STRUCTURE OF CATEGORIES
BY JOHN R. ISBELL

Introduction. This paper sets out to develop a structure theory of
categories and carries it, not very far, but far enough for some ap-
plications. We need a new definition of complete (coinciding with old
definitions [2], [8] for well-powered co-well-powered categories). The
new definition is needed even to construct images of mappings. With
it, we can show that every completion of a small category, and also
every primitive category of algebras, is a retract of any category in
which it is fully embedded. Such categories are called injective;
strictly stronger injectiveness properties are rather trivial. By a com-
pletion of @ is meant a complete category in which @ is fully em-
bedded so that no complete full proper subcategory contains it. The
results stated come from the regular completion theory concerning
complete extensions of @, regularly represented in Cat(@*, U), and
the statements given are simply the main applications of two theo-
rems to the effect that complete categories satisfying certain bound-
edness conditions are injective. Apparatus is set up, but not de-
veloped, for a general completion theory and finer tests for injective-
ness.

Precise statements of results cannot well be given before we estab-
lish the set-theoretic foundation (§1). The new clause in the defini-
tion of completeness requires every intersection of extremal sub-
objects [8] to be representable, and the dual. Then every completion
of a small category @ is well-powered, no intermediate full subcate-
gory is left complete, and the embedding preserves all limits that may
exist in @ (and dually). Unfortunately, retraction preserves com-
pleteness only in the weaker sense of [8]; and, since not every cate-
gory has a completion in the same Grothendieck universe, and in-
jectiveness is defined relative to a universe, I can prove that an
injective category is complete only in the still weaker sense of Freyd
[2]. In any of these senses, up to an equivalence of categories, a left
complete full subcategory of a complete category is both left closed
in its right closure and right closed in its left closure. Accordingly,
one would hope, from Freyd’s theorems on existence of adjoints, to
retract by a reflector and a coreflector. This question is pursued for
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some distance (roughly, the second adjoint functor always exists),
but the hypothesis that comes out presents an unsolved problem
even in the category of abelian groups.

I am indebted to K. H. Hofmann and P. S. Mostert for patient
criticism of many revisions of the first half of this paper.

1. Fundamentals. Constructions in this paper will require some-
thing like the Grothendieck theory of universes, but they require
less and I take what seems to be a different point of view. The well-
known fact that some basic constructions applied to large categories
take us out of the universe seems to me to indicate that the construc-
tions are not yet properly presented. The discovery of proper pres-
entations is too difficult, though, for all work on these constructions
to wait for it. Therefore, we assume one Grothendieck universe and,
outside it, a collection of improper or extraordinary sets which will be
used for improper constructions.

Precisely, we assume a Godel-Bernays set theory having sets and
proper classes and having at least one uncountable strongly inacces-
sible cardinal number «, henceforth supposed fixed. We assume for
convenience that the class of all sets can be well ordered. We recall
that there is a fairly easily defined set M of « “hereditarily small”
sets which can be regarded as a model for ordinary set theory (a
Grothendieck universe; technically, a supercomplete Shepherdson
model [13]). A legitimate or “proper” set should be defined as a
member of M, and a legitimate class or category should be contained
in M. However, we wish to deemphasize unimportant distinctions
between isomorphic or equivalent categories, and therefore we make
the following definitions.

A set is small, large, or extraordinary according as its cardinal num-
ber is < ®, ©, or > . A category is defined as usual [12] and may
be a proper class. A small category is a category whose class of map-
pings is a small set. A locally small category is one in which every set
of coterminal (=coinitial and cofinal) mappings is small. A category
is ordimary if it is locally small and has at most « objects.

We fix the notation U for the category of all small sets and the
functions between them, which is locally small. The category of all
sets and functions will be called U! A covariant functor F: @—al or
F: e—a! will be called a grounding of €, respectively ordinary or
extraordinary. Either modifier might be omitted, but only “extraor-
dinary” will be omitted in this paper, when it is clear from the con-
text. The dual notion (F: €*—Al or AU!) is cogrounding.

e(X, Y) denotes the set of maps from X to ¥ in €. The symbol
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e( , X), which may be replaced by %x when it is clear what @ is
meant, denotes the cogrounding defined by khx(W)=¢c(W, X),
hx(f)(g) =gf. The cogroundings kx and their covariant analogues h¥
are called principal; an unambiguous common name for them is
principal functors; and the functors naturally equivalent to them are
called representable. If ® is a full subcategory of @, the restriction of
e(, X) to ® may be designated ®( , X), even when X is not in
®, provided the embedding of ® in @ is clear from the context; such
a functor is representable in C.

The categories which, unlike U! or even U, have only a set of map-
pings, form with their functors a category Cat. Thus Cat(e, D)
should mean a set of functors. We enrich the symbol to mean the
category of functors (covariant) from € to D with their natural trans-
formations; moreover, we use the symbol even if D has a proper class
of maps, so long as @ does not. In this case each functor from € to
D must take @ into a set-subcategory of D, so that by using any of
several conventions as to what an element of Cat(@, D) is, it becomes
a genuine category.

In particular, for every category @ with a set of objects, the co-
groundings of @ form a category Cat(@*, U!). The correspondence
X—hx gives a full embedding, the (left) regular representation of €.
The right regular representation by groundings is a dual embedding.
For ordinary categories we also (perhaps preferably) apply the same
terms to the representations by ordinary cogroundings and ground-
ings.

There are also subregular representations X —®( , X) (respectively
®(X, )). ® is left adequate (right adequate) if the (right) subregular
representation over ® is a full (dual) embedding.

When the name of the category € is long or otherwise distracting,
we may write Hom (X, Y) instead of €(X, ¥). We shall want (mainly
for the sequel) to combine the two regular representations in
Cat(e*, u!) and Cat(e, u!). These functor categories are related by
a pair of contravariant functors called conjugations. The conjugate
of either a grounding or a cogrounding F is called F* in [6], and this
short notation will be convenient; but for clarity we had better define
K;: Cat(e*, ul)*—Cat(e, u!) and K,: Cat(e, U)*—Cat(C*, u!).
Each Ki(F) = F*: @ — U! is defined by F*(X) = Hom(F, kx),
[F*(/) @) lw(p) =f@w(p), for pEF(W), ®EF*(X), f: X—YV; for
V: F—G, Ki(¥): G*— F* takes each Hom(G, hx) to Hom(F, kx) by
composition with ¥. K, is defined dually. The functors K, K, are
adjoint on the right, i.e. the functors of two variables F in Cat(e*, a!),
G in Cat(e, U!), symbolized by Hom(F, K2(G)), Hom(G, Ki(F)),
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are naturally equivalent. The easiest way to see this is by means of a
neutral description of the sets Hom*(F, G) corresponding to
Hom(F, G*) or to Hom(G, F*). A coupling of F: €*—a!, G: e—u!
is a function m assigning to every ordered pair (p, ¢) with p&E F(X),
¢€G(Y), amap m(p, q): X—Y so that m(F(f)(p), G(2)(9)) =gm(p, )f
identically for maps f with range X and g with domain Y in €.

1.1. There is a one-to-one correspondence between couplings m of
F, G and natural transformations u: G—F*, defined by

[ux(9)]x(p) = m(p, g).

We omit the routine verification. Combining 1.1 with its dual and
a verification of naturality, one gets the adjointness of Ky and Ko,
which we will not use explicitly.

A grounding couple consists of a cogrounding F, a grounding G,
and a coupling m. The couple category Co(€, U!) has these couples for
objects, and for mappings the conjoint transformations (Fy, Gi, mi)
—(Fs, Gi, ms), which are pairs of natural transformations ®: Fy—F,,
¥ : Go—Gy, satisfying mao(®x(p), ¢) =mi(p, ¥y(q)). There is a full em-
bedding of € in Co(@€, U!) taking each X to the principal couple
(hx, kX, -); we call this the double regular envelope of €. Both regular
representations are factors of the double regular envelope in a natural
way; for example, F in Cat(C*, U!) goes to (F, F*, m), where m is
the coupling corresponding by 1.1 to 1: F¥*—F*, These functors are
again full embeddings.

Co(e, U!) is a high first approximation to a largest reasonable ex-
tension of €. To adjoin any object X to € we need the coupled func-
tors €( , X) and €(X, ). In requiring that the adjoined objects
map just by conjoint transformations we are, of course, imposing a
restriction.

We note a second approximation to a largest reasonable extension.
A grounding couple (F, G, m), or the coupling m, is separated if when-
ever p#p’ in F(X), there exist ¥ and ¢ in G(Y) such that m(p, q)
#“m(p', q¢), and dually.

1.2. Couplings m of principal functors hx, h¥ are determined by the
map m(1x, 1y) =m! and are separated if and only if m' is bimorphic
(epimorphic and monomorphic).

The proof is a routine application of the Yoneda lemma which says
that the regular representations are full embeddings and consequently
hx, hX are conjugate.

REMARK. For sets, (suitable) spaces with base point, abelian groups
and Banach spaces, at least, there is a Fuks-Svarc duality
D: Cat(e, e)*—Cat(e, €), self-adjoint on the right. (See [12] for






