SINGULAR INTEGRALS
BY A. P. CALDERON!?

In this paper I will attempt to describe the subject as it has de-
veloped in the last fifteen years, outlining the methods by which its
problems have been approached and discussing its connections with
other branches of Analysis. It will perhaps be best to start by con-
sidering certain classical situations which lead naturally to singular
integrals and which contain the seeds of some of the methods and
some of the applications we will discuss later. The simplest one arises
in attempting to establish the connection between the real and imagi-
nary parts of the boundary values of an analytic function. Suppose
that f(2) is analytic in I(z) =0 and that zf(z) is bounded, then if «(x)
and v(x) are the real and imaginary parts of f on R(z) =0, we have

i) =l. f "0 dt, (@) = lim — “O_ 4
™

o b — 2 e—0 T la—t|>e ¥ — ¢

the second formula being obtained from the first by letting the imagi-
nary part of z tend to zero. The expression for v above is the so-called
Hilbert transform of the function #. The integral it involves is abso-
lutely divergent due to the singularity of the kernel at x=¢.

A second example is given by the second order derivatives of the
Newtonian potential. Let us consider the potential of the density
function f(x) in R?

—1 )
g(x) = f dy,
ar J |x—y|
where I x—-yl denotes the distance between the points x and y and dy
denotes the volume element in R3. If f is sufficiently smooth, differ-

entiation under the integral sign leads to the following expression for
the second derivatives D;;g of g

-1 1
Dig(x) = i f lx _ yl Diif(y) dy

and integration by parts gives

(1) Dijg(x) = 30:f(x) + Lim kii(x — y)f(y) dy,

€0 v [py|>e

1 Colloquium Lectures given from August 31 to September 3, 1965 at the Seven-
tieth Summer Meeting of the American Mathematical Society held in Ithaca, New
York.
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where
41rk¢j(x) = (5¢jl x 12 - 33(3,'06;) | x l-—5.

The preceding integral is analogous to the integral defining the
Hilbert transform. In fact, its kernel &;;(x —v) is a homogeneous func-
tion of x—1y of degree equal to minus the number of variables on
which f depends. Thus the kernel has a singularity at x=1v which
makes the integral absolutely divergent. Nevertheless, if f is suffi-
ciently smooth, the integral can still be defined as a principal value,
as is readily seen from the expression for D,;g above. This possibility
stems from the fact that the kernels k;;(x) have mean value 0 on the
sphere |x| =1, which produces enough cancellation to ensure the
existence of the principal value. This property is shared by the kernel
of the Hilbert transform and also accounts for its existence. Let us
introduce now the following abbreviation

Kif = lim kij(x — 9)f() dy.
€0 lz—y|>e
Then observing that f=Ag we can rewrite (1) as follows
(2) Dijg = (38 + Ku)(Ag)

and we find that the monomial differential operator D;; can be ex-
pressed in terms of the Laplacian and the singular integral operator
48;;+K ;. This is not accidental. As we shall see later there is an inti-
mate relation between differential operators and singular integral
operators. This kinship is significant from the point of view of the
fine local properties of functions as well as from the broader and more
formal point of view of operator theory. The study of certain aspects
of differential operators seems to lead inevitably to the consideration
of singular integral operators. Let us now express the relationship (2)
in terms of Fourier transforms. Since (Dig)” = —4r2x;§ and
(Ag)” = —47?| x| 28 we have

(Dig)~ = waws| x|2(a9)",  [(30s + Ki)f] = win;| x|~

and we see that in terms of Fourier transforms the operator $68,;-+K;
amounts simply to multiplication by the bounded function x,-x,-l xl -2,
This shows that our operators are bounded on L? and makes their
formal properties transparent. We have thus two alternative ways of
viewing our operators. The first one has turned out to be appropriate
for the discussion of questions concerning existence, continuity etc.,
and the second is relevant to the formal aspects of the theory. These
two examples will suffice as an introduction.
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1. Translation invariant singular integral operators. Let k(x) be
a function defined in R*—0, which is locally integrable and positively
homogeneous of degree —#n. Suppose in addition that k(x) has mean
value 0 on the sphere |x| =1. Let k.(x) =k(x) if le =eand k(x)=0
otherwise, and consider the following operator

® K -inks, Kf= [ -0

It is not difficult to see that if f is sufficiently smooth and, say, has
compact support the preceding limit exists. In fact, if ¢(x) is any
spherically symmetric bounded function with compact support, then
the integral of k.(x)¢(x) vanishes and therefore, if ¢(x) =1 near x=0
and f is differentiable

K5 = tim [ ke = 5)/0) dy
= lim k(x — M[f(y) — f@)d(x — 3)] dy

- f k@ — 9)[fB) — f@)é( — 5)] dy

the last integral being absolutely convergent. If |k| log*| | is in-
tegrable on ]x[ =1 one can show that the Fourier transform £.(x)
of k.(x) is bounded uniformly in € and converges to a limit £(x) as €
tends to 0. Thus if f is square integrable (K.f)”~ = £ converges in the
mean to £f and K.f converges in the mean to a function whose Fourier
transform is kf. If fE€L? the operator K is then well defined as a limit
in the mean and is bounded on L2. The function £(x) is the Fourier
transform of the distribution lim,.o k.(x) and is homogenous of de-
gree 0.

Let us consider now a slightly more general operator Hf =cf-Kf
where ¢ is a constant. Then (Hf)" =(c+£)f=54 and £ is again a
homogeneous function of degree 0. Conversely, every sufficiently
smooth homogeneous function % of degree 0 arises this way. For
example, if k(x) is infinitely differentiable so is %, and every infinitely
differentiable function % of degree zero corresponds to an operator H
with infinitely differentiable kernel k. Thus the operators H with
infinitely differentiable kernel are in one-to-one linear correspondence
with the infinitely differentiable homogeneous functions % of degree 0.
The function % is called the symbol of the operator H and is also
denoted by o (H). It thus becomes clear that this class of operators is
closed under composition and that
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o(H\H;) = o(Hy)o(Hz), o(H*) = o(H),

that is, ¢ is a star-representation of the algebra of operators H with
infinitely differentiable kernel into the algebra of infinitely differenti-
able homogeneous functions of degree 0. There are besides many
other algebras of singular integral operators obtained by imposing
various conditions on the kernels of k. For example, if we consider
operators H for which 2(x) belongs to L?, 1<p< », on |x| =1, we
obtain an algebra of operators which is a Banach algebra with respect

to the norm
1/p
b+ [ b,
|z]=1

where ¢ denotes the surface area of the sphere lxl =1, and whose
representative function space also consists of homogeneous functions
of degree 0.

Let us turn now to the connection between singular integral opera-
tors and differential operators. For this purpose we will introduce a
fractional differentiation operator A which is defined as follows. Let f

be square integrable and have square integrable first order deriva-
tives. Then

5 ans = ||t

As readily seen A maps the space L} of square integrable functions
with square integrable derivatives up to order k, continuously into
the space L}_;. Furthermore, 47?A%= —A and

("— — ) = af = a;| 2[4

27t Ox;
consequently
1 ]
5 —  —f=RijAf, A —
®) 2wi ax,f / /= Z 2wi Ox;

where R; is the singular integral operator defined by ¢(R;) =x,~[ x‘ -1,
More generally, if D is a differential operator with constant coeffi-
cients of homogeneous order m, that is, in which only derivatives of
order m appear, and P(x) is its characteristic polynomial, then

Df = HA™f,

where H is a singular integral operator with ¢ (H) = 2mi)"P (x) [ xl -m,
This decomposition of D is of particular interest for the following
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reason. Differential operators are normally discontinuous and cannot
be defined everywhere in function spaces with desirable metric
properties. Singular integral operators on the other hand are not only
continuous in L2 but in a large class of function spaces as we shall see
below. Furthermore, H carries the algebraic properties of D, and the
undesirable ones are relegated to the factor A™.

2. Existence and continuity of translation invariant singular in-
tegrals. As was pointed out above, there is a large variety of function
spaces on which the singular integrals are defined and operate con-
tinuously. Essentially two methods have been employed so far to
obtain these spaces. One is direct and is based on the Plancherel
theorem and an extension to several variables of a well-known lemma
of F. Riesz. The other consists in a reduction to the one-dimensional
case, that is, to the Hilbert transform, to which the theory of analytic
functions can be applied. Though some results can be obtained by
either method, their scopes are different and deserve independent
attention.

Let us discuss first the reduction to the Hilbert transform. For this

purpose we will employ the following notation: If f is a function on
the real line we will write

oL 1@

dt, Hf = lim H.f.
T e g>e ¥ — 1 €e—0

These operators also act on functions in R” in the following fashion.
Given a unit vector » and a function f(x) in R* we let H.(»)f be the
result of operating with H, and H respectively on the restrictions of f
to lines parallel to the unit vector », or more explicitly

B.0)f = 1 f&—w) d

t,  HE) = lim H.()f.
™ 1t]>e t €0

Let now K and K, be as in (3) with & an odd function of x, that is,

such that k(x) = —k(—x). Then, integration in polar coordinates
shows that if f(x) is bounded and has compact support
© ki =2 [ s0)m0)fdo

where do denotes the surface area of the unit sphere in R». Thus, if B
is a Banach space of functions containing the space S of infinitely
differentiable, rapidly decreasing functions, and the norm N of B is
rotation and translation invariant, and furthermore, N is continuous
on S and H.(v) is continuous with respect to N uniformly in ¢, then
the same is true of K, and for fE (g (R)
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NED s NG [ 16)] do

with ¢ independent of ¢ and k. Furthermore, if H.(»)f converges with
respect to IV as e tends to zero, the same holds for K.f.

To obtain the corresponding results in the case when the kernel
k(x) is even, one uses the fact that an operator with even kernel is a
finite sum of products of operators with odd kernels. This can be
readily surmised by observing that the symbol of an operator has the
same parity as its kernel. The details of this argument are rather
technical and for this reason we will just mention the final result.
Suppose that N is a norm as above. Then if the kernel of K is such
that | k| log*| k| is integrable on |x| =1, there exists a constant de-
pending only on 2 and N such that N(K.f) Sc¢N(f). The condition
that | k| log*| k| be integrable cannot be relaxed, without permitting
K to become unbounded as an operator on L? or having Kf fail to
exist pointwise, even for some continuous functions f, as M. Weiss
and A. Zygmund have shown recently.

An elaboration of the preceding technique leads to results on the
boundedness of the operators Kf=sup. |K.f| in various function
spaces. The operator K is bounded with respect to a norm N if &
satisfies the same conditions as above and H(»), H(»)f=sup. | H.»)f|,
is bounded with respect to N. This is the case, for example, if N is the
norm of L?, 1<p < «. Since for compactly supported differentiable
fy Kf converges pointwise everywhere as € tends to zero, and since
every f in L? can be written as f=f;+f, with f; differentiable and
compactly supported and f, with arbitrarily small norm, it follows
from the boundedness of K in L? that lim sup,.o Kf—1lim inf..o K.f
has arbitrarily small norm in L?. Thus Kf converges almost every-
where as € tends to zero.

Later on we shall consider singular integral operators with variable
kernels, that is operators of the form

M Kf = lim k(x, » — 3)f(y) dy,

€0 lz—y|>e
where k(x, 2) is, for each x, a positively homogeneous function of de-
gree —# in z with mean value zero on |z| =1. The same preceding
technique can be used to study the existence and continuity of these
operators. Let us mention just one result. If 1 <g< «, and

f | K(z, 2) !4 do,
|el=l
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where do denotes the surface area of the sphere |z| =1, is finite and
bounded as a function of x, and f is in L?, ¢/(¢—1) £p < », then Kf
exists pointwise almost everywhere and as a limit in L? and K op-
erates continuously on L2,

Let us discuss now the Hilbert transform. It is clear by now that
there is a close connection between the properties of the Hilbert
transform and those of functions analytic in the upper half plane. A
classical result is the theorem of M. Riesz which asserts that H is
continuous in L?, 1 <p < ». There are several proofs of this. For the
sake of completeness of this exposition I will present one which I
consider particularly simple. Let w=u-1v be a complex number such
that #>0. Then if 1 <p <3 there exist two constants ¢; and ¢, such
that

‘ /] ‘p < cu? — czR(wP), c1 > 0, ¢ > 0.

This is readily verified by observing that for |arg w| close to w/2 we
have |v|?< —c,R(w?), and for |arg w| <(r/2)—e¢, |v|?+c.R(w?)
<cu?. Let now #(f) be a nonnegative function in L? of the real line
and let f(2) =f(x+4y) be defined by

1 e
® 1) = ul ) + i) == [

u(!
® dt, y> 0.
— 3

17

Then u(x, ¥) >0 and the preceding inequality applies to %, v and
w=7f. Integrating with respect to x we obtain

+o0 +o0 +o0
f | v(x, ) |7 dx < 01f u(x, y)? dx — ¢ R(f(x + iy)?) dx.
But the last term vanishes, and since u(x, y) is obtained from «(¢) by
convolving this with the Poisson kernel P(x, y) which is integrable

with respect to x uniformly in ¥, Young’s theorem on convolutions
gives

+o0 +o0 +oe0
f I o(x, v) IP dx = 01f u(x, y)?dx < cf u(t)? dt.

—0 —00 —00

Finally, comparing v(x, ) with H %, one finds that v(x, v) —H,u is
obtained from #(¢) by convolving this with a function which is in-

tegrable uniformly in y. Applying again Young’s theorem we find
that

o0 +c0
f ‘ o(x, y) — H,,ul” dx = cf u(t)? dt

-0

and this combined with the preceding inequality gives
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f+wl Hul? dx < cf-mu(t)" dt

—c -0

with ¢ independent of y. From this we obtain the same result for
H.(v) by merely integrating. This same inequality for the remaining
values of p is obtained by the well-known duality argument.

More precise information about the behaviour of the Hilbert trans-
form is afforded by the following remarkable result of E. Stein and
G. Weiss. If u is the characteristic function of a set of finite measure
of the real line, then the distribution function of Hz depends only on
the measure of the set. The following is a noncomputational proof.
Assume for simplicity that the set E in question is a finite union of
finite intervals. Let f(2) be as in (8) where u(f) is the characteristic
function of E. Then f(3) is analytic in the half plane P={y=0} ex-
cept at the endpoints of the intervals of E and lim,..,, yf(sy) = IEI /.
Furthermore, f(x) has real part equal to either 0 or 1, and w=f(3)
maps P into the strip S= {OéR('w) = 1} and the boundary 0P of P
into the boundary 8.5 of S. Let now D, be the subset of 4.5 defined by
| I (w)l >s5>0. Then f~'(D,) is precisely the set of points where
| Hu| >s. Let now 0 <k(w) <1 be a harmonic function in S such that
k=1 on D, and k=0 on the remainder of dS. Then k(z) =k[f(z)] is
harmonic in P and k=1 on f~(D,) and 2 =0 on the remainder of dP.
Thus £, is the Poisson integral of the characteristic function of f~1(D,)
and the measure of this set is given by =« lim,..y%(¢y). But
7 limy .. yhi(iy) == limy.., yk[f(iy)] and since f(iy)~|E|/(xy) as
y—oo, it follows that N(s)=|{|Hu| >s}l lf‘l(D,,)| —-IEIh’(O),
which depends merely on s and the measure of E. The function A\(s)
can be calculated explicitly by taking E to be an interval and one
finds that N(s) =2|E| (sinh 5)~1. By integration one finds the same
expression for the distribution function of H(v)u, where # is the char-
acteristic function of a set E in R, This result can be formulated in
terms of the nonincreasing rearrangement f*(f) of the function
|f] =|H@)u|, which is the function inverse to its distribution func-
tion, by

f*() = sinh' 2| E| /) = 2= f (# + 4s?)~2u*(s) ds
0
or in terms of the function f**(¢), which is deﬁned by

w0 =+ [ ros=sw [ el

D=t

*@ = " j; sinh~! (¢/2s)u*(s) ds
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Since f** depends subadditively on f, as is readily seen from the
second definition of f** above, by integration we obtain

HE)f)** = -—f—— fo ) sinh=! (¢/2s)f*(s) ds.

Thus if X is a singular integral operator in R* with odd kernel, this
combined with [6] gives

(Kf)* < 1;- f | k@) | do fo " sinbt (¢/2)f*(5) d.

This inequality gives accurate information about the distribution of
values of Kf and can be used to establish the boundedness of K with
respect to various norms.

One more important application of the complex method to the
study of singular integral operators is the following. Let a(x) be a
function on the real line with a bounded derivative and let

(@) = lim o = a0

€0 lz—t|>e (x el t)z

Then, if f belongs to L?, 1 <p < =, the integral converges in the mean
of order p as € tends to zero, and the limit function g(x) satisfies the
inequality ||g||,< ¢, sup|a’(x)|||f||- This result contains the classical
result of M. Riesz to which it reduces in the case a(x) =x. Its proof is
too complicated to be outlined here but we will discuss briefly some
of its consequences. Let k(x) be defined in R”—0 and be homogeneous
of degree —n—1. Suppose furthermore that I kl 1og+| kl is in-
tegrable on the sphere [xl =1. Then if a(x) is a function in R" with
bounded derivatives and f(x) is a function in L?, 1 <p < », the in-
tegral

lim [a(x) — a()]k(x — 9)f(y) dy

€20 o jz—y|>e

exists as a limit in the mean of order p and represents a bounded
operator in L?. This is the n-dimensional version of the preceding
result, to which it can be reduced by a method similar to the one
discussed at the beginning of this paragraph. Another consequence of
general relevance to the theory is this. Let K be an operator as in (3)
whose kernel k(x) has first order partial derivatives belonging to
L log* L on the unit sphere |x| =1, and let 4f=a(x)f(x) where a(x)
is a function with bounded first order derivatives. Then the operators
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9 (AK — K4), (AK — K4) 8
axi 6x¢
which are well defined for functions in Cj, are bounded with respect
to the norm of L?, 1 <p < 0. This much for the complex method.
The direct method for the study of the singular integral operators is
based on properties of these which are somewhat different from the
ones we have used so far. The kernels are no longer required to be
homogeneous functions but must be assumed to be somewhat smooth.
This leads to results that are not only qualitatively but also quantita-
tively different. Essentially the method consists in obtaining esti-
mates for the measures | Ex| of the sets E, where | Kf| >\ >0, f being,
say, a function in (. The precise basic estimates are the following

)

(10) @ B =l @) |E] = a7

where H f”1 and H ng denote the norms of f in L! and L? respectively.
As is shown by the classical interpolation theorem of Marcinkiewicz
and the standard duality argument, this implies that K is continuous
with respect to a large class of norms, including among others, the
norms of the spaces L?, 1<p < «. The above estimates are conse-
quences of two properties of the operator K. The first one is that K
is bounded with respect to the norm of L2, which, as is readily seen,
implies (ii). The other is this. Let .S be any sphere in R" and S the
sphere with the same center as S and twice its radius. Then there is a
constant ¢ such that

& I &rlas < disls

for every function f supported in S and with vanishing integral, ¢
being independent of S and f. This will hold if, for example, the ker-
nel k of K satisfies the following inequality

(12) f|z1>2|u| | b(x — 9) — k() | dx = ¢

with ¢ independent of y.

Since the first of the postulated properties of K clearly implies (ii),
one only has to show (i). The argument that follows is admittedly
sketchy but it contains all essential steps.

Let f be nonnegative and integrable and let A be a given positive
number. Then (and this is the extension of the lemma of F. Riesz
referred to at the beginning of the paragraph) there exists a sequence
of disjoint cubes Q; in R” such that f has mean value between X and
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2"\ on each of the Q; and fS\ outside UQ;. This is shown by first
partitioning R" by means of nonoverlapping congruent cubes so large
that f has mean value less than N\ on each of them; then refining the
partition by successive subdivision of the cubes into 2" congruent
parts and sorting out at each step those cubes where f has mean value
larger than A. It is easy to see that the mean value of f on the cubes
that have been set aside cannot exceed 2"\, and the theorem on
differentiation of indefinite integrals shows that f<\ almost every-
where in the remainder of R». Set now f=g-k, where g coincides
with f outside UQ; and with the mean value of f on Q; in each Q;.
Then since g =2"\ we have

[ {1Kg] >N =x7xdla < aa7lelle s a7 2Nl = 2’37 le]

Now for & we have k= Y _h; where k; equals f minus its mean value
in Q; and k;=0 elsewhere. Thus &; is supported by Q; and its integral
vanishes.

Let now S; be the sphere concentric with Q; and with radius equal
to the diameter of Q; and let D be the complement of US;. Then ac-
cording to (11) we have

JRECEED REPTER T

and consequently

{1 &r| > = 2085 +axYflis e 21051 + ]l

But since

ol [ rasz,

it follows that
Slol =3 T [ gas <,
Q;

which combined with the inequality above gives
[ {IxR] >} = oAl
Consequently
| Ba| = [{[Ef] >2\})
{1 &gl >} + [ {1 &1| >} = ol

which is the desired result.

A



438 A. P. CALDERON [May

The condition that K be bounded with respect to the norm of L?
is not very suitable for many applications and for this reason it is
desirable to have conditions on the kernel & to replace it. For example
the following inequalities

f k(x) dx
e<|zl<t

for all s and ¢, 0 <s<¢, with ¢ independent of s and ¢, and (12) imply
that K is bounded with respect to the norm of L2.

An interesting generalization of the preceding results is obtained
by assuming that the function f in (3) has values in a Banach space
B, and that the values of k are bounded operators on B; with values
in a second Banach space B;. Then the foregoing conclusions are still
valid with absolute values replaced by the corresponding norms. 1f
By and B; are Hilbert spaces, even the conditions (13) apply. The
relevance of this extension stems from the fact that it yields a number
of classical inequalities and their generalizations. We shall illustrate
this with just one example. Let P(x, ¥) be the Poisson kernel for the
upper half plane and for each x let k(x) be the operator mapping the
complex number ¢ into the function ay*/2dP(x, y) /0y of L2 (0 <y < ).
Then the integral

(13)

=, flthIka(x)ldxéct

+o 9
2 IR OL

can be regarded as an operator mapping numerical functions f(z)
on the real line into functions on the real line with values in L?
(0<y< »). This operator satisfies conditions (12) and (13). Let
g(x, v) be the value of the integral above and g(x) the norm of g(x, v)
as an element of L? (0<y< «). Then, if F(x, ¥) denotes the Poisson
integral of f(f) we have

g(x) = [ fo wy [% F(x, y):rdy]m

that is, g(x) is precisely the Littlewood-Paley g-function associated
with f(), and the results above yield the inequality |||, = c,l|f||
1<p< =, between the L?-norms of f and g.

Further results on the continuity of singular integral operators can
be obtained from the fact that they commute with translations. Let
N be a norm defined on a linear class M of locally integrable functions
containing Cy. Let % be a function in Cy with the property that the
convolution g+ % of g and % is in M whenever g is, and let N.(g)
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=N(g * h). If K is now a singular integral operator which is bounded
with respect to N, since h * Kg=K(h * g) for every g in (5, we have
Nuy(Kg)=N(h »Kg)=N(K(h *g)) ScN(h * g) =cNi(g). Thus K is al-
so bounded with respect to N, and its norm with respect to N does
not exceed its norm with respect to N. Moreover, by a passage to the
limit, it follows that K is bounded with respect to any norm which is
a limit of such N;. In this fashion it is possible to show that singular
integral operators are bounded with respect to the norms of various
spaces of differentiable functions and distributions. An example of
such spaces is the space L} of functions in L? with derivatives up to
order kin L?, 1 <p < =, and the space L?; of distributions which are
continuous on L%,

To conclude our discussion of the continuity of singular integral
operators, I would like to mention the fact that many local properties
of functions are stable under the action of these operators. For ex-
ample, let 75, 1<p< o, >0 and not equal to an integer, be the
class of functions f(x) in L? of R* having a Taylor expansion at the
origin of the form

f@&) = P(x) + R(x)

where P(x) is a polynomial of degree less than # and R(x) is such that

1, k] "o

for all p>0. Then if the kernel & of K is sufficiently smooth, K maps
T? continuously into itself (7% has a natural norm). An interesting
consequence of this is the following; if C is a closed set in R” and
f(x) EL? has the property that

lf@®) —fO)] Scle—9l, O<u<1

for x in C, then the same is true of Kf for x and y in C. This gen-
eralizes a classical result of Privalov about the conjugate function.

3. Singular integrals and multipliers of Fourier transforms. Let
b(x) be a bounded function in R and let B be the operator defined by
(Bf)" =bf, where f is the Fourier transform of f. The function b is said
to be a multiplier for the linear class M of functions f, if f&€ M implies
Bf& M. Evidently, if the singular integral operator K maps the class
M into itself then ¢(K) is a multiplier for the class M. Thus results
on the continuity of singular integral operators can be restated as
theorems on multipliers. In this framework it is possible to obtain
partial generalizations of the results in the previous section. In this
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connection let us mention a theorem of Hérmander which in a simpli-
fied version can be stated as follows: let b(x) be bounded and let the
derivatives Db of b of order % be such that | Dib(x)| Sc¢|x|—* for all &
less than or equal to 1-#/2, then b is a multiplier for L?, 1 <p < .
A similar result for operator valued multipliers has been obtained by
S. Vagi.

4. Singular integral operators and ergodic theory. The direct
method for the study of the continuity of singular integral operators
has a number of features in common with those employed in ergodic
theory and in the theory of differentiation of indefinite integrals. In
fact, it is possible to obtain some of the basic results in the corre-
sponding cases as special cases of a general theorem due to M. Cotlar.
Let 91 be a totally o-finite measure space and G= {T,,}, y&ER", an
n-parameter group of measure preserving transformations of 9N.
Let k(y) be an integrable function in R* such that

=0 forlylz2,  [io)a=o

[im =9 -mnlaysels

with ¢ independent of 2. Then, if f(x) is a function in L?(3M), 1 <p < =,

~ M
@) = [ 3 2T, dy

converges in the mean of order p and pointwise almost everywhere to
a limit function fin L?(9%) as N or M tend to infinity. Furthermore,
if f=sup|fv,u|, then  is in L2(3m) and |||, = |||,

If we set h(y) =1—2"for lyl <land h(y)=1for1 <|y| <2 we ob-
tain

fyo(x) = 2""Nf

lyl<2

. f(Tyx) dy — 27 f(Ty) dy,

lvl<1i

Joutw) = —waew [ grmyay+ [ grgay,

lyl<e™ lyl<2

and the preceding statement applied to fx,o and o, yields the ergodic
maximal ergodic and differentiation theorems for functions in L?(91),
1<p< w, as can be seen without difficulty. If on the other hand
M =R" and T, is translation by y, setting %(y) =k(y) if 1<| yl <2
and i(y) =0 otherwise, where % is as in (3), we obtain
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fw = [ o=y

9 M<|1/l2N 1

which is essentially the integral in (3).

5. Parabolic singular integral operators. Divergent convolution
integrals analogous to the ones we have been considering appear in a
number of analytical problems. An interesting example is that of the
study of the highest order derivatives of solutions of parabolic equa-
tions with constant coefficients. This leads to integrals of the follow-
ing form

Kf = lim K f, Kf = E(x — y,t — s)f(y, s) dx ds
€0 | t—s|>e
where ¥ and y are points in R” and s and ¢ range over the real line R,
and k(x, #) has the following homogeneity property

EQ\x, M) = Nvmk(w, 1) A>0

m being a positive integer. Under some additional assumptions on the
kernel k many of the results valid for operators as in (3) remain valid
in this more general situation. For example, if fEL?(R*1), 1 <p < o,
then K.f converges almost everywhere and in the mean of order p to a
limit. Furthermore, sup. | K.f| belongs to L? and its norm does not
exceed a constant depending on % times the L?-norm of f.

Sufficient conditions on k for the validity of these results are the
following:

k(x,t) = 0 for t <O,

fnk(x, DA+ |2|)de < o, fk(x, 1) dx =0,

f | B(x — 3,8 — 5) — k(x,8) | dz dt <
[ > 21K}

where ¢ is independent of y and s. Under these assumptions it is not
difficult to show that the Fourier transform of the function k.,
ke(x, t) =k(x, t) if t> € and k=0 otherwise, is bounded in e. Further-
more, a suitable modification of the direct method for the operators
in (3), yields the inequalities (10) which are also valid in the present
case. The argument used there was based on an extension of the
lemma of F. Riesz, obtained by successive subdivisions of R" by
means of congruent nonoverlapping cubes. A careful examination of
that argument shows that a similar procedure is applicable in the
present situation. One merely has to use parallelopipeds instead of
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cubes, these parallelopipeds being cartesian products of cubes Q in
the space R* of the variable x and intervals I in the space of the
variable ¢, such that |Q|m/»=]1I]|.

6. Singular integral operators with variable kernels. As we have
seen, differential operators with constant coefficients and of homo-
geneous order can be represented as the product of a singular integral
operator and a power of the operator A. An analogous representation
can be obtained for operators with variable coefficients if the singular
integral operators are suitably generalized. For this purpose it is
enough to consider operators as in (7), where again, k(x, 2) is posi-
tively homogeneous of degree —# (here, as before, # is the number of
variables of the functions on which the operators act) and has mean
value zero on |z| =1. However, for the purpose of applications to
partial differential equations, it is sufficient to consider kernels which
are smooth. We shall say that the operator K is of class m if k(x, 2) is
infinitely differentiable with respect to z and m times differentiable
with respect to x in |2| >0 and

3N/ 3\
(630) <az> k. 2)
on Izl =1, where (8/9x)* represents differentiation with respect to
the coordinates of x of zero or positive order not exceeding m, and
(0/02)8 represents differentiation with respect to coordinates of z of
any order. We shall henceforth consider only operators of this type.

In studying continuity properties of these operators one may use
the method of reduction to the Hilbert transform described in §2.
However, given our present assumptions on the kernel k(x, 2), it is
perhaps more convenient to proceed as follows. Let Y;(z) be a se-
quence of positively homogeneous functions of degree zero coinciding
with a complete set of normalized spherical harmonics on |z| =1,
arranged in order of nondecreasing degree. Then k(x, 2) can be ex-
panded in series

(14)

S

0

E(x, 2) = 2 a;(x) Vi(2) | 2|,

1

where, given our assumptions on k(x, 2), the functions a;(x) converge
rapidly to zero, that is a@;(x) =0(j) uniformly in x for all r>0.
Correspondingly we may expand the operator K in series

(15) K = 3 AR,
1
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where 4 ;f=a;(x)f(x) and R; is the translation invariant singular in-
tegral operator with kernel Y;(x—y) ] x— y] —», Given the continuity
properties of the R; and the rapid decrease of the a;, it is easy to
deduce continuity properties of K from the preceding expansion. For
example, K is continuous with respect to the norm of LI(R"),
1<p<ow, —m=k=m, as follows readily from the fact that the R;
are uniformly bounded on ZE(R") and the a; and their derivatives of
orders less than or equal to 7 converge rapidly to zero.

As in the case of differential operators with constant coefficients, in
order to obtain a representation of differential operators with variable
coefficients it will be necessary to consider slightly more general
operators, namely those of the form

Hf = a(2)f(*) + Kf,

where K is of class m and a(x) is bounded and has bounded deriva-
tives up to order m. These we shall also call singular integral operators
of class m. With such operators we associate their symbols ¢(H),
which are functions of two arguments defined by

o(H) = a(x) + k(x, 2)"

where k(x, 2)” is the Fourier transform of &(x, 2) with respect to z.
It is not difficult to show that if H is an operator of class m, then
o(H) is homogeneous of degree zero with respect to z, and is m times
differentiable with respect to x and infinitely differentiable with re-
spect to z in |z| >0. Furthermore, o¢(H) satisfies inequalities similar
to those in (14). Conversely, every function of x and z with these
properties is the symbol of a unique operator of class .

Singular integral operators with variable kernels do not form a class
closed under composition. However, there is an approximate func-
tional calculus for such operators which is an adequate substitute for
a true functional calculus and which has the advantage of having a
much simpler algebraic structure than might be expected of the
latter. To describe this approximate functional calculus we have to
introduce some additional notions. We will say that an operator S is
smoothing of class m, m =1, if it is defined in

> L2.(RY)
1<p<e0
and maps L? continuously into I?,, for all p, 1 <p< o, and —m=r
=<m—1. Given two singular integral operators H; and H, of class m
the functions o(H)o(H,) and (Hy) (i.e., the complex conjugate of
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o(Hy)) are themselves symbols of operators of class m. Thus we may
define the pseudoproduct H; o H, of the operators H; and H, and the
pseudoadjoint H* of the operator H by

(16) o(Hio Hy) = o(H)o(Hs), o(H) = 6(Hy).

With this law of composition the class of singular integral operators of
class m becomes an algebra with a conjugation which is isomorphic to
the algebra of all functions f(x, 2) which are positively homogeneous
of degree zero with respect to 2, are m times differentiable with re-
spect to x, infinitely differentiable with respect to 2, and satisfy the
inequalities (14). The interest of this rather obvious point of view
lies in the less obvious fact that in some sense the pseudoproduct and
the pseudoadjoints of operators are not very different from their true
product and adjoints. Specifically, H; o H,—H;H, and H—H*,
where H* denotes the adjoint or transposed conjugate of H, are
smoothing operators of class m. Before we sketch the proof of this,
let us state this result in a more algebraic language. First let us ob-
serve that since a singular integral operator H of class m maps L?
continuously into itself for all p, 1<p< o,and —m=r=m,if Sisa
smoothing operator of class m then HS and SH are also smoothing
of class m. Furthermore, if S is smoothing of class m so is S*. Thus the
class 8., m =1, of operators of the form H+S where H is a singular
integral operator of class m and S is smoothing of class m, is closed
under composition and with respect to the operation of taking ad-
joints, and the smoothing operators form a two-sided self-adjoint
ideal 3, in this algebra. Reducing the algebra modulo 4, one obtains
the algebra of singular integral operators of class m with the pseudo-
product as multiplication. This is a consequence of the fact that a
singular integral operator is smoothing only if it vanishes. Two im-
portant properties of 8, which play an important role in applications
are the following: if H is a singular integral operator in 8, then
(0/8x;)H—H(—93/dx;) is a singular integral operator in $,—; and
AH—HA is an operator in 8,_1. If in addition ¢(H) does not vanish
then there exists an S in 3, such that A4S has a two-sided inverse
in $u.

Let us now describe briefly how one shows that Hy o Hy— H1H, is
smoothing, a similar argument being applicable to Hf — H*. Let us
assume first that Hy=A4,K; and H,=A4,K,, where K; and K, are
translation invariant singular integral operators and A and A4, are
multiplication by the functions ai(x) and as(x) respectively. In this
case one can readily see that

H1H2 = A1K1A2K2, H10H2 = A1A2K1K2,
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and consequently,
Hlo H2 i H1H2 = A1(A2K1 -_— K1A2)K2.

Now the operators K1 and K, map L? continuously into itself for all 7,
and the same is true for 4; and 4; and —m <7 <m provided that the
functions a;(x) and a.(x) are bounded and have bounded derivatives
up to order m. Thus if 4,K;— K4, is smoothing of class # the same
holds for Hy o H,— H1H,. Now, there is the following criterion for an
operator B mapping L? continuously into itself for —m <7 <m, to be
smoothing of class m. For m =1 it is necessary and sufficient that the
operators (3/dx;) B and B(9/dx;) map L? continuously into itself. For
m>1 it is sufficient that the operators (8/9x;) B— B(d/dx;) be smooth-
ing of class m —1. This criterion is readily verified using the fact that
every element g of L? can be respresented as

"9
g=g+ 2 —g
1 ax,-

with g;, 0=j=<n, in L7,,. Applying this criterion to 4,K1—K14,, the
case m=1 leads to operators like those in (9), which, as was men-
tioned there, satisfy the conditions above. The case m>1 then follows
by induction. Once the desired result has been established for H; and
H, as above, the general case follows by expansion in series like in
(15).

Let us turn now to the representation of differential operators.
Suppose that D is a monomial differential operator

9 \x/ 9\ 9 \
- () (- ("
ox 636'2 axn
where a(x) is bounded and has bounded derivatives up to order m.
Then

D = AKA™ = HA", r=a1+oast -+ o

where A4 is the operator multiplication by a(x), K is a translation in-
variant singular integral operator and H is a singular integral opera-
tor in 8, with

oK) (%) = Q2mi) x1 25 -+ -2 |2,  o(H) = a(@)e(K)(2).
If now D is a general differential operator of order » with coefficients

as above we have

D= HA"+ 3 HA™i
1
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where the H are singular integral operators in 8,, with
17) o(H)(x, 3) = (2xi)"P(x, 2) | 5|~

P(x, 2) being the characteristic polynomial of D. A shorter representa-
tion of D can be obtained if one observes that according to the multi-
plier theorem of Hérmander, (I4A)~7 is a smoothing operator of
class m for all m and j>0. Thus setting A7=[(I+A)—I]i in the ex-
pression for D above, expanding and factoring out (I+A)" on the
right. Thus one obtains

(18) D= (H4+S){I+ A

where S is a smoothing operator of class m and H is a singular integral
operator of class m whose symbol is given by (17).

7. Singular integral operators on manifolds. The theory of singu-
lar integral operators with variable kernel can be extended to mani-
folds. For the sake of simplicity we shall restrict our discussion to
the compact infinitely differentiable case. Let us begin with some
remarks about the algebra of operators §,, introduced in the preceding
section. We may define the symbol ¢(4) for every operator in §,, by
d(4) =0(H) where A=H+S, H being a singular integral operator
and S being an element of 3,. Then ¢(4) is well defined and gives a
homomorphism of 8,, onto the algebra of symbol functions. The kernel
of this homomorphism consists precisely of the smoothing operators.
If we regard R" as an n-dimensional vector space T, we can think of
the symbol ¢(4)(x, 2) of an operator 4, which for each x is the
Fourier transform of a distribution on R* or T, as a function defined
on the cartesian product of R*» and the dual T%* of T. Now, this
cartesian product is canonically isomorphic with the cotangent-
bundle T*(R") of R*. Thus the symbol can be regarded as a function
on T*(R"). The symbol functions are characterized by their differ-
entiability properties as described in the preceding paragraph and
the fact that their restrictions to fibres are positively homogeneous
functions of degree zero. Given a compact infinitely differentiable
manifold 9 we can similarly introduce the symbols of class m on 9N
as functions on cotangent bundle 7*(9%) of 9 which are positively
homogeneous of degree zero on each fibre and have the corresponding
differentiability properties. We can also define the distribution spaces
L2(M), 1<p< o, —o <r< o, as the class of distributions on I
which coincide on coordinate neighborhoods with distributions in
L?(R"). We shall say that an operator defined Y50 L%,(9M) is
smoothing of class m if it maps LZ(9M) continuously into L%, (o) for
—m=r<m—1and 1<p<x. We will denote this class of operators
3 (IM).
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We can now define singular integral operators on 9. This is done
essentially by transplanting operators from Euclidean space. Spe-
cifically, an operator 4 defined on 51 L2, (9M) will be called a
singular integral operator of class m, i.e., an operator in §,(3M), if it
has the following properties:

(i) if ¢ and ¢, are infinitely differentiable functions on 9 with dis-
joint supports then N1A N,, where N; and N, are the operators multi-
plication by ¢; and ¢, respectively, is an operator in 3,(90);

(ii) there exists a symbol ¢(4) of class m on 91, such that for every
C~ diffeomorphism § of an open subset W of R” on an open subset V of
M and any two infinitely differentiable functions ¢, and ¢, with sup-
port in V; there exists an operator B in §, with the property that
(V1A Nyf) 0 §=B(f 0 d) for every C* function f with support in V,
and [$10(4)3:] o0 6=0(B), where N; and N, are the operators multi-
plication by ¢; and ¢, respectively, ¢; is the function ¢; lifted to
T*(R") and § is the mapping of the portion of 7*(R*) above W into
T*(9n) induced by 6.

It is not clear that there exist operators in 8,(91) with nonvanishing
symbols. One can show, however, that the operators in the §,, of the
preceding section, which according to our present notation will hence-
forth be denoted by 8,(R"), indeed satisfy the conditions (i) and (ii)
above. For this it is necessary to show that, roughly speaking, substi-
tution of variables in operators in 8,(R") leads to operators of the
same kind. This requires calculations which are somewhat compli-
cated, but the argument is otherwise standard except at one point.
If k(x, x—y) is the kernel of a singular integral operator in §.(R")
and x = F(&) is a C* substitution of variables one can show that

E[F (@), F(#) — FG)] = k(8,8 — 5) + ka(#, 2 — 5) + R(&, 2 — 9),
where ki(%, £— ) and ko(%, £—7) I 0'0—3"| —1are kernels of operators in
S$n(R™),? and where R(%, 2) is m times differentiable with respect to #
and infinitely differentiable with respect to 2. Furthermore R and its
derivatives up to order m with respect to coordinates of % and order
1 with respect to coordinates of Z, are integrable with respect to 2
near =0, uniformly in %. Thus, using the criterion described in the
preceding section, one can show that the operator with kernel
R(%, £—9) is, at least locally, smoothing of class m. Similarly one can
show that the operator with kernel k:(%, £—7%) is locally smoothing
of class m. Once this has been established one encounters no further
difficulties in showing that operators in 8,,(R") satisfy (ii). With this
information about §,(R") it is possible to give a standard method for
constructing operators in $,(9M) with prescribed symbol. For this

3 For ka(%, 2) ]E] —1 this is true except for the vanishing of its mean value on lzl =1.






