
RESEARCH PROBLEMS 

The Research Problems department of the Bulletin has been 
discontinued. This final offering consists of recently rediscovered 
problems and solutions submitted before the closing of the depart
ment. 

PROBLEMS. 

1. Richard Bellman. Orthogonal series 

Let (ww(x)} be an orthonormal sequence over the interval [a, b] 
with the continuous, positive weight function p(x). Let f(x) be a 
continuous positive function in [a, b] and let / ( x ) ~ ] C ? - i anun(x). 
Does there exist a summability matrix (snm) such that <TN 
= 5Dn-i snNO>nUn{x) converges to f(x) as N—» oo and o>(x) è 0 for N}£ 1, 
a^gx^è? 

2. Richard Bellman. Differential equations 

Let m,-, i = l, 2, • • • , N be moments of a distribution, i.e., mi 
=Jb

ax
idG{x)y dG^O. Consider the linear system dxi/dt — T^Li aux,-, 

Xi(0) —nti. What are necessary and sufficient conditions on the matrix 
A — (aij) so that the Xi(t)t i = 1, 2, • • • , N, are moments for 2^0? 

3. Richard Bellman. Approximation of f unctions 

Let k(x, y) be a continuous function of x and y in the square 
0^x,;y?gl. Determine the minimum of J(f, g)—Jlf{x)dx 
+fo g(y)dy, k(xy y)Sf(x)+g(y). Consider the case where k(x, y) is 
symmetric in x and y, and we ask that ƒ = g. 

Generalize both to the multidimensional case where 

k(xi, #2, * • • , %N) S f(%i> %2, • • • , ff/b) + g(#*+i, s*+2> • • • > #AT), 

and to the case where / (ƒ , g) is a more general functional. 
Consider the case where k(xi, x2, X3) is symmetric in Xi, x2, X3, and 

we ask for the minimum of fofffait x2)dxidx2 subject to the condition 
that fe(xi, x2, x3) ^ / (x i , x2)+/(xi , x3)+/(#3, #i) and ƒ(xi, x2) is sym
metric in Xi and x2. 

Is there a systematic procedure for solving problems of this type 
involving the minimization of J(g) where f(p) ^g(p) and g is invariant 
under a group of operations? 

4. George Brauer. The Lp conjecture for a finitely additive measure 

Let 5 = {sn\ be a sequence and let a point p0 in I be fixed, where I 
is the unit interval [O, 1) and the symbol X denotes the Stone-Cech 
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compactification of the space X. Let 

(1) f sda = 5(po) 

where 5 denotes the extension of the function S(r) = X X o V n to / , 
whenever this extension exists. Let Lp(d) denote the space of se
quences 5 such that f\ s\ pd&< oo. Let a multiplication of sequences 
be defined as follows 

n 

(S * t)n = S0tn + ] £ (Sk — ^„i)/n_fc. 

For what values of pt 1 < oo < oo, is LP(Q) an algebra under this 
multiplication? 

5. S. Charmonman. Condition numbers of a test matrix 

The member of a set of nonsymmetric matrices that can be used in 
testing inversion algorithms is of the form A whose elements a a are 
given by 

aij = a, i S i , 

where d can be arbitrarily chosen. The inverse of A obtained by 
inspection is B whose elements b^ are given by 

ha = ( ~ D o w ) / ( ^ - 1); *' = 1,2,3 •• • ( n - 1); 

j = i,i+ 1, 

= —l/[cn(d - 1)]; i = n; j = 1, 

= [1/fo-i - 1) - 1/fo - l)]/<v, i = n; i = 2,3,4 • • • (» - 1), 

= [1 + i/(c„_i — I)]A» * = y = », 
= 0 otherwise. 

What is the P-condition number (the ratio of the root of the largest 
absolute value of A to the root of the smallest absolute value oi A) 
or the spectral condition number (the product of the spectral norm 
of A to that of B) in terms of Ci and the order of the matrix? 

6. M. M. Chawla. Approximation theory 

Let f(x) be continuous for O ^ x g l . Define ||/|| =V(/o f 2(x)dx) l l \ 
Put <HX)=||/--X||2, Then 0'(X) is monotonically increasing and 0(X) 
has a minimum atX =X0 =fof(%)dx. Hence 
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||/ - Alf è ||/ - X„||2 = jj\x)dx ~ ( ƒ V(*)^)2-

Can any relations be established between the above deficit in 
the Cauchy-Schwarz inequality and M = maxog^i ƒ(#) and 
m = minoèx^if(x)? As it is invariant under the substitution ƒ(#)—>ƒ(#) 
+h, only M—m could enter such a relation. 

7. David E. Daykin. A monotonicity conjecture 

Let W be a set of vectors (ii, H, • • • , im), of various dimensions m, 
whose components iv are integers with 1 ̂ S i i ^ i 2 ^ • • • ^i™. Suppose 
that, if (ii, i2i • • • , 4)GW^ and j \ , j 2 , • • • , j n are positive integers 
such that l^n^m and jv+i—jv^iv+i—iv for l^*><w, then 
0"i» J2, • • • , i n ) G t ^ . Assume further that &i, 62, • • • , is a sequence of 
positive integers, and for every positive integer N there is one and 
only one vector (ii, i2, • • • , im) in W such that 

N = bh + »,,+ . . . + J .̂ 

Prove or disprove my conjecture that 

(1) 1 = fti < b2 < • • • , 

except in trivial cases, when &i, 52, • • • , is a rearrangement of 
s°, s1, s2

} • • • , for some positive integer 5. 
In [ l ] I proved the special case of this conjecture which shows 

that, when W is such that (ii, i2, • • • , i m ) £ W iff iv+\—iv^2 for 
1 ^v<my then &i, &2, • • • , is the Fibonacci sequence 1, 2, 3, 5, 8, • • • . 
Also I have unpublished proofs for certain special cases, some of 
which I described in [2]. The above method of representing integers 
includes, if we drop the uniqueness condition, several other methods 
which have appeared in the literature. Moreover in [2] I have de
scribed the relation between Wand &i, &2, • • • , under the assumption 
that (1) holds. 

1. D. E. Daykin, Representation of natural numbers as sums of generalised Fibonacci 
numbers, J. London Math. Soc. 35 (1960), 143-161. 

2. 1 Representation of natural numbers as sums of generalised Fibonacci 
numbers. II, Fibonacci Quart, (to appear). 

8. Solomon W. Golomb. Wilsonian products in groups 

The product H ^ e a g i extended over all distinct elements of the 
finite abelian group G is the identity element 1 £ G , unless G contains 
a unique element of order 2, which we may call " — 1", in which case 



974 RESEARCH PROBLEMS [September 

lig*'— — 1 . (A special case of this is Wilson's Theorem in elementary 
number theory.) 

If G is finite nonabelian, consider the set P of products I l^ec? £* 
of all the distinct elements of G, taken in all possible permuted orders. 
If C denotes the commutator subgroup of G, then G/C is abelian, and 
P maps into a single element of G/C. Thus either PQC; or P C — C 
if G/C has a unique element — 1 of order 2. It is further clear that P 
is closed under all automorphisms and anti-automorphisms of G. 

CONJECTURE. Prove (or disprove) that P = ± C for all finite groups. 
(The real difficulty lies in showing that P , or when applicable, — P , 
is closed under multiplication.) 

9. Kenneth Loewen. A generalization of GoldbacKs conjecture 

For any even number A, can every number of the set {nA} 
(n = 1, 2, • • • ), at least for n sufficiently large, be written as the sum 
of two primes, one of the form pA — k and the other of the form qA+k 
(p = l, 2, 3, • • • ;g = 0, 1, 2, • • • ) where O^k^A/2 and k and A are 
relatively prime? 

For A = 2 and k = 1 this is Goldbach's conjecture. 
There are counterexamples for small n for . 4 = 8 and k = 1 and also 

A = 10 ; k = 1. However in both these cases it seems to work for larger n. 

10. A. A. Mullin. Algebraic structure of new residue systems 

I t is a well-known result at the interface between number theory 
and group theory that a reduced residue system (mod n) is a (com
patible) finite abelian group G [ l ] . Suppose one defines a much re
duced residue system (mod n) as follows [2]: select only those residue 
classes of a reduced residue system (mod n) whose least positive ele
ments satisfy the condition that their mosaics [3] have no prime in 
common with the mosaic of n. Such a much reduced system (mod n) 
is clearly a (compatible) finite abelian partial groupoid H [4] with 
identity, which is contained in G. 

Note. G and H coincide when n is a prime number and, indeed, for 
infinitely many, but not all, composite numbers n. 

Does there exist a natural number n such that H is either 
(1) a proper submonoid [5] of G, or 
(2) a proper subgroup of G? 
If so, 
(1)' what are their structures, 
(2)' what positions do such H occupy in (a) the modular lattice of 

submonoids of G and (b) the modular lattice of subgroups of G, and 
(3)' can the foregoing technique be extended to nonabelian groups 
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so as to be useful for producing candidates in a search for new simple 
groups of finite order? 

1. W. J. LeVeque, Topics in number theory. Vol. 2, Addison-Wesley, Reading, 
Mass., 1956, pp. 6-7. MR 18, 283. 

2. A. A. Mullin, On an analogue of the Ramanujan sunt, Notices Amer. Math. Soc. 
13 (1966), 493-494. Abstract #66T-279. 

3# 1 Some related number-theoretic functions, Bull. Amer. Math. Soc. 69 
(1963), 446-447. 

4. A. H. Clifford and G. B. Preston, The algebraic theory of semigroups. Vol. 1, 
Math. Surveys, no. 7, Amer. Math. Soc, Providence, R. I., 1961, p. 1. MR24 #A2627. 

5. C. Chevalley, Fundamental concepts of algebra, Academic Press, New York, 
1956, p. 3. MR 18, 553. 

11. E. Michael. The topology of function spaces 

Let X be a compact metric space, and Y a CW-complex. Must the 
function space C(X, F), in the compact-open topology, be normal or 
even paracompact? (It is known that Y is always paracompact.) 

The answer is unknown even in the special case where X is a closed 
interval, and Y consists of uncountably many closed intervals radiat
ing from a point. The answer is affirmative if Y is countable (making 
C(X, Y) Lindelof) or locally finite (making C(X, Y) metrizable). 

12. M. G. Murdeshwar and S. A. Naimpally. A conjecture on 
Banach spaces 

Prove or disprove: A Banach space is infinite dimensional if and 
only if it is isomorphic to a proper subset of itself. 

13. E. D. Nix. The topology of £w 

Does there exist a continuous surjective mapping of the real line 
E1 onto the countably-infinite-dimensional Hubert space £w ( = h)f 
Equivalently, can Ew be partitioned into a countable set of Peano 
spaces? 

14. E. D. Nix. Chaotic spaces 

By "Chaotic space" is meant a topological space of more than one 
point such that for every two distinct points p and q there exist 
neighborhoods, £7 of p and F of q, such that no nonempty open subset 
of U is homeomorphic to any open subset of V. In other words a 
"chaotic space" is a Hausdorff space of more than one point, no two 
of whose open sets are homeomorphic. 

A. Do chaotic spaces exist? 
B. Do chaotic spaces of the cardinality of the continuum exist? 
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C. Do completely normal, connected and locally connected chaotic 
spaces exist? 

15. E. D. Nix. Pairs of topologies 

Given any set 5, of more than one element, and any two Hausdorff 
(T2) topologies for 5, does there necessarily exist a nonempty proper 
subset of 5 which is the interior of its own closure in both topologies? 
If not, what if the two topologies are further restricted to being com
pletely normal? 

16. R. M. Redheffer. A class of weight f unctions 

Let {Xn} be a real sequence with X ^ O and with signed counting-
function Ai(^); thus, Ai(u) sgn u gives the number of \n between 0 
and u. Similarly, {jj,n} is a real sequence with j u ^ O and with signed 
counting-function A2(^). Setting À=Ai—À2, we assume that A(u) 
= o(\u\) and form the meromorphic function 

(1 - x/\n)e**» 
Fix) = II • 

For any even, positive integrable function w(x) we denote by Bw 

the class of functions <£ such that 

ƒ 00 

w(x) I 4>(x) I dx < 00 

and by B% the class admitting a majorant cf>+^Bw such that 0+(x) 
sgn x increases. An elementary argument shows that if there exists a 
positive constant p such that |x|1+pZ£;(x) sgn x decreases and 
|x|3*-pze;(x) sgn x increases, then 

+ C '*' Aiu) 
A(u) G Bw implies log | F(x) | — x I du £ Bw. 

J ~\x\ U2 

What is the most general class of weights, wt having this property? 

17. D. Suryanarayana. Problems in theory of numbers 

(1) If a(x) = H*âz ( l "~ l /£ ) where the asterisk in the product 
indicates that p runs through primes = 1 (mod 4), evaluate 
lims-oo a2(x) log x. 

(2) If vin) is the Core (the maximal square-free divisor) of n and 
|8(x) = ^ n g x i ' W M evaluate 

fexppjx)) 

X 
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for a suitable constant c. 
(3) If paqflaf2 • • • qf\ where p^a^l (mod 4), is an odd perfect 

number, then is 

20i 202 20* a 

<K«i #2 • • • qt ) = p 

and 

18. Olga Taussky. Problems on matrices and operators 

(1) Let Ay By C be three matrices with trace zero and elements in 
a field P. By a theorem of Shoda (Japan J. Math. 13 (1936), 361-368) 
and Albert and Muckenhoupt (Michigan Math. J. 4 (1957), 1-3) each 
of them can be represented as an additive commutator ST—TS. 
When can three matrices X, F, Z be found such that A =XY— YXt 

B=YZ-ZYy C = ZX-XZ? 
(2) I t was shown by O. Taussky (von Mises Anniversary Volume, 

Academic Press, New York, 1954, pp. 67-68) that two nonsingular 
wXw matrices A, B can be expressed in the form A = XYZf B~ZYXy 

with Xy Y y Z again nXn matrices, if and only if det A = d e t B (see 
also K. Fan, Arch. Math. 5 (1954), 102-107 and J. Brenner, Math. 
Rev. 16 (1955), 326). What happens in the case that A and B are 
singular? What is the operator analogue? 

(3) Pairs of n X n matrices A, B with elements in a field F which can 
be expressed in the form A==XYy B— YX with Xy Y again nXn 
matrices in F have been characterized previously (Flanders, Proc. 
Amer. Math. Soc. 2 (1951), 871-874). What is the operator analogue? 

(4) Let A and B be two operators. Find conditions for which the 
commutators AB —BA or A~1B~~1AB (when it exists) can be replaced 
by commutators in which the factors are themselves commutators. 
In the case of finite matrices many results concerning this question 
are known. 

Solutions. 

1. Partial solution to Problem 9 of Vol. 68 (1962), p. 22, by Che-
Bor-Lam. 

In (1), the following problem is raised. 
Prove or disprove: If P(a) is a polynomial of degree ny then 

|P'(a:)/P(a:) | < 1 outside circles the sum of whose radius is less than 
Any where A is an absolute constant (p. 22, No. 9). 

The aim of this note is to prove that the above statement is true 
if we replace An by An -log n. In this note, all Greek letters (with or 
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without suffices) denote complex numbers, all small English letters 
denote integers and r(B) denotes the radius of the circle B. 

Let ai, «2, • • • , a» be the roots of P(a), and A0 = 3 log n. 
Construct circles B\Bi • • • Br as follows: 
Consider a circle of radius nA0. If for a suitable centre, it can cover 

n roots, then let Bi be the circle with radius nA0 and that suitable 
centre. If the circle cannot cover n roots for any centre, we go on to 
consider circles of radius (n — l)A0, and see whether it can cover 
(» — 1) roots. The above process is repeated until we can cover m 
roots with a circle of mA0 and a suitable centre. Let that circle be B\. 

Now suppose B\B% • • • Bk (r(Bk)—qA0) are constructed and sup
pose ai, «2, • • • , CLt are covered by B\\JB2\J • • • UJ3&, then con
sider a circle of radius qA0. If it can cover q of the roots 
R~ {cYf+i, a*+2, • • • , OLn\ for a suitable centre, take the circle of 
radius qA0 with that suitable centre to be Bk+i- If it cannot cover q 
of the roots in JR, then go on to consider circles of radius (q — 1)AQ 
and see if it can cover (q — 1) roots in R. In this way, we can go on 
to construct Bk+i. This process is continued until all roots are covered 
with circles 

B = \Bi, B2, • • • , B8\. 

We have 

2>(B<) =nAt>. 

We now construct a set of circles 

C == {Ci, C2, • • • , Cs\ 

where Cj is concentric with Bj and 

r(Q) = 2r(5y) for i = 1,2, • • - , j . 

Hence 

X) f(Cy) ^ 2nA0 = 6w log ^. 

LEMMA 1. Le/ a be a point outside all circles of C. Tftew a circ/e £>m 

with a as centre and radius mA0 can cover at most (in — 1) roots. 

PROOF. Suppose Dm contains ai, a2l • • • , am. Then each 
ai (i = l, • • • , w) is covered by a certain circle of B. Let Br be the 
circle with the smallest suffix that contains one or more of 
au ai, • • • , am. If r(J3r) = ^ 4 o à w 4 0 , then since DmOiBr?

£0, there-
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fore the distance between the centre of Dm and Br<2pAo. Thus the 
centre of Dm is covered by Cr, contradicting the fact that a lies out
side Cr- If r(Br) =pAo<rnA0, then since Br is the circle with the 
smallest suffix among all circles in B that contains one or more of 
otu «2i • • • , «m, then at the time when Br is constructed, none of these 
roots are covered by any circle in B. Hence a circle of radius m A o can
not cover the said m roots if m>p. 

2. Solution to Problem 12 of Vol. 72 (1966), p. 470. The problem 
reads: 

Consider the real differential equation 

(1) 'x + ax + x + a sin x = 0 

in which a is a constant. For sufficiently small x, the equation (1) 
takes the approximate form 

'x + ax + x + ax = 0 

which has periodic solutions of period 27r. I t is thus reasonable to 
anticipate that the original equation (1) itself does have nontrivial 
periodic solutions for arbitrary values of a. Can this be proved? 
(Received December 31, 1965.) 

Solution by N. Levinson (extract of a letter): " . . . there are no 
nontrivial period solutions of 

(1) 'x + ax + x + a sin x = 0, a 9* 0. 

Indeed let 0 be a solution of period T. Set x=<j> in (1) and multiply 
by $+aJ>. Integrate over a period to get 

f (1 - cos <f>)4>2dt = 0 • • • ." 
J o 


