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In this paper we state some results for a maximal function and a Fourier 
multiplier that are connected with the Bochner-Riesz spherical summation of 
multiple Fourier series (see Fefferman [3], [5] ). Our purpose will be to get 
sharp estimates for the norm of these operators in dimension two. Proofs will 
appear elsewhere [2]. 

Let N >\ be a real number. By a rectangle of eccentricity N we mean 
a rectangle R such that 

Length of the bigger side of R __ .. 
Length of the smaller side of R 

We will define the direction of R as the direction of its bigger side. 
Given a locally integrable function ƒ we consider the maximal function 

where the "Sup" is taken over rectangles of eccentricity N, but arbitrary direc
tion. 

THEOREM 1. The sublinear operator M is bounded in L2(R2) and there 
exists a constant C, independent of N, such that 

\\Mf\\2 <C(log3A02H/H2. 

Suppose that m0 is a smooth function on R with support on (- 1, 1) 
and let m(r) = w0(ô_1(r - 1)), where ô > 0 is a small number. 

Consider the Fourier multiplier defined by 

m) = m(W(l;), feC£(R2). 

THEOREM 2. There exists a constant C, independent of Ô, such that 
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llr/ll4 <ciiog ô|5/4ll/ll4, v / e c~(*2). 

Our proofs of Theorems 1 and 2 are made in the spirit of Cotlar's lemma. 
In particular the support of the kernel of T can be decomposed into a family 
of rectangles of eccentricity b~Vz and the convolution operators, obtained by 
restricting the kernel to these rectangles, are "almost orthogonal". 

Theorem 2 can be applied to get Bochner-Riesz summability below the 
critical index, in dimension two. 

COROLLARY 3 (CARLESON-SJOLIN-FEFFERMAN-HÖRMANDER). The 

operator Tx defined by f j f e ) = m&M), where mx(^) = (1 - |£|2)* if 
|£| < 1 and mx{%) = 0 otherwise, is bounded in LP(R2) if 

JTÏk<P<T=2X> 5>*>°-

To see this we define a partition of unity on (0, 1) as follows: For every 
n, hn is a smooth function with support on( l - 2 ~ w + 1 , 1 - 2 ~ n ~ 1 ) such 
that \EPhn(f)\ < Ap2

np (with Ap independent of n) and 2 hn(f) = 1 on 
(0, 1). Then mx(g) = S mx(Ç)hn(\%\). If we apply Theorem 2 to the operator 
T£ defined by the multiplier mx(Ç)hn(\%\) we get that Hr£/1l4 < 
C2-" V/ 4II/II 4 . And then, Corollary 3 can be deduced from this estimate 
by standard arguments of interpolation, duality and adding a geometric series. 

REMARK. Theorem 2 can be used to prove a sharper version of Corol
lary 3 i.e., suppose that m is a smooth function on (0, 1) such that it behaves 
like 

( l o g 1 - | s | ) near |x| = l. 

Then m is a multiplier for LP{R2\ 4/3 < p < 4 provided that t > 9/4. 
I am deeply grateful to Professor Charles Fefferman for his many com

ments and criticisms, without which I could not have proved these results. 
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