MECHANIZED MATHEMATICS
D. H. LEHMER

It is indeed an honor to be invited to this platform. One has only
to read the names of my distinguished predecessors to realize that,
as the saying goes, I have thirty-seven acts that are hard to follow.
As a mostly pure mathematician my concern is increased when I
note that thirty-two of the lectures have dealt with applications of
mathematics to other sciences. The true desperation of my predica-
ment becomes apparent when I tell you that I plan to discuss the
application of science to mathematics.

I am convinced, however, that if Professor Gibbs were with us to-
day he would be among the first to endorse the application of mechan-
ical devices to the better understanding of pure, as well as applied,
mathematics. To support this conviction I should like to call your
attention to a bit of mathematical history of the turn of the century,
having to do with Gibb’s discovery of the phenomenon that now
bears his name. In 1898 Michelson and Stratton, at the University
of Chicago, completed the construction of their big 80 term harmonic
analyzer and published drawings of some of its output in Philos. Mag.
One of these is a graph of the function
sin nx

Fao(x) = 2 2 (=)™

n=1

As we all recall, the corresponding infinite series is the Fourier series
of the sawtooth function

_{x for —r<x<m,
Y 0 forx=m,
y(x + 2m) = y(2).

Michelson’s graph of Fgo(x) showed a sort of fluttering as x approaches
w resulting in a nine percent overshoot of the expected value. Michel-
son knew that his instrumentation was better than this and he must
have felt that not mechanics but mathematics was to blame. At any
rate he wrote a rather petulant letter to Nature (of October 6, 1898)
about it. Gibbs made two replies published December 29 and April 27,
1899. Between these dates Gibbs must have taken a closer look at
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the drawings, for in the second letter he corrects his first letter to
confirm the overshoot phenomenon, the nine percent being precisely

1 T sinu 1
—f du — — = .0895S.
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Whatever else the Michelson analyzer may have contributed to the
advancement of science, it served to call attention to an interesting
anomaly in the theory of Fourier series. We now have a better under-
standing of this part of mathematics and are forewarned of this be-
havior elsewhere.

Mechanical aids to mathematics are as old as mathematics itself.
The clay tablet of the Babylonians and the papyrus of the Egyptians
were simply ancient memory devices used sometimes for computing
and recording mathematical results. The sand box of Archimedes is
not far behind the blackboard on which so much modern mathe-
matics is created. Rather more mechanical were the ruler and com-
pass, the analogue instruments of the Greeks, and the piles of pebbles
and notched sticks, the digital equipment of the same age. With the
coming of paper and printing to Europe also came graphics, nomo-
grams, and the slide rule as further analogue equipment. The advent
of the calculus (a word which ironically enough refers to pebbles)
took most of mathematics down the primrose path of continuity.
Nevertheless, one of the inventors of calculus, Leibniz, saw the need
for mechanical aid to his newly discovered combinatorial analysis
and accordingly invented and constructed a digital instrument, a sort
of automatic abacus, which we now recognize as a desk calculator.
Two centuries later such machines were to be mass produced, not for
the mathematician but for the accountant. By the turn of this cen-
tury some mathematicians had rediscovered the desk calculator.
Tables of logarithms began to collect dust on their shelves while a
host of new tables of special functions began to appear in print. The
very existence of such tables provided the excuse for other mathe-
maticians to leave their problems solved in terms of special functions.
In this way many interesting properties of these functions were dis-
covered, even though their original inspiration was based on some in-
accurate little table prepared by what we now condescendingly call
hand computing. We owe all this, then, to the accountant. To him
and the census taker we owe also the punched card equipment of the
early part of this century.

There were some inventions and even constructions of equipment
for special mathematical use. On the analogue side one can mention
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the planimeter and other integrators, the harmonic analyzer, such as
Michelson’s, already mentioned. Such mechanical analogue equip-
ment culminated in the Bush differential analyser of 1930, whose com-
ponents were then gradually replaced by electronic analogues. On the
digital side the difference engine of Babbage stands as a forlorn
monument to brilliant invention bogged down by the inadequate
technology of the 1860’s. Much had to be learned about physics be-
fore Babbage's ideas for helping mathematics could be realized. A
little later Jevons invented a special purpose digital device for formal
logic. As far as 1 know, this was not constructed. Even today we
have no special equipment for this purpose.

Mention should be made of the number theory device invented
more than 2000 years ago by Eratosthenes and called the sieve. This
device appears to have been realized for the first time graphically by
Hindenburg in 1776. Up to the early 20th century graphical sieves
were used in varying forms for the construction of our large factor
tables and for the solution of diophantine equations. The sieve be-
came mechanized in 1927 and photoelectric in 1932.

By the end of the great depression the development of two indus-
tries, the telephone and punched card accounting, had advanced the
technology of the electromechanical relay to a point where thousands
of these devices could be counted upon to operate in harmony with
tolerable reliability. It occurred to Aiken and Stibitz that here was
a component on which to base a workable realization of Babbage's
difference engine. Thus in 1945 emerged two tape driven monsters,
the immediate forerunners of our present day electronic computers.

Also during the depression the problem of counting cosmic rays
had led to the perfection of another bistable mechanism. This is the
electronic flipflop or trigger circuit, used, incidentally, on the photo-
electric sieve. Mauchley and Eckert realized that, by putting tens of
thousands of such circuits together, they could have an extremely
fast computing system with no moving parts. Thus was conceived the
first electronic computer, the ENIAC. With its birth in 1947 came
a new era to mechanized mathematics, as well as our whole social
system. The prodigious speed of the ENIAC, a relatively slow ma-
chine by today’s standards, made it necessary to abandon the idea of
human control or even a punched paper tape control. Authority was
surrendered to the machine itself. While this obvious policy was to
bring chill to the thoughts of newspaper editors, it had two happy
consequences for mathematics: (a) it provided for greater flexibility
in the use of the machine, and (b) it made necessary the introduction
of certain logical operations or instructions that turned out to be ex-
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tremely useful to other branches of mathematics than the mere solu-
tion of differential equations.

The last two decades have witnessed, after a slow start, improve-
ments in reliability and speed that are so great they are difficult to
appreciate. Reliability, though less noticeable, has increased more
than speed. With increased speed has come decreased cost per opera-
tion until now, on widely distributed machines, 10000 or more multi-
plications or 100000 or more decisions can be purchased for one cent.
These machines are doing elementary rational and logical operations
faster than humans by a factor variously estimated from 10°% to 107.
This factor is difficult to comprehend and has been achieved in no
other branch of science. Hamming likes to point out that the fastest
way one can go from Denver to New York is only about 100 times
faster than a brisk walk. If one can do computing five or seven orders
of magnitude faster by machine than by hand, it changes one’s whole
outlook on computing and even the reasons for doing it. Along with
increased speed has come the larger sized memories needed to accom-
modate the larger amounts of internal data required for the solutions
of the larger problems that now can be solved in a reasonable time.
A modern machine also has a slightly larger repertory of commands
than its ancestors of the early 1950’s, but almost the same basic
structure.

In spite of these remarkable developments and the consequent
“computer revolution,” the life of the average pure research mathe-
matician goes on nearly undisturbed. There are exceptions however.
Some of us are attempting to develop new ways of solving old prob-
lems. Back in 1948 Hartree predicted that a new mathematics would
emerge from the electronic computer. Although this has hardly come
to pass yet, there are a number of techniques in wide use, for exam-
ple linear programming or Monte Carlo methods, that have now be-
come feasible. However, the requirement of feasibility has never
been much of a brake on the imagination of the pure mathematician.
In point of fact, the methods used today are often the crudest of those
originally proposed for hand computing, just because they are also
the most economical.

In a way, Hartree was right: we do have new branches of mathe-
matics whose devotees we can uncharitably call camp followers, since
they don’t actually use the computer. These branches have sprung
up only because electronic computers exist. Branches like cybernetics,
artificial intelligence, automata theory, etc. are interesting in their
own right and could have been introduced in Babbage’s time a cen-
tury ago. That they are really branches of mathematics is evidenced,






