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I t is well known that a countable reduced abelian p-group G has 
the isomorphic refinement property, i.e. any two direct decomposi
tions of G have isomorphic refinements, if and only if G has no ele
ments of infinite height. In the uncountable case the situation is 
characteristically unclear. There do exist uncountable reduced p-
groups with nonzero elements of infinite height having the isomorphic 
refinement property; any p-group whose first Ulm factor is torsion-
complete and second Ulm factor is cyclic is such a group. And for 
uncountable ^-groups with no elements of infinite height there exist 
sufficient conditions for the isomorphic refinement property, e.g., 
those of Crawley [3] and Warfield [4]. Yet the question has remained 
whether the isomorphic refinement property is possessed by all such 
groups. Here we answer this question in the negative by showing that 
there exists an abelian p-group with no elements of infinite height having 
two direct decompositions that do not admit isomorphic refinements. 

The foregoing result is actually obtained as a corollary to the fol
lowing theorem: there exist three abelian p-groups K, L and M, each 
with no elements of infinite height, such that no Ulm invariant of K ex
ceeds 1, K®L^K®M, yetL^M. In particular, this shows that the 
cancellation theorem of Crawley [2] does not extend to the uncount
able case. 

To see how our first result follows from the second, let K, L and M 
be as above, and assume further that K has the isomorphic refinement 
property. We will show that the direct decompositions K@L-=K® M 
do not have isomorphic refinements. If they do, there exist groups 
Kif Lu Ki Mi (i = l, 2) such that 

K = Kx 0 K2 = K{ 0 Ki, L = Lx 0 U, M ^ Mi® M2y 

and 

KtZÉKl, K29ÉMh LxZÉKl, L2£ÉM2. 

Now by assumption, K has the isomorphic refinement property, and 
therefore there exist groups Kyt K!%i (i, j = 1, 2) such that 

x This work was supported in part by NSF Grant GP 7252. The authors are cur
rently at Vanderbilt University. 
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Ki - Kn ® Ki2, K'i - Rn e # « (• - 1, 2), 
and 

Kv&Kji ( f , i - l , 2 ) . 

But all the Ulm invariants of K are at most 1, and KiÇ~K'lt so K\ can 
have no nonzero Ulm invariant in common with either K2 or K'%. 
Therefore we must have 

Ki2 = K2I = i^21 = ^12 — 0 , 

and consequently K2 = -£22=^22 = %•* This implies that Li—Mi, and 
we infer that L = Li®L2=Mi®M2

:=M, a contradiction. Thus if K 
has the isomorphic refinement property, then K@L does not. 

Throughout the proof of the second result the following notation is 
used. The cyclic subgroup generated by an element x in an abelian 
p-group G is denoted by [x], and G[pn] and pnG denote, respectively, 
the subgroups of those element of order at most pn and those elements 
of height at least n. E{G) denotes the ring of endomorphisms of the 
group G, and endomorphisms are written on the right. An endomor-
phism <£££(G) is called small if for each integer e>0 there exists an 
integer n > 0 such that (pnG) [pe]<l> = 0. The small endomorphisms form 
an ideal of E(G) which we denote by E8(G). Finally Z denotes the ring 
of integers. 

Our proof requires the following theorem of Corner [l]. Let 3 be a 
torsion-complete abelian p-group with an unbounded countable basic 
subgroup B, and let * be a separable closed subring of E(B) in the 
p-adic topology. Suppose further that $ satisfies the condition 

(C) if <t>E$ and (pnB) [p](j> = 0 for some integer n>0, then <f>£:p$. 
Then there exists a pure subgroup G oîB which contains B% such that 
£(G)=*0£, (G) . 

For our purposes here, let A be a direct sum of cyclic groups, 
A = X̂ n<*> [#n]i where each an has order pn. Set B =*A ®A> and let Z 
and 5 be, respectively, the torsion-completions of A and J5. Let r be 
that endomorphism of Z defined by the rule 

anr = pdn+i (n - 1, 2, • • • ), 

and let R be the subring of E(Â) generated by r. Trivially RÇ~Z[T], T 
transcendental. Identify the ring of all 2X2 matrices over R as a 
subring of E (A® A) = £(J3), and let S be the subring of all matrices 
of the form 

Vsi(r) a + (1 - T*)MV/ 
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The ring 5 contains the matrices 

\ 0 0 / \ 1 0 / 

/ I 0 \ / r 2
 T(1 - r 2 ) \ 

and 0<£0 = 0, <f>d<j>~<f>. Consequently a and j3 are equivalent idem
potents in 5. Let ]R and "S be, respectively, the £-adic closures of R in 
E(A) and 5 in E(B). I t is easy to check that the ring S satisfies con
dition (C) with 5 replaced by A, and from this and the purity of S in 
E (5 ) it follows that S satisfies (C). Therefore by the theorem above 
there exists a pure subgroup G of S which contains B and such that 
E(G)=S@E8(G). 

Since a and j8 are equivalent idempotents in E(G)t 

G = Ga@G(l- a) = G0 0 G(l - /8) 

and Ga==G|3. Moreover, J3a is a basic subgroup of Ga, and ^4~J3a, so 
that the nth Ulm invariant of Ga is 1 for each n = 0, 1, 2, • • • . Sup
pose that G(l—ce)==G(l— /3). Then 1—a and 1—j8 are equivalent 
idempotents in E(G) and hence in 5, i.e. there exist endomorphisms 
ju, v G S with /*? = 1 — a, y/* = 1 — /3, j ^ / * = /*, J/JUV = v. Reduce all 
matrices in sight modulo p. Since oiju=ra = 0, we may set 

/ 0 0 \ /O ft(r) \ 
M W ) 0 + ( l - r 2 ) / 2 ( r ) / ' " \ 0 6 + (1 - r«)ft(r)/ 

where a, IÇ^Z/pZ and /»(r), gi(r) are polynomials in r over Z/pZ. 
Equate respectively the (1, 1) and (2, 1) entries in v\x = 1 — /3 to obtain 

ft«/i(r) = 1 - r\ (b + (1 - r ^ r ) ) / ^ ) - - r. 

The second equation requires that ^ ( r ) =0 , so that r | / i ( r ) , and this 
formula combined with the first equation gives r\ 1—r2, a contra
diction. Therefore G(l — a),ç£G(l — j8), and the proof is complete* 
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