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Twelve years ago, A. D. Wallace, who might well be called the 
founder of the theory of compact topological semigroups, in a talk 
entitled The structure of topological semigroups [29], addressed the 
Society in this same capacity for the purpose of stating that there 
was no such thing as a structure theorem. "There does not exist at 
this time," he said, "any corpus of information to which the title 
'structure of topological semigroups' is in any fashion applicable. 
Whether such a body of theorems will ever exist is a matter for the 
future . . . " He went on to say that, contrary to the implications 
of the title, he would not talk about a small number of large theorems, 
but rather about a large number of small ones, because that was all 
that the then infant theory had to offer. Today, it is possible to carry 
through with the implications of his title, and so, in honor of his 60th 
birthday this past August 21st, 1965, I am going to talk about a 
small number of large theorems. In fact, primarily I am going to 
talk about just a single theorem—a structure theorem—which K. H. 
Hofmann and I in our forthcoming book [lO] call the Second funda­
mental theorem of compact semigroups. (Some open questions will also 
be discussed, and with these, a few additional results stated.) 

But in 1953, the theory of topological semigroups was hardly three 
years old. To be sure, there was the forgotten paper of Eilenberg's 
[5] in 1937, and a paper of Iwasawa's (in Japanese) [18] in 1948, but 
it was not until 1950 that any concerted effort in the area began— 
more or less simultaneously from several directions: there was the 
short, but very useful note by Gleason [8] and papers by Peck [25], 
by Gelbaum, Kalish and Olmstead [7], and by Numakura [23] a 
year later. But it was with the publication of papers by Numakura 
[24], Wallace [27], [28] in 1952 and 1953, and the dissertation of 
Koch [19], 1953, that the theory really began to move. By 1956, the 
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main elements of the First Fundamental Theorem, which I shall de­
scribe presently, had been obtained. Due largely to Wallace himself 
[30] it is, except for a few frills that Hofmann and I have added, now 
well known to workers in the area. 

In the early years, there was a great deal of groping about for the 
right techniques, and the beautiful structure theory for compact 
groups offered tantalizing bait for many deceiving conjectures. With 
his numerous ingenious examples, Hunter, see e.g. [14], [16], [17] set 
about destroying many of these, and it soon became obvious that 
neither the techniques nor the results of group theory could be ex­
tended to the realm of compact semigroups. New ideas about how 
these objects were to be described and new techniques—techniques 
peculiar to the area—were needed for obtaining this description. A 
recognition of what the correct building blocks should be, and a 
thorough knowledge of these had to be found. These new techniques 
have now begun to make their appearance, and enough of the basic 
building blocks can now be described to give us some rather solid in­
formation—at least about certain categories of compact semigroups. 

However, let us begin now with some definitions so that we can be 
more explicit. 

A semigroup is a nonempty Hausdorff space with a (jointly) con­
tinuous and associative multiplication. The results we are to describe 
apply only to compact semigroups, and in fact it is for the most part 
with the category of compact connected semigroups with identity 
that we wish to pursue our study. 

Let S be a semigroup. An identity is an element 1 £ S such that 
1#=#1 = # for all x£»S. The group of units (or maximal subgroup) of 
S is the set H ( l ) = {x : xy = yx = 1 for some y £ S}. In a compact semi­
group, i?( l ) is a compact group and thus is a quite comfortably 
"known" object—at least from the point of view of one working in 
topological semigroups. If £2 = e £ S , then H(e) the group of units of 
eSe, is the maximal group of e. 

A left (right) ideal of 5 is a set IQS such that SI CI (resp., ISCI). 
An ideal is simultaneously a left and right ideal. Every compact 
semigroup has a unique minimal ideal M(S) and it is closed. If was 
recognized fairly early by Wallace [30 ] that M(S) satisfied the 
hypotheses of a completely simple semigroup, the algebraic structure 
of which had previously been worked out by Suschkewitsch and Rees 
(see [4]). The topological properties were then easy consequences. 
Wallace also observed that the Cech global cohomological properties 
of S were concentrated in any maximal group in M(S). Thus, it is 
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possible to describe M(S) in the following terms: 
DEFINITION 1. Let X be a topological space. Define two multiplica­

tions on X as follows: 
(a) X has left zero multiplication if xy=x for all x, y (EX. 
(b) X has right zero multiblication if xy = y for all x, yÇzX. 

Let X and F be compact spaces and G a compact group. Let 

a: YXX-+G 

be a continuous function. Denote a(y, #) = [y, #]. Define the Rees 
product of X, G, Y as the space XXGXY with multiplication de­
fined by 

(x, g, y)(x', g', y') = (#, g[y, x']g', y'). 

(Notice that if G and F are degenerate, this amounts to left zero 
multiplication on X. A similar statement applies to F.) This results 
in a continuous associative multiplication o n X X G X F which we de­
note by [-X", G, F]a . Any compact semigroup isomorphic to a Rees 
product of this form we call a paragroup. 

We can now state the 

FIRST FUNDAMENTAL THEOREM. Let S be a compact semigroup. Then 
there is a unique minimal ideal M(S) and it is a paragroup [X, G, Y\c. 
The sets XXGXy (resp., xXGXY) are the minimal left (resp. right) 
ideals of M(S) and hence of S. Moreover, there is a sequence of surjective 
morphisms 

S = Si —> 02 —* 03 —> 04 

such that fi\(Si\M(Si)) is a homeomorphism onto Si+i\M(Si+i), 
i = l , 2, 3, and 

(1) M(S2) is isomorphic to [X, e, Y] and for each (x, e, y)CzM(S2), 
frx(x, e, y) = (x, G, y), which is a maximal subgroup of M(S), 
where e is the identity of G. 

(2) M(Sz) is isomorphic to X with left zero multiplication, and 
f^(x) is a minimal right ideal of M(S). 

(3) M(SA) is a zero for S*. 
If, moreover, S is connected and has an identity, then the inclusion map 
i: (x, G, y)—>S induces an isomorphism i*: H*(S)—»iT*(G) of cohom-
ology groups (relative to any coefficient group). The sets X and Y are 
acyclic relative to Cech cohomology. (Relative to singular theory, this 
need not be so.) 
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Thus, we can feel just about as confident in our knowledge of the 
structure of the minimal ideal of a compact connected semigroup 
with identity as in the knowledge of its group of units. But these are 
only settled villages at either extreme of a huge forest. We want to 
gain some knowledge of the mysteries of the interior. A little reflec­
tion and a few examples will soon dispel any delusions about the 
possibilities of an adequate charting of this wilderness. However, 
there is a path through the wilderness joining the two ends. 

DEFINITION 2. Let T be a compact connected semigroup with 
identity 1. If T contains no proper compact connected subsemigroup 
meeting M(T) and containing 1, we call T irreducible. 

Zorn's lemma tells us 

LEMMA 1. Let S be a compact connected semigroup with identity 1. 
Then there is an irreducible semigroup TQS such that 1 £ T and 
M{S)C\T^0. 

Now we have planned a trail through the forest. Can we at least 
describe the trail? That is the essential content of the Second Funda­
mental Theorem and the results leading thereto. 

We proceed to describe these semigroups. But first, let us agree on 
when we have an adequate description. 

A preferred method of describing the structure of objects in many 
categories is to find isomorphic, or at least sufficiently many homo-
morphic, representations of the object into objects whose structure is 
rich enough to be more amenable to investigation than the original 
object. This is true, in particular, of the categories of connected com­
pact and locally compact groups, commutative Banach algebras, 
Boolean rings, and Lie algebras, and in fact in some sense to abelian 
categories via the Mitchell-Freyd full embedding theorem. But there 
can be no direct analogue to the representation theory for compact 
groups as semigroups of endomorphisms of topological vector spaces 
because of the existence of too many idempotents in most compact 
semigroups. Probably certain subcategories of semigroups can be 
treated successfully by means of sufficiently many linear or affine 
representations, however. 

Our approach is rather by constructive methods. The technique is 
to produce first a few basic building blocks—semigroups which are 
easily described via simple formulae. From these building blocks, we 
construct more complicated structures. We will thus consider the 
structure of the objects in a category as known if we have constructive 
rules which allow us to decompose the structure into the simplest 
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building blocks and then compose them again to obtain a topologi­
cal^ and algebraically isomorphic structure. We must, in this pro­
cess, allow a certain restrained use of homomorphic images—or sur-
rnorphism.1 To illustrate what is meant by this statement we shall 
consider an example. But first we need some definitions. 

DEFINITION 3. Let 5 be a compact semigroup. We shall let 0C denote 
the set of pairs (x, y) in 5 X 5 such that x and y generate the same 
principal left and principal right ideals. That is, x\JxS=yKJyS and 
x^JSx = y\JSy. 3C is a closed equivalence relation. Let y: S—>5/3C 
denote the natural projection.2 

EXAMPLE 1. Let 6 denote the category whose objects are compact 
semigroups such that 3C is a congruence relation and 5/5C is iso­
morphic on n = [ 0 , l ] relative to ordinary multiplication of real 
numbers, and whose morphisms </>: S—*S' are surjective morphisms 
which make the diagram 

S - • 5 ' 

n 

commute. If we succeed in describing one object 5 in this category, 
we shall consider all objects 5 ' in the category known for which there 
is a morphism <t>: S—*S' in the category. The limits imposed on the 
morphisms are sufficient to justify this approach. 

To further illustrate this approach and to build up our store of 
building blocks, letll r , O ^ r ^ l , denote the interval [r, l ] with multi­
plication given by x -y = max {xy, r}. (This is the semigroup obtained 
from II = n 0 by identifying the ideal [0, r] to a point.) It is not difficult 
to show that IIr is isomorphic to II1/2 for 0 > r > 1 and is characterized 
by the property that it is a totally ordered compact connected semi­
group with identity and zero as end points, and every element (ex­
cept the identity) is nilpotent. 

1 We use the word surmorphism to mean "morphism onto." One would expect 
the more euphoneous word "epimorphism" to be used in this context, but alas, an 
epimorphism in the category of compact semigroups, or even in the more restricted 
category of compact connected semigroups, need not be onto. 

2 The relation 3C and the equivalence relations «£, (R, 3D determined similarly by 
the principal left, respectively, right, respectively, two sided ideals play a role in the 
theory of compact semigroups similar to that played by the taking of quotient spaces 
in the theory of topological groups. Notice that3C—«CP\(R. 


