A SETTING FOR GLOBAL ANALYSIS!
BY JAMES EELLS, JR.

Introduction. The primary aim of this report is to present a broad
outline for a coherent geometric theory of certain aspects of non-
linear functional analysis. Its setting requires the calculus in topo-
logical vector spaces, differential geometry of infinite dimensional
manifolds, and the algebraic and differential topology of function
spaces. For the most part the developments are of quite recent origin,
and at present the theory is in a fluid state (its growth depending
strongly on its concrete applications). The beginnings of the subject
may be traced to the work of Fréchet, Giteaux, and Volterra; we
refer to the text [73] of P. Lévy for an exposition of some early ap-
plications (especially in the calculus of variations and integrable
differential systems)—and ask pardon for not presenting any his-
torical perspective in the present survey.

About ten years ago it was formally recognized [29] that many of
the function spaces which arise in global geometric mathematics
possess a natural infinite dimensional differentiable manifold struc-
ture. That was not a great surprise; for

(1) Many of the most interesting manifolds of differential geom-
etry are well known to have representations as function spaces of
rigid maps. (E.g., Riemannian manifolds arise as the configuration
spaces of dynamical systems, their cotangent bundles are interpreted
as phase spaces, and their Riemannian metrics in terms of kinetic
energy.)

(2) Much of the language of the classical treatment of the calculus
of variations—and the penetrating viewpoint and methods of M.
Morse—is that of a function space differential geometry. (E.g., the
Euler-Lagrange operator of a variational problem has an interpreta-
tion as a gradient vector field, whose trajectories are lines of steepest
descent.)

(3) Certain eigenvalue problems in integral and differential equa-
tions have interpretations in terms of Lagrange’s method of multi-
pliers, involving differential geometric ideas in infinite dimensions
(e.g., focal point theory, and geometric consequences of the inverse
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function theorem). Throughout our exposition these examples have
served as our guides.

Placing such classical problems in an appropriate geometric setting
usually involves certain technical difficulties. For instance, choice of
a suitable linear topology on the tangent spaces of the function space;
choice of the right topological tensor products; choice of the appropri-
ate type of differentiability. In certain cases these difficulties have
been resolved—and then infinite dimensional differential geometry
has led to new methods and results in classical analysis, global Rie-
mannian geometry in finite dimensions, and algebraic topology. We
have included here certain of these applications, the global calculus
of variations being the most thoroughly developed of these (see
§§8-10). Many others appear throughout the text as examples.

Comments and corrections for a preliminary draft of this article
have been made by R. Abraham, R. Bonic, K. Jinich, J. McAlpin.
I herewith express hearty thanks to them—along with my apprecia-
tion of the spirit of generosity and cooperation of the mathematical
community, which in particular has made available to me in preprint
or oral form a substantial part of the recent bibliographical references.

1. Linear space background. This section contains a review (with
some new results) of certain aspects of linear space theory; in par-
ticular, we establish conventions and notation. For suitable exposi-
tions we refer to [13], [26].

(A) Let E denote a locally convex topological vector space over the
real number field R (unless otherwise specified) ; thus E is a Hausdorff
topological vector space having a fundamental system of neighbor-
hoods of its origin consisting of convex sets. We say that E is a
Fréchet space if its uniform structure is complete and metrizable.
If E is complete and has its uniform structure given by a norm
(x—>lxl z=]|%|) (resp., by an inner product (x, y)—(x, ¥)z), we call
E a Banach space (resp., a Hilbert space); we use that terminology
even though we may not have associated a distinguished norm for E
(in the family of equivalent norms determining the structure of E).
It has been established very recently, through combined efforts of
M. 1. Kadec, C. Bessaga, A. Pelczyfski, and R. D. Anderson, that
all separable infinite dimensional Fréchet spaces are homeomorphic.

Say that a closed linear subspace 4 of a Fréchet space E is a
direct summand if there is a closed linear subspace C of E which is
supplementary to 4 ; then E is topologically isomorphic to the direct
sum A@®C. Any finite dimensional subspace is a direct summand;
so is any closed finite codimensional subspace (i.e., a subspace 4
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such that dim(E/4) < «), and any closed superspace of 4 in E. Any
closed subspace of a Hilbert space is a direct summand. Certain inter-
esting ideals in algebras of differentiable functions are direct sum-
mands; see [40, Chapter III 6; also §7C below]. On the other hand,
Murray [84] has shown that L? (1 <p>£2) always has closed linear
subspaces without closed supplements.

(B) For homotopy theory the following fact is important (due in-
dependently to Palais [90], [92] and Svarc [115 in the case that E is
a Banach space]):

Let ExCE,C - - - be an increasing sequence of finite dimensional
subspaces of a locally convex topological vector space E whose union
U{Esw: =1} is dense in E. For any subset U of E we define Uy=UNE;
and Us=inj lim Uy, the direct limit space of the sequence (Ui)rzi. If
U is open and paracompact, then the naturally induced map Uo— U is
a homotopy equivalence.

In the same order of ideas [92]:

Let E and F be locally convex topological vector spaces, and ¢: E—F
a continuous linear injection of E onto a dense linear subspace of F. If
V is open in F, U=¢"2(V), and both U and V are paracompact, then
¢: U—V is a homotopy equivalence.

(C) Given two locally convex topological vector spaces E and F,
we let L(E, F) denote the vector space of all continuous linear maps
u: E—F. There are many useful (Hausdorff) locally convex topologies
which can be put on L(E, F)—in particular, the following extremes:
the weak topology (resp., the strong topology) is that of uniform con-
vergence on the finite (resp., the bounded) subsets of E. If E is a
Fréchet space and F is complete, then L(E, F) is complete in the
uniform structure of the strong topology. If E and F are Banach
spaces with distinguished norms, then L(E, F) is a Banach space
with norm ||u|| =sup{|u(x)| #/| x| z: 05¥xEE}. For Banach spaces
E, F, G the canonical map L(E, F)XL(F, G)—L(E, G), defined
through composition of maps, is continuous.

Let u&L(E, F) and F, be a closed linear subspace of F. We say
that u 4s transversal to F, if the composition E—F—F/F, of u with
the coset map 7 of Fy is surjective and has kernel E, which is a direct
summand of E. If w o u: E—F/F, is surjective and F, has finite co-
dimension in F, then codim (E, E,) =codim (F, F,) and % is trans-
versal to F,. If E and F are Banach spaces, then the subset of
L(E, F) consisting of those injections whose images are direct sum-
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mands is open in the norm topology on L(E, F). So is the subset of
those surjections whose kernels are direct summands; so is the sub-
set of topological isomorphisms [2, p. 40].

(D) We will need to consider topological vector spaces of multi-
linear maps E;X - - + X Ex—F of locally convex topological vector
spaces, which are jointly or separately continuous. In general that
requires the theory of topological tensor products, a survey of which
is given in [22]. For Fréchet spaces the separately continuous multi-
linear maps coincide with the jointly continuous ones. For Banach
spaces E, F let (k=1) L¥(E, F) denote the Banach space of k-linear
continuous (equivalently: bounded) maps a: EX - - + X E—F; thus
with distinguished norms on E and F

| (s, - ~-,xk)|p§ const. lelE cee kalE for all x; € E,

and these norms induce a norm (whose topology is that determined
by the projective tensor product) on L*(E, F). There is a canonical
isometric isomorphism identifying L*(E, F) with L(E, L*1(E, F)),
where we agree to let L'(E, F) = F. We denote by SL*(E, F) the closed
linear subspace of L*(E, F) consisting of those k-linear maps which
are symmetric in their arguments; similarly, AL*(E, F) denotes the
subspace of alternating k-linear maps.

(E) Set E*=L(E, R), with strong topology. If E is a Fréchet
space, then E* is complete; E* is metrizable when and only when
E is a Banach space. lf u€L(E, F), we let u*&L(F*, E*) denote the
adjoint of u, characterized by (u*(y*), x)=(y*, u(x)) for all xEE,
y*E F*; here the left bracket denotes the canonical bilinear pairing
E*XE—R. Let Ker(u)={xEE:u(x)=0}, and Im(x)=u(E); in
case #(E) is a closed subspace of F we define the cokernel of u by
Coker (1) =F/u(E).

We will be interested in certain subsets of L(E, F), especially in
case E and F are Banach spaces:

(1) Those u&L(E, F) with u(E) closed in F; these maps are char-
acterized (in case E and F are Fréchet spaces) as the maps u carrying
open sets of E to open sets of #(E). A map has closed range if it
carries closed bounded subsets of E into closed bounded subsets of F.
If » has closed range, then

Im(u) = {y © F:(y*, y) = 0 for all y* € Ker(u*)},
Ker(u) = {x € E: (x* &) = 0 for all 2* € Im(u*)}.

(2) Those u&L(E, F) with closed ranges and finite dimensional
kernels (resp., cokernels); we call these left-(resp., right-) Fredholm






