unitary equivalence becomes an identity by (4) of Theorem 1. 

(ii) I t follows almost immediately from (4) and (5) that R(>, X) is 
unitary if there exists a permutation p such that \' =p\ where X' is 
the contragredient of X defined by X'(c) =X(c_1). If X' = £X and p 
equals the identity we are dealing with the principal series. However, 
when p is not the identity and X' =p\, it then follows from Theorem 2 
that R( •, X) is unitarily equivalent to a member of the complementary 
series [3]. 
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(iii) By means of Theorem 2 we also show that if \,j£p\ for all p, 
then the representation R(-, X) is not equivalent to a unitary one, al
though it is uniformly bounded. The existence of a group (SL(2, R)) 
and uniformly bounded representations of it not equivalent to uni
tary ones was first proved by Ehrenpreis and Mautner [ l ] . 

We shall briefly describe the ideas behind the proofs of Theorems 1 
and 2. We begin by limiting our attention to unitary characters X. A 
basic fact we prove can be stated as follows : 

LEMMA. Let Go be the subgroup of G consisting of the matrices a such 
that ajn = 0, 1 ^ j ^ n — 1. For any character X, call the integer r, uniquely 
determined by Q^r<n,r = nti+nt2+ • • • -\-mn, the residue of the char
acter X. Then if\\ and \2 have the same residue the restrictions of 7 \ •, Xi) 
and T{ •, X2) to Go are unitarily equivalent. 

Thus when we restrict to Go, there are only n (essentially) different 
representations among the principal series. This is remarkable in 
view of the known fact that the members of the principal series are 
all irreducible on Go [2, p. 22]. Hence there is a unitary operator 
WÇK) so tha t if we set 

R(a, X) = W(\)T(a, XJW^ÇX) 

then R(a, X) for fixed a£Go depends only on the residue of X. We 
call the representations R(', X) the normalized principal series. I t is 
these that can be continued analytically (i.e., to nonunitary X's) as 
in Theorem 1, while the r (« , X) cannot. 

The actual construction of the operators W(\) is too complicated 
to describe here but is intimately connected with the construction of 
the intertwining operators A(p, X) between T(-f X) and T(-, p\). In 
fact, it follows from part (4) of Theorem 1 that up to a constant 
multiple 

A(p,\) = W~l(p\)WQ<). 

Moreover, we show that the operator WÇb) can be written as a prod
uct of n(n — l)/2 operators of the type A(p, X). 

The work described above has many points of contact with the 
analysis of the special case of the 2X2 (real) group which we carried 
out previously in [4], However, there is an essential difference. This is 
due to the fact tha t the study of the representations in question is 
closely related to the Fourier analysis on L2(V). When w = 2, F is a 
commutative group; but this is not so when w>2, and therein lies 
the major obstacle to the proof of Theorem 1. 
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