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(3) toWî • • • = w2 h - • • . 

By the definition of g, w% cannot be a left-factor of t0. Therefore, by 
(3), to must be a left-factor of w2. We may write w2 = Wi. 

Equation (1) clearly has the form vwi = v'w2, where v, »'£.F(2). 
This implies that w% is a right-factor of W\. However, Wi = «4~1foWo. 
Since the length of hto is equal to the length of w2f it follows that 
w2 = Wo. Thus, hto = toti and by the remark, p(Jo)=p(*i)=2. This im
plies p(w2) =s and by (2) we also have p(wx) =z. This completes the 
proof. 
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Introduction. Let En be the «-dimensional Euclidean space, (A, a, /ut) 
be a measure space and ƒ be a measurable function from A into En. 
According to the theory of integration the function ƒ is either integra
ble or not integrable. The aim of this note is to show thatnonintegra-
ble functions can be divided into two classes: the totally unintegrable 
functions and the conditionally integrable functions. Moreover we 
shall show that the conditionally integrable functions may be further 
characterized by an index of conditional integration which can take 
the values 1, 2, • • - , n. 

Notations. A subset 91 of Ct is a nest if for any Ni and NtÇEVl we 
have either NiQNt or NtQNi. A nest 91 of a is called a sweeping 
nest for the measure space (A, G, /*) if for each set J9£G with 
/x(P)<oo and for each e>0 there exists a set iV£9l such that 
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n(D~N) ^ €. If ƒ is a measurable function from A into En let £(ƒ) 
be the subset of Q, such that for every £>£<£(ƒ) the function ƒ is 
integrable over D and let T(f) be the class of all sweeping nests of 
(A, d, JJL) such that for any 9 l £ T we have 9>lC<£(/) and there exists 
a point a £ E * such that for all e > 0 there exists a D G 9 l such that 
| fD*fdii—a\ g c for all Z>*£31 with DQD*. The point a satisfying 
the preceding relation is uniquely denned and will be denoted a(dl). 
Let /(ƒ) be the subset of En defined by 1(f) = |a (9 l ) : 9 l G r } . If the 
function ƒ is integrable over (^4, Ct, jti) the set /(ƒ) will have the single 
element f A/ dp. The central result of this note states tha t : 

THEOREM I. The set 1(f) is a linear variety. 

By a linear variety we mean a set /(ƒ) such that if a\ and a2Ç:I(f) 
then for every real X we have ai+\(a2—#i)£/(ƒ). 

The dimension of / (ƒ) , d(I(f)), can be used to characterize the 
integrability of the function ƒ with respect to the measure space 
(A, Ct, M): 

If d(I(f)) = 0, i.e. the set /(ƒ) contains a single point, then the func
t i o n / i s integrable over (A, Ct, JJL). 

If d(I(f)) = — 1, i.e. the set /(ƒ) is empty, we say that the function 
ƒ is totally unintegrable over (A, Ct, /z). 

If 1 rg d(I(f)) | w w e say that the function ƒ is conditionally integra
ble over (A, Ct, p). In that case we shall call d(I(f)) the degree of 
conditional integrability of ƒ over (A, Ct, n). 

The proof of Theorem I is an easy application of Steinitz' Theorem, 
[ l ] , on rearrangements of vector series. Conversely Steinitz' Theorem 
may be considered as a particular case of Theorem I. 
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